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A b s t r a c t  
T h i s  t h e s i s  e x a m i n e s  a  q u e s t i o n  o f  s t a b i l i t y  i n  s t o c h a s t i c  a n d  d e t e r m i n i s t i c  s y s t e m s  w i t h  
m e m o r y ,  a n d  i n v o l v e s  s t u d y i n g  t h e  a s y m p t o t i c  p r o p e r t i e s  o f  V o l t e r r a  i n t e g r o - d i f f e r e n t i a l  
e q u a t i o n s .  T h e  t y p e  o f  s t a b i l i t y  t h a t  h a s  b e e n  e s t a b l i s h e d  f o r  t h i s  c l a s s  o f  e q u a t i o n s  i s  
i m p o r t a n t  i n  a  v a r i e t y  o f  r e a l - w o r l d  p r o b l e m s  w h i c h  i n v o l v e  f e e d b a c k  f r o m  t h e  p a s t ,  a n d  
a r e  s u b j e c t  t o  e x t e r n a l  r a n d o m  f o r c e s .  
T h e s e  i n c l u d e  m o d e l l i n g  e n d e m i c  d i s e a s e s ,  a n d  
m o r e  p a r t i c u l a r l y  t h e  m o d e l l i n g  o f  i n e f f i c i e n t  f i n a n c i a l  m a r k e t s .  
T h e  t h e i n e  o f  t h e  t h e s i s  i s  t o  s u b j e c t  a  d y n a m i c a l  s y s t e m  w i t h  m e m o r y  t o  i n c r e a s i n g l y  
s t r o n g  a n d  u n p r e d i c t a b l e  e x t e r n a l  n o i s e .  F i r s t l y ,  a  f u n d a m e n t a l  d e t e r m i n i s t i c  V o l t e r r a  
e q u a t i o n  i s  c o n s i d e r e d .  N e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  s o l u t i o n  t o  a p p r o a c h  
a  n o n t r i v i a l  l i m i t  a r e  k n o w n .  A  s t r e n g t h e n e d  v e r s i o n  o f  t h e s e  c o n d i t i o n s  i s  s h o w n  t o  b e  
n e c e s s a r y  a n d  s u f f i c i e n t  f o r  e x p o n e n t i a l  c o n v e r g e n c e  t o  a  n o n t r i v i a l  l i m i t .  
N e x t ,  a  V o l t e r r a  e q u a t i o n  w i t h  a  f a d i n g  s t o c h a s t i c  p e r t u r b a t i o n  i s  s t u d i e d .  T w o  t y p e s  
o f  s t o c h a s t i c  c o n v e r g e n c e  a r e  c o n s i d e r e d :  m e a n  s q u a r e  a n d  a l m o s t  s u r e  c o n v e r g e n c e .  C o n -  
d i t i o n s  a r e  f o u n d  w h i c h  e n s u r e  t h a t  t h e  s o l u t i o n  c o n v e r g e s  t o  a  n o n - e q u i l i b r i u m  r a n d o m  
l i m i t .  
M o r e o v e r ,  t h e  r a t e  a t  w h i c h  t h i s  l i m i t  i s  a p p r o a c h e d  i s  e s t a b l i s h e d .  I n  t h e  m e a n  
s q u a r e  c a s e ,  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  o n  t h e  r e s o l v e n t ,  k e r n e l  a n d  n o i s e  a r e  d e -  
t e r m i n e d  t o  e n s u r e  t h i s  r a t e  o f  c o n v e r g e n c e .  I n  t h e  a l m o s t  s u r e  c a s e ,  t h e  s a m e  c o n d i t i o n s  
a r e  f o u n d  t o  b e  s u f f i c i e n t ;  f u r t h e r m o r e ,  i t  i s  s h o w n  t h a t  t h e  c o n d i t i o n s  o n  t h e  r e s o l v e n t  a n d  
t h e  k e r n e l  a r e  n e c e s s a r y .  A  c o r r e s p o i l d i n g  r e s u l t  w a s  a l s o  f o u n d  t o  h o l d  f o r  a  m o r e  g e n e r a l  
c l a s s  o f  w e a k l y  s i n g u l a r  k e r n e l s .  A s  i n  t h e  d e t e r m i n i s t i c  c a s e ,  n e c e s s a r y  a n d  s u f f i c i e n t  
c o n d i t i o n s  f o r  t h e  s o l u t i o n  t o  c o n v e r g e  e x p o n e n t i a l l y  f a s t  t o  i t s  l i m i t  a r e  f o u n d .  
F i n a l l y ,  a  s t o c h a s t i c  V o l t e r r a  e q u a t i o n  w i t h  c o n s t a n t  n o i s e  i n t e n s i t y  i s  c o n s i d e r e d .  T h i s  
g i v e s  r i s e  t o  t h e  p r o c e s s  a n a l o g o u s  t o  B r o w n i a n  m o t i o n ,  w h i c h  h a s  a p p l i c a t i o n s  t o  m a t h e -  
m a t i c a l  f i n a n c e .  I t  c a n  b e  s h o w n  t h a t  t h e  i n c r e m e n t s  o f  t h e  p r o c e s s  c o n v e r g e  t o  a  s t a t i o n -  
a r y  s t a t i s t i c a l  d i s t r i b u t i o n ,  w h i c h  i s  G a u s s i a n  d i s t r i b u t e d .  T h e  c o n d i t i o n s  u n d e r  w h i c h  
s u c h  c o n v e r g e n c e  c a n  t a k e  p l a c e  a r e  c o m p l e t e l y  c h a r a c t e r i s e d .  I n  f a c t ,  a  s o l u t i o n  o f  a  
c o r r e s p o n d i n g  V o l t e r r a  e q u a t i o n  w i t h  i n f i n i t e  m e m o r y  i s  s h o w n  t o  h a v e  e x a c t l y  s t a t i o n a r y  
i n c r e m e n t s  w h i c h  m a t c h  t h e  l i m i t i n g  d i s t r i b u t i o n s  o f  t h e  i n c r e m e n t s  o f  s o l u t i o n s .  
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I n t r o d u c t i o n  
T h i s  t h e s i s  e x a m i n e s  s t o c h a s t i c  a n d  d e t e r m i n i s t i c  s y s t e m s  w i t h  m e m o r y ,  a n d  i n v o l v e s  
s t u d y i n g  t h e  a s y m p t o t i c  p r o p e r t i e s  o f  V o l t e r r a  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s .  M o r e  p a r -  
t i c u l a r l y  t h i s  t h e s i s  e x a m i n e s  e q u a t i o n s  w h i c h  a r e  p o i s e d  b e t w e e n  s t a b i l i t y  a n d  i n s t a b i l i t y .  
M a t h e m a t i c a l l y ,  t h e  c o n v e r g e n c e  o f  s o l u t i o n s  t o  a  n o n t r i v i a l  a n d  n o n e q u i l i b r i u m  l i m i t  i s  
e x a m i n e d .  
T h e  t y p e  o f  s t a b i l i t y  t h a t  h a s  b e e n  e s t a b l i s h e d  f o r  t h i s  c l a s s  o f  e q u a t i o n s  i s  i m p o r t a n t  
i n  a  v a r i e t y  o f  r e a l - w o r l d  p r o b l e m s  w h i c h  i n v o l v e  f e e d b a c k  f r o m  t h e  p a s t ,  a n d  a r e  s u b j e c t  
t o  e x t e r n a l  r a n d o m  f o r c e s .  O n e  o f  t h e s e  r e a l - w o r l d  p r o b l e m s  c o n c e r n s  t h e  m o d e l l i n g  o f  
p o p u l a t i o n  g r o w t h  o r  t h e  s p r e a d  o f  e n d e m i c  d i s e a s e .  V a r i o u s  a u t h o r s  h a v e  c o n s i d e r e d  
t h e s e  p r o b l e m s  ( c f .  1 1 4 ,  1 8 1 ) .  T h e  a d v a n t a g e  o f  u s i n g  a  V o l t e r r a  e q u a t i o n  a s  a  m o d e l  i s  
t h a t  w h i l e  t h e  b i r t h  r a t e  i s  a  l i n e a r  f u n c t i o n  o f  t h e  p o p u l a t i o n ,  t h e  c o n v o l u t i o n  t e r m  a l l o w s  
d e a t h  t o  o c c u r  a t  a n y  t i m e .  
M o r e  p a r t i c u l a r l y ,  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s  m a y  b e  u s e d  t o  m o d e l  i n e f f i c i e n t  f i n a n -  
c i a l  m a r k e t s .  S u r v e y s  o f  f i n a n c i a l  m a r k e t s  r e v e a l  t h a t  a  p e r s i s t e n t l y  h i g h  p r o p o r t i o n  o f  
t r a d e r s  u s e  p a s t  p r i c e s  a s  a  g u i d e  t o  m a k i n g  i n v e s t m e n t  d e c i s i o n s  ( c f .  [ 2 1 ,  3 2 1 ) .  S u c h  
f e e d b a c k  t r a d i n g  s t r a t e g i e s  a r e  t h o u g h t  t o  b e  r e s p o n s i b l e  f o r  s p e c u l a t i v e  a s s e t  b u b b l e s  a n d  
c r a s h e s :  t h i s  f e e d b a c k  b e h a v i o u r  i s  a b s e n t  f r o m  s t a n d a r d  n o n - d e l a y  m o d e l s .  I t  i s  t h e r e f o r e  
p l a u s i b l e  t o  p o s t u l a t e  t h a t  a g g r e g a t e  d e m a n d  i s  a  f u n c t i o n a l  o f  p a s t  p r i c e s :  i n  w h i c h  c a s e ,  
p r i c e  d y n a i n i c s  c o u l d  b e  m o d e l l e d  b y  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s ,  ( c f .  1 1 9 1 ) .  F u r t h e r ,  
f i n a n c i a l  p r o c e s s e s  s u c h  a s  s t o c k  r e t u r n s  a n d  i n t e r e s t  r a t e s  d o  n o t  t e n d  t o  p o i n t  e q u i l i b r i a  
b u t  r a t h e r  t o  s t a t i o n a r y  d i s t r i b u t i o n s ,  w h i c h  a r e  a  m o r e  g e n e r a l  t y p e  o f  e q u i l i b r i u m .  T h e  
s o l u t i o n s  o f  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s  e x h i b i t  t h i s  b e h a v i o u r  u n d e r  c e r t a i n  c o n d i t i o n s .  
T h e  t h e m e  o f  t h e  t h e s i s  i s  t o  s u b j e c t  a  d y n a m i c a l  s y s t e m  w i t h  m e m o r y  t o  i n c r e a s -  
i n g l y  s t r o n g  a n d  u n p r e d i c t a b l e  e x t e r n a l  n o i s e .  I n i t i a l l y  t h e  f u n d a m e n t a l  V o l t e r r a  e q u a t i o n  
k n o w n  a s  t h e  r e s o l v e n t  e q u a t i o n  i s  c o n s i d e r e d .  N e x t  a  d e t e r m i n i s t i c  p e r t u r b a t i o n  i s  a p -  
p l i e d  t o  t h e  e q u a t i o n  a n d  t h e  r e s u l t i n g  s t a b i l i t y  o f  t h e  s y s t e m  e x a m i n e d .  T h e  e q u a t i o n  
C h a p t e r  1  I n t r o d u c t i o n  
i s  t h e n  p e r t u r b e d  b y  a  f a d i n g  n o i s e  t e r m  b e f o r e  t h e  m o s t  u n s t a b l e  t y p e  o f  e q u a t i o n  i s  
s t u d i e d ,  n a m e l y  t h e  f u n d a m e n t a l  e q u a t i o n  p e r t u r b e d  b y  c o n s t a n t  n o i s e .  
T o  u n d e r s t a n d  t h e  b e h a v i o u r  o f  t h e s e  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s ,  w e  f i r s t  s t u d y  a n  
u n d e r l y i n g  d e t e r m i n i s t i c  e q u a t i o n ,  n a m e l y  
R 1 ( t )  =  A R ( t )  +  
K ( t  -  s ) R ( s )  d s ,  t  >  0 ,  
I' 
w h e r e  t h e  s o l u t i o n  R  i s  k n o w n  a s  t h e  r e s o l v e n t ,  A  i s  a  c o n s t a n t  n  x  n - d i m e n s i o n a l  m a t r i x ,  
K  i s  n  x  n - d i m e n s i o n a l  f u n c t i o n - v a l u e d  m a t r i x  a n d  I  i s  t h e  n  x  n - d i m e n s i o n a l  i d e n t i t y  
m a t r i x .  
T h e  b e h a v i o u r  o f  t h e  r e s o l v e n t  i s  i m p o r t a n t  i n  i t s  o w n  r i g h t ;  m o r e o v e r  t h e  s o l u t i o n s  
o f  p e r t u r b e d  V o l t e r r a  e q u a . t i o n s  m a y  b e  e x p r e s s e d  i n  t e r m s  t h e  r e s o l v e n t  u s i n g  v a r i a t i o n  
o f  p a r a m e t e r s .  A s  s u c h  i t  i s  i m p o r t a n t  t o  u n d e r s t a n d  t h e  u n d e r l y i n g  b e h a v i o u r  o f  t h e  
r e s o l v e n t  e q u a t i o n  b e f o r e  c o n s i d e r i n g  m o r e  c o m p l e x  e q u a t i o n s .  
T h e  a s y m p t o t i c  b e h a v i o u r  o f  R  h a s  l o n g  b e e n  a  t o p i c  o f  s t u d y ,  a n d  i t  i s  w e l l  k n o w n  
t h a t  a  v e r y  n a t u r a l  t y p e  o f  a s y m p t o t i c  s t a b i l i t y  i s  a s s o c i a t e d  w i t h  t h e  s o l u t i o n  R  b e i n g  
i n t e g r a b l e  ( w h i c h  i m p l i e s  a s y m p t o t i c  c o n v e r g e n c e  o f  t h e  s o l u t i o n  t o  z e r o ) .  I n  t h i s  t h e s i s  
h o w e v e r  w e  a r e  i n t e r e s t e d  i n  s t u d y i n g  e q u a t i o n s  w h e r e  t h e  s o l u t i o n  t e n d s  t o  a  n o n t r i v i a l  
l i m i t .  K r i s z t i n  a n d  T e r j 6 k i  [ 2 4 ]  s t u d i e d  t h i s  c a s e  a n d  d e t e r m i n e d  c o n d i t i o n s  u n d e r  w h i c h  
t h e  s o l u t i o n  R  o f  t h e  r e s o l v e n t  e q u a t i o n  c o n v e r g e s  a s y m p t o t i c a l l y  t o  a  l i m i t  R ,  w h i c h  
n e e d  n o t  b e  t r i v i a l .  I n  C h a p t e r  2  w e  e x t e n d  t h e  r e s u l t  o f  K r i s z t i n  a n d  T e r j 6 k i  b y  f i n d i n g  
n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  e x p o n e n t i a l  c o n v e r g e n c e  t o  R,. M u c h  o f  t h e  
i n s p i r a t i o n  f o r  t h i s  w o r k  s t e m s  f r o m  r e s u l t s  b y  M u r a k a m i  [ 3 1 ,  3 0 1 ;  h e  s t u d i e d  t h e  s p e e d  o f  
c o n v e r g e n c e  o f  s o l u t i o n s  o f  t h e  r e s o l v e n t  e q u a t i o n  t o  z e r o .  
I n  t h e  l a t t e r  p a r t  o f  C h a p t e r  2  w e  s t u d y  t h e  b e h a v i o u r  o f  t h e  r e s o l v e n t  e q u a t i o n  w h i c h  
h a s  b e e n  i n f l u e n c e d  b y  a  f a d i n g  d e t e r m i n i s t i c  p e r t u r b a t i o n ,  
w h e r e  f  i s  n  x  1 - d i m e n s i o n a l  f u n c t i o n - v a l u e d  v e c t o r  a n d  x o  i s  t h e  i n i t i a l  c o n d i t i o n .  A s  i n  
l  n t r o d u c t i o n  
t h e  r e s o l v e n t  c a s e  w e  f i n d  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  e x p o n e n t i a l  c o n v e r g e n c e  o f  
t h e  s o l u t i o n  t o  a  n o n t r i v i a l  l i m i t .  T h e  e x a m i n a t i o n  o f  t h i s  p e r t u r b e d  e q u a t i o n  p r o v i d e s  a n  
i n s i g h t  i n t o  t h e  a s y m p t o t i c  b e h a v i o u r  o f  t h e  m o r e  c o m p l e x  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s .  
M o r e o v e r ,  t h i s  p e r t u r b e d  e q u a t i o n  h a s  d i r e c t  a p p l i c a t i o n  i n  d e t e r m i n i s t i c  d e m o g r a p h i c  
m o d e l l i n g .  
A s  a  n e x t  s t e p  w e  p e r t u r b  t h e  V o l t e r r a  e q u a t i o n  u s i n g  a  f a d i n g  n o i s e  t e r m ,  
w h e r e  C  :  [ O ,  c o )  4  A J n X d ( R )  a n d  B ( t )  =  ( B l ( t ) ,  .  .  .  ,  B d ( t ) ) .  H e r e  e a c h  B i ( t )  i s  a  s t a n d a r d  
B r o w n i a n  m o t i o n  f o r  i  =  1 . .  . ,  d .  T w o  t y p e s  o f  s t o c h a s t i c  c o n v e r g e n c e ,  n a m e l y  m e a n  
s q u a r e  a n d  a l m o s t  s u r e  c o n v e r g e n c e ,  a r e  c o n s i d e r e d .  T h e  f o r m e r  c o n s i d e r s  t h e  ' a v e r a g e '  
b e h a v i o u r  o f  a l l  s a m p l e  p a t h s  o f  t h e  s o l u t i o n ,  w h i l e  t h e  l a t t e r  c a n  g i v e  i n f o r m a t i o n  o n  t h e  
c o n v e r g e n c e  t o  t h e  s o l u t i o n  o n  a  p a t h w i s e  b a s i s .  
I n  C h a p t e r  3  a n d  4  t h e  s t o c h a s t i c  a n a l o g u e  o f  r e s u l t s  i n  [ 2 4 ]  a r e  p r o v e n :  C h a p t e r  3  
c o n s i d e r s  t h e  m e a n  s q u a r e  c a s e  w h i l e  C h a p t e r  4  c o n s i d e r s  t h e  a l m o s t  s u r e  c a s e .  
I n  t h e  
m e a n  s q u a r e  c a s e  t h e  c o n d i t i o n s  u n d e r  w h i c h  c o n v e r g e n c e  c a n  t a k e  p l a c e  a r e  c o m p l e t e l y  
c l i a r a c t e r i s e d .  I n  t h e  a l m o s t  s u r e  c a s e  s u f f i c i e n t  c o n d i t i o n s  t o  e n s u r e  c o n v e r g e n c e  of t h e  
s o l u t i o n  m a y  b e  f o u n d .  H o w e v e r  i t  h a s  n o t  b e e n  p o s s i b l e  t o  s h o w  t h e  n e c e s s i t y  o f  e a c h  
c o n d i t i o n .  I n  C h a p t e r  6  w e  o b t a i n  t h e  s t o c h a s t i c  a n a l o g u e  t o  t h e  r e s u l t s  i n  C h a p t e r  2  
c o n c e r n i n g  t h e  a s y m p t o t i c  s p e e d  o f  c o n v e r g e n c e .  T h e  r e s u l t s  i n  C h a p t e r s  2 ,  3  a n d  4  h a v e  
b e e n  p u b l i s h e d ,  s e e  [ 2 ] ,  [ 3 ]  a n d  [ 4 ]  r e s p e c t i v e l y .  
B y  p e r t u r b i n g  t h e  r e s o l v e n t  e q u a t i o n  b y  b o t h  a  d e t e r m i n i s t i c  a n d  s t o c h a s t i c  p e r t u r b a -  
t i o n ,  
K ( t  -  s ) X ( s )  d s  +  f  ( t )  
d t  +  C ( t ) d B ( t ) ,  
t  >  0 ,  
w e  o b t a i n  a n  e q u a t i o n  w h i c h  m a y  b e  u s e d  t o  m o d e l  t h e  d y n a m i c s  o f  a  p o p u l a t i o n .  I n  
C h a p t e r  7  w e  p r o v e  s o m e  t h e o r e t i c a l  r e s u l t s  c o n c e r n i n g  t h e  l o n g  r u n  b e h a v i o u r  o f  t h i s  
e q u a t i o n  b e f o r e  u s i n g  t h e m  t o  a n a l y s e  a  d e m o g r a p h i c  m o d e l .  
C h n p t e r  1 ,  S e c t i o n  1  
-  I n t r o d a c d i o n  
F i n a l l y  w e  c o n s i d e r  t h e  r e s o l v e n t  e q u a t i o n  w h i c h  h a s  b e e n  p e r t u r b e d  b y  a  c o n s t a n t  n o i s e  
t e r m ,  
d X ( t )  =    A X ( ^ )  +  K ( t  -  s ) X ( s )  d s )  d t  +  'Z d B @ ) ,  t  >  0 .  
I n  t h i s  c a s e ,  s o l u t i o n s  d o  n o t  c o n v e r g e  t o  a  p o i n t  e q u i l i b r i a :  i n s t e a d  c o n v e r g e n c e  t o  a  
s t a t i o n a r y  p r o c e s s  m a y  b e  o b s e r v e d .  A s  w e  a r e  i n t e r e s t e d  i n  t h e  a s y m p t o t i c  c o n v e r g e n c e  
o f  s o l u t i o n s  i t  i s  i m p o r t a n t  t o  e x a m i n e  t h e  ' l i m i t i n g '  v e r s i o n  o f  t h i s  e q u a t i o n ,  
w h e r e  $  i s  a  n - d i m e n s i o n a l  v e c t o r - v a l u e d  f u n c t i o n  k n o w n  a s  t h e  i n i t i a l  f u n c t i o n .  A u t h o r s  
t h a t  h a v e  e x a m i n e d  t h e  b e h a v i o u r  o f  a  s t a t i o n a r y  o b j e c t  s a t i s f y i n g  a  d i f f e r e n t i a l  e q u a t i o n  
i n c l u d e  K u c h l e r  a n d  M e n s c h  [ 2 5 ]  a n d  R i e d l e  [ 3 6 ] .  D u e  t o  t h e  n a t u r e  o f  t h e  a s s u m p t i o n s  o n  
t h e  r e s o l v e n t  i t  b e c o m e s  c l e a r  t h a t  t h e  s o l u t i o n  o f  t h i s  e q u a t i o n  i s  n o t  i n  g e n e r a l  s t a t i o n a r y .  
I n s t e a d ,  w e  i n v e s t i g a t e  w h e t h e r  t h e  i n c r e m e n t s  o f  t h e  s o l u t i o n  m i g h t  p o s s e s s  s t a t i o n a r t i y  
p r o p e r t i e s .  I t  i s  f o u n d  t h a t  f o r  a  p a r t i c u l a r  i n i t i a l  c o n d i t i o n  t h e  i n c r e m e n t s  o f  t h e  s o l u t i o n  
a r e  i n d e e d  s t a t i o n a r y  w i t h  G a u s s i a n  d i s t r i b u t i o n .  F u r t h e r m o r e ,  t h e  i n c r e m e n t s  o f  t h e  
s o l u t i o n  o f  t h e  e q u a t i o n  w i t h  u n b o u n d e d  b u t  n o t  i n f i n i t e  d e l a y  c o n v e r g e s  t o  t h i s  s t a t i o n a r y  
d i s t r i b u t i o n .  T h i s  a n a l y s i s  m a y  b e  f o u n d  i n  C h a p t e r  8 .  
1 . 1  M a t  h e m a t i c a l  P r e l i m i n a r i e s  
1 . 1 . 1  D e t e r m i n i s t i c  P r e l i m i n a r i e s  
I n  t h i s  s u b s e c t i o n  s t a n d a r d  d e t e r m i n i s t i c  n o t a t i o n  u s e d  i n  t h e  s e q u e l  i s  e x p l i c i t l y  d e f i n e d .  
V e c t o r  N o t a t i o n .  
L e t  R  d e n o t e  t h e  s e t  o f  r e a l  n u m b e r s  a n d  l e t  R n  d e n o t e  t h e  s e t  o f  
n - d i m e n s i o n a l  v e c t o r s  w i t h  e n t r i e s  i n  R .  D e n o t e  b y  e i  t h e  i t h  s t a n d a r d  b a s i s  v e c t o r  i n  R n .  
D e n o t e  b y  ( A ,  B )  t h e  s t a n d a r d  i n n e r  p r o d u c t  o f  A  a n d  B  E  R n  a n d  t h e  s t a n d a r d  E u c l i d i a n  
% p k r  1 ,  S e c t i o n  t  I n L r o d u c t l o n  
n o r m ,  1 1  -  1 1 ,  For a  v e c t o r  A  =  ( a l  ,  ,  .  .  ,  a,) i s  g i v c n  b y  
w h e r e  t r  d m l o k s  t h e  t r a c e  o f  a  s q u a r e  m a t r i x .  T h c  C a ~ r c h y - S c h w a r z  i n c q ~ a ~ l i t y ,  
p r o v c s  u s e f u l  i n  s u b s e q u e n t  p r o o f s ,  
M a t r i x  N o t a t i o n .  
L e t  h d n , , ( R )  b e  t h e  s p a c e  o f  n  x  n  ~ r l n t r i c e s  w i t h  r e a l  e n t r i e s  w h e r e  
1  is t h e  i d c n t i l g  m a w .  L e t  d i a g ( a , , a z ,  . . . ,  a + , )  d c n o t e  t h e  1 2  x  n  m ~ t r i x  w i t h  t h e  s c a l a r  
e n t r i e s  a r ,  a a ,  . . . ,  a ,  o n  t h e  d i a g o n d  a n d  0  c l s e w h c r e .  T h e  t r a n s p o s e  o f '  a n y  r n n t r i x  A  i s  
d e n o t e d  b y  A ' ~ .  F o r  A  =  ( n i j )  E  A G x d ( R )  t h e  n o n  d e n o t c d  b y  I [  -  1 1  i s  d c f i n e c l  b y  
T h c  h b e n i u s  n o n n .  i s  d e n o t e d  b y  ( 1  [ I F  n n d  c l e f i n e c l  b y  
S i i ~ c e  h ' l ' , x , j ( R )  I s  R  f i n i t e - d i l n e n s i o n d  B r t n a c h  s p a c e  t h e  t w o  n o r m s  1 1  .  1 1  a n d  11 .  1 1 1 ; .  n r e  
e q u i v a l e n t .  T l ~ u s  u ~ l i v e r s ~ l  c o n s t a n t s  0  5  c l  ( l z ,  d )  5  c z ( n ,  d )  c a n  b e  f o u n d  s u c h  t h a t  
T l r c :  f o l l o w i n g  i n e q u a l i t y  w i l l  h c !  u s e d  i n  t h e  s c q u c l :  
I t  p r o v c s  u s c  f t ~ l  w l r e i ~  m n r i i p u l ~ t i n g  n o r m s .  
L i t t l e  o  N o t a t i o n .  
1 1 1  s u b s e q u e n t  w o r k  i t  i s  n e c e s s a r y  t o  c l ~ n r a c t c r i s e  t h e  n s y r n p t o t . i c  
b e l ~ n v i o u r  o l  f i ~ n c t i o i ~ s :  l b r t  F u n c t i o n  f  is o ( t )  a s  t  4  c m  i f  
C&a&e 1 ,  % t i o n  1  I n t r o d u c t i o n  
I n t e g r a b l e  F u n c t i o n s  i n  t h e  D e t e r m i n i s t i c  S e n s e .  I f  J  i s  a n  i n t e r v a l  i n  R  a n d  V  
a  f i n i t e - d i m e n s i o n a l  n o r m e d  s p a c e ,  w i t h  n o r m  ( 1  .  1 1 ,  t h e n  C ( J ,  V )  d e n o t e s  t h e  f a m i l y  o f  
c o n t i n u o u s  f u n c t i o n s  4  :  J  V .  T h e  s p a c e  o f  L e b e s g u e  i n t e g r a b l e  f u n c t i o n s  4  :  ( 0 ,  o o )  4  
V  w i l l  b e  d e n o t e d  b y  L' ( ( 0 ,  o o ) ,  V )  w h e r e  
T h e  s p a c e  d  L e b e s g u e  s q u a r e i n t e g r a b l e  f u n c t i o n s  4  :  ( 0 ,  C Q )  - 4  V  w i l l  b e  d e n o t e d  b y  
~ ' ( ( 0 ,  m ) ,  V )  w h e r e  
W h e r e  V  i s  c l e a r  f r o m  t h e  c o n t e x t  i t  i s  o m i t t e d  i t  f r o m  t i l e  n o t a t i o n .  N o t e  t h a t  n  f u n c t i o n  
o f  d o m a i n  J  t h a t  b e l o n g s  t o  L ' ( K ,  V )  f o r  e v e r y  c o m p a c t  s u b s e t  K  o f  J  i s  k n o w n  a s  a  
l o c a l l y  i n t e g r a b l e  f u n c t i o n  a n d  d e n o t e d  L L , ( J ,  V ) .  
C o n v o l u t i o n s .  
T h e  c o n v o l u t i o r ; ,  o f  A  :  [ 0 ,  o o )  4  M n x d ( R )  a n d  B  :  [ O ,  C Q )  - +  M d x , ( R )  i s  
d e n o t e d  b y  A  *  B  a n d  d e f i n e d  t o  b e  t h e  f u n c t i o n  g i v e n  b y  
( A  *  B ) ( t )  =  
A ( t  -  s ) B ( s )  d s ,  
t  2  0 .  
I "  
T h e  f o l l o w i n g  p r o p e r t i e s  o f  c o n v o l ~ l t i o n s  a r e  u t i l i s e d  i n  t h t :  s e q u e l :  ( A * B ) * C  =  A * ( B * C )  =  
T h e  f o l l o w i n g  l e m m a  i s  e x t r a c t e d  f r o m  [ 1 6 ,  T h e o r e m  2 . 2 1 :  
L e m m a  1 . 1 . 1 .  
( i )  L e t  a  E  L 1 ( ( O ,  m ) ,  M n x n ( R ) )  a n d  b  E  L P ( ( 0 ,  o o ) ,  M n x n ( R ) )  f o r  p  =  
1 , 2 .  T h e n  a  *  b  E  L p ( ( 0 ,  o o ) ,  M n x , ( R ) ) .  
( i i )  L e t  a  E  L ' ( ( o , ~ ) ,  M , ~ , ( R ) )  a n d  l e t  t h e  f u n c t i o n  b  E  L P ( ( O , m ) ,  M , x , ( R ) )  b e  
b o u n d e d  a n d  t e n d i n g  t o  z e n ,  a s y m p t o t i c a l l y .  T h e n  l i m t , , ( a  *  b ) ( t )  =  0 .  
( i i i )  L e t  a  E  L P ( ( 0 ,  o o ) ,  M n x n ( R ) )  a n d  l e t  t h e  f u n c t i o n  b  E  L q ( ( 0 ,  o o ) ,  M n x , ( l R ) )  w h e r e  
+  $  =  1 .  T h e n  l i m t , ,  ( a  *  b )  ( t )  =  0 .  
C h a p t e r  1 ,  S e c t i o n  1  I n t r o d u c t i o n  
C o n v o l u t i o n  E q u a t i o n s .  
T h e r e  a r e  t w o  r e s u l t s  c o n c e r n i n g  t h e  b e h a v i o u r  o f  l i n e a r  c o n -  
v o l u t i o n  e q u a t i o n s ,  
x ( t ) f  ( k * x ) ( t ) = f ( t ) ,  t > O ,  
w h i c h  a r e  u s e d  t h r o u g h o u t  t h e  t h e s i s :  
T h e o r e m  1 . 1 . 1 .  L e t  t h e  f u n c t i o n  k  s a t i s f y  k  E  L k c ( ( 0 ,  o o ) ,  M n x n ( R ) ) ) .  T h e n  t h e r e  i s  a  
u n i q u e  s o l u t i o n  r  E  L b c ( ( O ,  o o ) ,  M n x n ( R ) ) )  o f  t h e  t w o  e q u a t i o n s  
r ( t )  +  ( k  *  r )  ( t )  =  k ( t ) ,  
a n d  
F u r t h e r m o r e ,  
T h e o r e m  1 . 1 . 2 .  L e t  k  E  L ~ , ( ( O ,  o o ) ,  M ~ ~ , ( R ) ) )  a n d  f  E  L f O c ( ( 0 ,  o o ) , R n ) .  T h e n  t h e r e  i s  
a  u n i q u e  s o l u t i o n  x  E  L : , , ( ( o ,  o o ) , R n )  o f  ( 1 . 1 . 3 ) .  T h i s  s o l u t i o n  i s  g i v e n  b y  t h e  v a r i a t i o n  
o f  p a r a m e t e r s  f o r m u l a :  
T h e  p r o o f  of t h e s e  t w o  r e s u l t s  m a y  b e  f o u n d  i n  [ 1 6 ] .  
C o m p l e x  N u m b e r s .  T h e  s e t  o f  c o m p l e x  n u m b e r s  i s  d e n o t e d  b y  C ;  t h e  r e a l  p a r t  o f  a  i n  
C  b e i n g  d e n o t e d  b y  R e  z  a n d  t h e  i m a g i n a r y  p a r t  b y  I m  a .  T h e  a b s o l u t e  v a l u e  o f  a  c o m p l e x  
n u m b e r  z  =  a + b i  i s  d e f i n e d  a s  l z l  =  d m .  L e t  M n x d ( C )  b e  t h e  s p a c e  o f  n  x  d  m a t r i c e s  
w i t h  c o m p l e x  e n t r i e s .  W e  d e f i n e  t h e  n o r m  o f  t h e  n  x  d - d i m e n s i o n a l  m a t r i x - v a l u e d  f u n c t i o n  
A  :  @  r - 1  M n x d ( @ )  i n  a  s i m i l a r  m a n n e r  t o  t h e  n o r m  o f  a  r e a l  f u n c t i o n :  
T h e  R i e m a n n - L e b e s g u e  L e m m a  m a y  n o w  b e  s t a t e d :  
CltapLer 1. Strl,ion I Intmdiictlaia 
Lemma 1.1.2. If tthe J~ncfion f : LQ M Ilg i s  u Riemann integmlrk function such that 
This lemma is used cxtensiwly in Chapter 2. The proof of this result may be found in 
1231- 
Laplace Transfarms. The Laplace lmnsjomr. of the function A : 10, oo) + A4nxv(R) is 
If E E R and &m]IA(t)]]e-'LClt < w then A(z) exists for Rea 2 r nnd is analytic for 
Re a > t. If A is a continuous Fj~nction whiclr satisfies IIA(t)ll < C C ~ ~  for t > 0 then the 
holds for all F > P .  The hllowil~g properties of the Laplace transform can e ~ s i l y  be shown: 
if A and B E L1(O,co) Ihcn 
and 
and 
?(O) = 1, 
where the function e is tlefilred ~ ( f )  = c-5 t 3 L, 
8 
C h a p t e r  1 ,  S e c t i o n  1  I n t r o d u c t i o n  
E q u i l i b r u i m  a n d  n o n e q u i l i b r u i m  l i m i t s .  
I f  t h e  s o l u t i o n  o f  a n  i n t e g r o - d i f f e r e n t i a l  
e q u a t i o n  c o n v e r g e s  t o  a  l i m i t  w e  s a y  t h a t  t h e  l i m i t  i s  a n  e q u i l i b u i m  l i m i t  i f  i t  a  s o l u t i o n  o f  
t h e  i n t e g r e d i f f e r e n t i a l  e q u a t i o n ,  w e  s a y  t h a t  i t  i s  a  n o n e q u i l i b u i m  l i m i t  i f  i t  a  n o t  s o l u t i o n  
o f  t h e  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n .  
1 . 1 . 2  S t o c h a s t i c  P r e l i m i n a r i e s  
A  b r i e f  o v e r v i e w  o f  t h e  b a s i c  t h e o r y  c o n c e r n i n g  s t o c h a s t i c  p r o c e s s e s  i s  g i v e n  i n  t h i s  s e c t i o n .  
F o r  a  m o r e  d e t a i l s  s e e  t e x t s  s u c h  a s  M a o  1 2 6 1 ,  B k s e n d a l  [ 3 3 ] ,  o r  K a r a t z a s  a n d  S h r e v e  [ 2 2 ] .  
P r o b a b i l i t y  S p a c e s .  C o n s i d e r  t h e  p r o b a b i l i t y  t r i p l e  ( R ,  T ,  P ) .  H e r e  R  d e n o t e s  t h e  s a m -  
p l e  s p a c e  w h e r e  e a c h  o u t c o m e  i n  5 2  i s  d e n o t e d  b y  w .  O f  p a r t i c u l a r  i m p o r t a n c e  a r e  u -  
a l g e b r a s :  i f  C  i s  a  f a m i l y  o f  s u b s e t s  o f  R  t h e n  a ( C )  i s  t h e  s m a l l e s t  a - a l g e b r a  c o n t a i n i n g  
t h e  s e t  C  w h i c h  s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n s ;  R  E  u ( C ) ,  A  E  u ( C )  i m p l i e s  A C  E  u ( C )  
a n d  { A i ) i 2 1  E  a ( C )  i m p l i e s  U z 1 A i  E  u ( C ) .  H e r e ,  A C  =  R  -  A  i s  t h e  c o m p l e m e n t  o f  A .  
T h e  f a m i l y  3  i s  a  a - a l g e b r a ;  a n y  s e t  w h i c h  b e l o n g s  t o  3  i s  s a i d  t o  b e  3 - m e a s u r a b l e ,  i n  
o t h e r  w o r d s  a  f u n c t i o n  X  :  R  4  R  i s  s a i d  t o  b e  3 - m e a s u r a b l e  i f  { w  :  X ( w )  _ <  a )  E  3  
f o r  a  E  R .  A  p r o b a b i l i t y  m e a s u r e  P  o n  t h e  s p a c e  ( Q , T )  i s  a  f u n c t i o n  P  :  3  H  [ O ,  11 
w h i c h  s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n s :  P [ R ]  =  1 ;  i f  A l l  A p ,  .  .  .  a r e  d i s j o i n t  e v e n t s  t h e n  
P [ u , " = ~ A ~ ]  =  C z l  P [ A i ] .  I n  p a r t i c u l a r ,  i f  P [ A ]  =  1  t h e n  w e  s a y  t h a t  A  i s  a n  a l m o s t  s u r e  
e v e n t  w h e r e  a . s ,  i s  o f t e n  u s e d  a s  s h o r t h a n d .  A  f i l t r a t i o n  { 3 ( t ) j t 2 ~  i s  a n  i n c r e a s i n g  s e t  o f  
a - a l g e b r a s  i n  3 .  T h e  f i l t r a t i o n  a t  t i m e  t  r e p r e s e n t s  a l l  t h e  i n f o r m a t i o n  a v a i l a b l e  a t  t h a t  
t i m e .  T h e  f i l t e r e d  p r o b a b i l i t y  s p a c e  i s  d e n o t e d  b y  ( R ,  3 ,  { F ( t ) ) t l o ,  P ) .  
R a n d o m  V a r i a b l e s .  
A  r a n d o m  v a r i a b l e  i s  a n  3 - m e a s u r a b l e  f u n c t i o n  X  :  R  H  R .  
E v e r y  r a n d o i n  v a r i a b l e  X  i n d u c e s  a  p r o b a b i l i t y  m e a s u r e  p x  o n  t h e  B o r e 1  s e t s  B  o f  R  
w h e r e  p X ( B )  =  P [ w  :  X ( W )  E  B ] .  I f  X  i s  i n t e g r a b l e  w i t h  r e s p e c t  t o  t h e  p r o b a b i l i t y  
m e a s u r e ;  t h a t  i s  i f  
F  
C h a p t e r  1 .  S e c t i o n  1  I n t r o d u c t i o n  
t h e n  t h e  e x p e c t a t i o n  o f  X  c a n  b e  e x p r e s s e d  a s  
D i s t r i b u t i o n s .  T h e  d i s t r i b u t i o n  f u n c t i o n  o f  a  r a n d o m  v a r i a b l e  X  i s  t h e  f u n c t i o n  F  :  
R  H  [ O ,  11 g i v e n  b y  F ( x )  =  P ( X  <  x ) .  T h e  s e q u e n c e  o f  r a n d o m  v a r i a b l e  X I ,  X z ,  .  .  .  ( w i t h  
c o r r e s p o n d i n g  d i s t r i b u t i o n  f u n c t i o n s  F l ,  F 2 . .  . )  h a s  a  l i m i t i n g  d i s t r i b u t i o n  d e n o t e d  F  i f  
lirn,,, F ,  =  F .  
C h a r a c t e r i s t i c  f u n c t i o n .  T h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e  s c a l a r  r a n d o m  v a r i a b l e  X  
i s  t h e  f u n c t i o n  
w h e r e  i  =  G .  I t  h a s  a  n u m b e r  o f  i m p o r t a n t  p r o p e r t i e s :  Q ( 0 )  =  1 ;  \ @ ( A ) \  5  1  f o r  a l l  X  
a n d  i s  u n i f o r m l y  c o n t i n u o u s  o n  R .  T h e  j o i n t  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e  v e c t o r  o f  r a n -  
d o m  v a r i a b l e s  X  =  ( X I , .  .  .  ,  X n )  i s  g i v e n  b y  Q x ( h )  =  $  [ e i u T ]  w h e r e  h  =  ( X I , .  .  .  ,  A,). 
O f  s p e c i a l  i n t e r e s t  i s  t h e  c a s e  w h e n  X  h a s  m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n  i n  w h i c h  c a s e  
t h e  j o i n t  c h a r a c t e r i s t i c  f u n c t i o n  i s  g i v e n  b y  Q X ( h )  =  e - i A C A T  w h e r e  C  i s  t h e  c o v a r i a n c e  
m a t r i x  o f  X .  
A  u s e f u l  r e s u l t  i s  t h e  f o l l o w i n g :  s u p p o s e  t h a t  F l  ,  F 2 ,  . .  .  i s  a  s e q u e n c e  o f  d i s t r i b u t i o n  f u n c -  
t i o n s  w i t h  c o r r e s p o n d i n g  c h a r a c t e r i s t i c  f u n c t i o n s  Q l ,  Q 2 , .  .  .  .  I f  lim,,, F n  =  F ,  w h e r e  F  
h a s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  a ,  t h e n  lim,,, @ , ( A )  =  @ ( A )  f o r  a l l  A .  
F o r  f u r t h e r  d e t a i l  t h e  r e a d e r  i s  r e f e r r e d  t o  G r i m m e t t  a n d  S t i r z a k e r  [ I s ] .  
S t o c h a s t i c  P r o c e s s e s .  
A  s t o c h a s t i c  p r o c e s s  i s  a  f a n l i l y  { X ( t ) ) t > o  o f  R n - v a l u e d  r a n d o m  
v a r i a b l e s .  I t  i s  c o n t i n u o u s  i f  f o r  a l m o s t  a l l  w  E  R  t h e  f u n c t i o n  t  I+ X ( t ,  w )  i s  c o n t i n u o u s .  
I t  i s  . F ( t ) - a d a p t e d  i f  X ( t )  i s  3 ( t ) - m e a s u r a b l e  f o r  e v e r y  t .  I t  i s  s a i d  t o  b e  i n c r e a s i n g  i f  
X ( t ,  w )  i s  n o n n e g a t i v e ,  n o n d e c r e a s i n g  a n d  r i g h t  c o n t i n u o u s  o n  t  2  0  f o r  a l m o s t  a l l  w  E  5 2 .  
I t  i s  a  p r o c e s s  o f  f i n i t e  v a r i a t i o n  i f  X ( t )  =  & t )  -  a ( t )  w h e r e  b o t h  { A ( t ) )  a n d  { a ( t ) )  a r e  
i n c r e a s i n g  p r o c e s s e s .  
C h a p t e r  1 ,  S e c t i o n  1  I n t r o d u c t i o n  
S t a t i o n a r i t y .  
A  p r o c e s s  S  =  { S ( t ) ) t > o  -  i s  c a l l e d  a  s t a t i o n a r y  p r o c e s s  i f  
I P [ S ( t  +  t k )  E  A h ,  k  =  1 . .  .  ,  n ]  =  P [ S ( t k ) ,  E  A k ,  k  =  1 . .  .  ,  n ] ,  
( 1 . 1 . 1 0 )  
f o r  a l l  t  >  0 ,  t k  E  [ 0 ,  m )  a n d  B o r e 1  s e t s  A k ,  w h e r e  k  =  1 , .  .  .  ,  n .  
S t a n d a r d  B r o w n i a n  M o t i o n .  
I f  ( R , F ,  { F ( t ) ) t 2 0 , P )  i s  a  f i l t e r e d  p r o b a b i l i t y  s p a c e  
t h e n  a  1 - d i m e n s i o n a l  s t a n d a r d  B r o w n i a n  m o t i o n  { B ( t ) j t > 0  -  i s  a  p r o c e s s  w h i c h  h a s  t h e  
f o l l o w i n g  p r o p e r t i e s :  B ( 0 )  =  0 ;  t h e  i n c r e m e n t  B ( t )  -  B ( s )  i s  n o r m a l l y  d i s t r i b u t e d  w i t h  
m e a n  0  a n d  v a r i a n c e  t  -  s  w h e r e  0  I  s  <  t  <  m ;  t h e  i n c r e m e n t  B ( t )  -  B ( s )  i s  i n d e p e n d e n t  
o f  F .  w h e r e  0  5  s  <  t  <  m .  
S t o c h a s t i c  I n t e g r a b i l i t y  a n d  C o n v e r g e n c e .  
D u e  t o  t h e  r a n d o m  n a t u r e  o f  s t o c h a s t i c  
p r o c e s s e s  v a r i o u s  d e f i n i t i o n s  o f  s t o c h a s t i c  i n t e g r a b i l i t y  e x i s t .  A  s t o c h a s t i c  p r o c e s s  X  i s  
i n t e g r a b l e  i f  X ( t )  i s  i n t e g r a b l e  w i t h  r e s p e c t  t o  t h e  p r o b a b i l i t y  m e a s u r e  f o r  e a c h  t  >  0 ,  t h a t  
i s  i f  I E  ( ( X ( t ) ( (  < CQ f o r  e a c h  t  2  0 ;  i t  i s  s q u a r e  i n t e g r a b l e  i f  I E  I I x ( ~ ) ~ ( ~  <  m  f o r  e a c h  t  2  0 .  
T h e  n o t i o n  o f  c o n v e r g e n c e  a n d  i n t e g r a b i l i t y  i n  p t h  m e a n  a n d  a l m o s t  s u r e  s e n s e s  a r e  n o w  
d e f i n e d :  t h e  R n - v a l u e d  s t o c h a s t i c  p r o c e s s  { X ( t ) ) t 2 0  c o n v e r g e s  i n  p t h  m e a n  t o  X ,  i f  
l i m  I E  \ \ X ( t )  -  X , \ ( p  =  0 ;  
t + m  
t h e  p r o c e s s  i s  p t h  m e a n  e x p o n e n t i a l l y  c o n v e r g e n t  t o  X ,  i f  t h e r e  e x i s t s  a  P p  >  0  s u c h  t h a t  
1  
l i m  s u p  -  l o g @  ( ( X ( t )  - X ,  ( ( p )  I  - P p ;  
t - o o  t  
w e  s a y  t h a t  t h e  d i f f e r e n c e  b e t w e e n  t h e  s t o c h a s t i c  p r o c e s s  { X ( t ) ) t l o  a n d  X ,  i s  i n t e g r a b l e  
i n  t h e  p t h  m e a n  s e n s e  i f  
I f  t h e r e  e x i s t s  a  I P - n u l l  s e t  R a  s u c h  t h a t  f o r  e v e r y  w  $! R o  t h e  f o l l o w i n g  h o l d s :  
l i r n  X ( t ,  w )  =  X , ( w ) ,  
t * ,  
t h e n  X  c o n v e r g e s  a l m o s t  s u r e l y  t o  X , ;  w e  s a y  X  i s  a l m o s t  s u r e l y  e x p o n e n t i a l l y  c o n v e r g e n t  
t o  X ,  i f  t h e r e  e x i s t s  a  D o  >  0  s u c h  t h a t ,  
1  
l i r n  s u p  -  l o g  ( ( X ( t ,  w )  -  X , ( w )  ( 1  I  - P O ,  
a s -  
t - ,  t  
C h a p t e r  1 ,  S e c t i o n  1  I n t r o d u c t i o n  
F i n a l l y ,  t h e  d i f f e r e n c e  b e t w e e n  t h e  s t o c h a s t i c  p r o c e s s  { X ( t ) ) t > o  -  a n d  X, i s  s q u a r e  i n t e -  
g r a b l e  i n  t h e  a l m o s t  s u r e  s e n s e  i f  
H e n c e f o r t h ,  I E  [ X p ]  w i l l  b e  d e n o t e d  b y  I E X P  e x c e p t  i n  c a s e s  w h e r e  t h e  m e a n i n g  m a y  b e  
a m b i g u o u s .  
S t o c h a s t i c  i n t e g r a l s .  
T h e  n - d i m e n s i o n a l  I t 6  i n t e g r a l  i s  d e f i n e d  a s  
w h e r e  B ( t )  =  ( B l  ( t )  . .  .  ,  B d ( t ) ) ,  e a c h  B i ( t )  i s  s t a n d a r d  B r o w n i a n  m o t i o n  a n d  g  i s  a n  
n  x  d - d i m e n s i o n a l  f u n c t i o n .  I f  t h e  f u n c t i o n  g  i s  s q u a r e  i n t e g r a b l e  t h e n  
X  i s  a n  n - d i m e n s i o n a l  I t 6  p r o c e s s  i f  t h e r e  i s  a n  a d a p t e d  n - d i m e n s i o n a l  v e c t o r - v a l u e d  
f u n c t i o n  f  a n d  a n  a d a p t e d  n  x  d  m a t r i x - v a l u e d  f u n c t i o n  g  s u c h  t h a t  
w h e r e  X o  i s  d e t e r m i n i s t i c .  T h e  s t o c h a s t i c  d i f f e r e n t i a l  u s e d  t o  e x p r e s s  t h i s  i s  g i v e n  b y  
d X ( t )  =  f  ( t )  d t  +  g ( s )  d B ( t ) ,  
t  >  0 ,  
X ( 0 )  =  x o .  
O n e  of t h e  m o s t  i m p o r t a n t  t o o l s  o f  s t o c h a s t i c  c a l c u l u s  i s  t h e  c h a n g e  o f  v a r i a b l e  f o r m u l a  
w h i c h  i s  a l s o  k n o w n  a s  A Z ' s  f o r m u l a :  
L e m m a  1 . 1 . 3 .  L e t  t h e  n - d i m e n s i o n a l  AZ p r o c e s s  X  be d e f i n e d  by ( 1 . 1 . 1 1 )  a n d  a s s u m e  
t h a t  t h e  f u n c t i o n s  f  a n d  g  a r e  i n  L 1 ( O ,  o o )  a n d  L 2 ( 0 , 0 a )  r e s p e c t i v e l y .  If t h e  f u n c t i o n  
V ( .  ,  . )  E  C 2 n 1 ( i R n  x W ,  R n )  t h e n  t  ++ V ( X ( t ) ,  t )  i s  o n c e  a g a i n  a n  I t 5  p r o c e s s  w i t h  s t o c h a s t i c  
d z f f e r e n t i a l  g i v e n  by 
C h n p t e r  1 ,  S e c t i o n  1  
I n l r o d u c t i o h  
A n o t h e r  i m p o r t a n t  t o o l  u s e d  i n  s t o c h a s t i c  c a l c u l u s  i s  t h e  i n t e g r a t i o n  b y  p a r t s  f o r m u l a :  
L e m m a  1 . 1 . 4 .  L e t  t h e  1 - d i m e n s i o n a l  I t 2  p r o c e s s  X  be d e f i n e d  b y  ( 1 . 1 . 1 1 )  w i t h  n  =  d  =  1  
a n d  a s s u m e  t h a t  t h e  f u n c t i o n s  f  a n d  g  a r e  i n  L 1 ( O ,  c m )  a n d  L 2 ( 0 ,  c o )  r e s p e c t i v e l y ,  I f  Y  i s  
a  c o n t i n u o u s  a d a p t e d  p r o c e s s  of f i n i t e  v a r i a t i o n  t h e n  
M a r t i n g a l e s .  T h e  s t o c h a s t i c  p r o c e s s  M  =  { M ( t ) } t > o ,  -  d e f i n e d  o n  t h e  f i l t e r e d  p r o b a b i l i t y  
s p a c e  ( 0 ,  T ,  { 3 ( t ) } t 2 0 1  P ) ,  i s  s a i d  t o  b e  a  m a r t i n g a l e  w i t h  r e s p e c t  t o  t h e  f i l t r a t i o n  { 3 ( t ) ) t > o  -  
i f  M ( t )  i s  3 ( t ) - m e a s u r a b l e  f o r  a l l  t  2  0 ,  I E  [ I M ( t ) J ]  <  o o  f o r  a l l  t  2  0  a n d  f o r  a l l  0  5  s  2  t  
F u r t h e r m o r e ,  i f  t h e  p r o c e s s  M  i s  a  r e a l - v a l u e d  s q u a r e  i n t e g r a b l e  m a r t i n g a l e  t h e n  t h e r e  
e x i s t s  a .  u n i q u e ,  a d a p t e d ,  i n c r e a s i n g ,  i n t e g r a b l e  p r o c e s s  ( 1 1 1 )  =  { ( M ) ( t ) } ) t 2 0  s u c h  t h a t  t h e  
p r o c e s s  { ~ ( t ) ~  -  ( M ) ( t ) } t l o  i s  a  m a r t i n g a l e  w h i c h  v a n i s h e s  a t  t  =  0 .  T h e  p r o c e s s  ( M )  
i s  k n o w n  a s  t h e  q u a d r a t i c  v a r i a t i o n  o f  M .  T h e  a s y m p t o t i c  b e h a v i o u r  o f  t h e  q u a d r a t i c  
v a r i a t i o n  c h a r a c t e r i s e s  t h e  a s y m p t o t i c  b e h a v i o u r  o f  t h e  m a r t i n g a l e ,  t h i s  i s  s e e n  i n  t h e  
M a r t i n g a l e  C o n v e r g e n c e  T h e o r e m ,  w h i c h  i s  s t a t e d  p r e s i c e l y  i n  L e m m a  1 . 1  - 5 .  B e f o r e  s t a t i n g  
t h i s  w e  d e f i n e  a  s t o p p i n g  t i m e  a n d  a  l o c a l  m a r t i n g a l e .  A  r a n d o m  v a r i a b l e  T  :  0  + +  [ 0 ,  a ]  
i s  c a l l e d  a  s t o p p i n g  t i m e  i f  { w  :  ~ ( w )  5 t }  E  3 ( t )  f o r  a n y  t  2  0 .  A  r i g h t  c o n t i n u o u s  
a d a p t e d  p r o c e s s  A4 =  { M ( t ) ) t > o  -  i s  a  l o c a l  m a r t i n g a l e  i f  t h e r e  e x i s t s  a  n o n d e c r e a s i n g  
s e q u e n c e  o f  s t o p p i n g  t i m e s  { T ~ } ~ ~ ~  w i t h  T , ,  4  o o  a s  k  - t  o o  a l m o s t  s u r e l y  s u c h  t h a t  e v e r y  
{ M ( r k  A  t ) } t 2 0  i s  a  m a r t i n g a l e .  
L e m m a  1 . 1 . 5 .  F o r  a  c o n t i n u o u s  l o c a l  m a r t i n g a l e  A d ,  t h e  s e t s  { ( M ) ( c m )  <  o o }  a n d  
{ l i m t , ,  M ( t )  e x i s t s }  a r e  a l m o s t - s u r e l y  e q u a l .  F u r t h e r m o r e ,  l i m s u p t , ,  M ( t )  =  o o  a n d  
l i m  i n f t , ,  M ( t )  =  - c o  a l m o s t  s u r e l y  o n  t h e  s e t  { ( M )  ( c o )  =  o o ) .  
T h e  p r o o f  o f  t h i s  l e i n i n a  m a y  b e  f o u n d  i n  [ 3 5 ] .  A n o t h e r  r e s u l t  c o n c e r n i n g  t h e  a s y m p t o t i c  
b e h a v i o u r  o f  m a r t i n g a l e s  i s  t h e  L a w  o f  L a r g e  N u m b e r s  f o r  M a r t i n g a l e s :  
C h a p t e r  1 ,  S e c t i o n  1  I n t r o d u c t i o n  
L e m m a  1 . 1 . 6 .  L e t  t h e  p r o c e s s  M  =  { M ( t ) } t > o  -  d e f i n e d  o n  t h e  f i l t e r e d  p r o b a b i l i t y  s p a c e  
( 0 , 3 ,  { 3 ( t ) } t 2 0 ,  P )  b e  a  c o n t i n u o u s  m a r t i n g a l e  w h i c h  v a n i s h e s  a t  t  =  0 ,  I f  t h e  q u a d r a t i c  
v a r i a t i o n  ( M )  o f  M  s a t i s f i e s  l i m t , , ( M ) ( t )  =  o o  t h e n  
M ( t )  
l i m  - - - - -  -  0  
a . s .  
t - m  ( M )  ( t )  
T h e  B u r t h o l d e r - D a v i s - G u n d y  i n e q u a l i t y  p r o v i d e s  u s e f u l  b o u n d s  o n  t h e  m o m e n t s  o f  
m a r t i n g a l e s .  
L e m m a  1 . 1 . 7 .  L e t  M  b e  a  c o n t i n u o u s  l o c a l  m a r t i n g a l e .  F o r  e v e r y  m  >  0  t h e r e  e x i s t  
u n i v e r s a l  p o s i t i v e  c o n s t a n t s  k,, K ,  ( d e p e n d i n g  o n l y  o n  m )  s u c h  t h a t  
k r n E  [ ( M )  ( T ) m l  5  E  o z g T  ~ ( t ) ' "  5  K m E  [ ( M )  ( T ) , I  1  
!  I  
h o l d s  f o r  e v e r y  s t o p p i n g  t i m e  T  >  0 .  
N o t e  t h a t  i f  g  E  L 2 ( 0 ,  o o )  t h e n  t h e  I t 6  i n t e g r a l  d e f i n e d  b y  I ( t )  =  ~ ~ ~ g ( s )  d B ( s )  i s  a  
m a r t i n g a l e  w i t h  q u a d r a t i c  v a r i a t i o n  g i v e n  b y  
( I ) ( t )  =  [  g ( s ) '  d s .  
0  
U s e f u l  I n e q u a l i t i e s .  
T h e  H o l d e r  a n d  C h e b y s h e v  i n e q u a l i t i e s  a r e  u s e d  f r e q u e n t l y  i n  
s u b s e q u e n t  c h a p t e r s .  T h e y  a r e  s t a t e d  h e r e  f o r  c l a r i t y :  i f  t h e  f i n i t e - d i m e n s i o n a l  r a n d o m  
v a r i a b l e  X  s a t i s f i e s  I E  I I X I I P  <  o o  f o r  p  E  ( 0 ,  m )  a n d  t h e  f i n i t e - d i m e n s i o n a l  r a n d o m  v a r i a b l e  
Y  s a t i s f i e s  E  I I Y  ( ( q  <  c o  f o r  q  E  ( 0 ,  c o )  t h e n  
1 1  
1 1 1 ~  [ x T y ]  1 1  5  E  [ l l x l j ~ j :  e [ ~ ~ Y I I $  ,  p  >  I ,  -  +  -  =  1 ;  
P  '2 
f u r t h e r m o r e ,  i f  c  i s  a  p o s i t i v e  c o n s t a n t ,  t h e n  
T h e  L i a p u n o v  i n e q u a l i t y  i s  u s e f u l  w h e n  c o n s i d e r i n g  t h e  p t h  m e a n  b e h a v i o u r  o f  r a n d o m  
v a r i a b l e s  a s  a n y  e x p o n e n t  p  >  0  m a y  b e  c o n s i d e r e d  r a t h e r  t h a n  p  >  1  i n  t h e  c a s e  o f  t h e  
H o l d e r  i n e q u a l i t y :  
C h a p t e r  2  
E x p o n e n t i a l  C o n v e r g e n c e  t o  a  N o n t r i v i a l  
D e t e r m i n i s t i c  L i m i t  
2 . 1  I n t r o d u c t i o n  
I n  t h i s  c h n p t e r  t h e  e x p o l z e n t i a l  d c c a y  O F  t h e  s o l u t i o n  o f  
R t ( t )  =  A R ( t )  - b  K ( t  -  s ) R ( s )  d s ,  
t  >  f l ,  
4' ( Z . 3 . l a )  
t o  H .  c o n s t a n t  v e c t o r  i s  s t u d i e d .  I T c r e  t i l e  m a t r i x - v a l ~ r e d  f u n c t i o n  R  i s  k n o w n  a s  t h e  
r c s o h n t  o r  f u n d a m e n t a l  s o l u t i o ~ ~  m d  A  is a  rmI n  x  n  m a t r i x .  I t  i s  ~ s s r l m e d  t h r o u g l ~ o u t  
t h a t  t h e  f u n c t i o n  I <  :  1 0 ,  m )  - - ,  M ,  x ,  ( B }  s a t i s f i e s  
U n d e r  t h e  h y p o t h e s i s  ( 2 . 1 . 2 ) ,  i t  i s  w e l l - k n o w n  t h a t .  ( 2 . 1 . 1 )  h w  a  a u n i q u e  c n n t i n u a u s  s o l u t i o n  
W e  a l s o  e x a m i n e  t h e  e x p o n e n t i a l  d e c a y  o f  t h e  s o l u t i o n  o f  ( 2 . 1 . 3 ) ,  
T h c  f ~ ~ n c t i o r t  1  t - +  x ( b ; : t o ,  f )  i s  t l k r  u n i q u c  n - d i m e n s i o n a l  s o l u t i o n  o f  1 . 1 1 ~  i n i t i d  v a l u e  
p l - o h l m n  ( 2 . 1 . 3 ) ,  A  f i n d  K  a r c  d e f i n e d  R S  a h o v r :  a n d  t  l l c  r u n c t i o u  1  :  [ 0 , 0 0 )  - - ,  R R  s t l t i s f i e s  
T l i e  r c p ~ ~ e s e n t a t i o n  o f t h c  s o l ~ ~ t i o n  o f ( 2 . 1 . 3 )  i n  t c r i n s  oS R  i s  g i v e n  b y  t h e  v a r i a t i o n  o f  
c o n s t r t t l t s  f o r m u l a  
% l t e r  2 ,  S e c t i o n  2  
E x ~ m n e n t i a l  C o n v e r g e n c e  t o  R  N o n t r i v i a l  D e t e r m i n i s t i c  L i m i t  
N o t e  t h a t  w h e r e  x o  a n d  f  a r e  c l e a r  f r o m  t h e  c o n t e x t  t h e y  a r e  o m i t t e d  f r o m  t h e  n o t a t i o n .  
S o  i t  i s  c l e a r  t h a t  t h e  b e h a v i o u r  o f  t h e  p e r t u r b e d  e q u a t i o n  i s  i n f l u e n c e d  b y  t h e  b e h a v i o u r  
o f  t h e  u n d e r l y i n g  r e s o l v e n t .  
I t  i s  i n t e r e s t i n g  t o  u n d e r s t a n d  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  r a t e  o f  d e c a y  o f  t h e  k e r n e l ,  
a n d  t h e  r a t e  o f  d e c a y  o f  s o l u t i o n s  o f  ( 2 . 1 . 1 )  a n d  ( 2 . 1 . 3 ) .  A u t h o r s  w h o  h a v e  s h o w n  t h a t  
s o m e  s o r t  o f  e x p o n e n t i a l  d e c a y  i n  t h e  k e r n e l  c a n  b e  i d e n t i f i e d  w i t h  e x p o n e n t i a l  d e c a y  o f  
t h e  r e s o l v e n t  i n c l u d e  M u r a k a i n i  [ 3 0 ,  3 1 1  a n d  A p p l e b y  a n d  R e y n o l d s  [ 7 ] .  M u r a k a m i  s h o w s  
t h a t  t h e  e x p o n e n t i a l  d e c a y  o f  t h e  s o l u t i o n  o f  ( 2 . 1 . 1 )  i s  e q u i v a l e n t  t o  a n  e x p o n e n t i a l  d e c a y  
p r o p e r t y  o n  t h e  k e r n e l  K  u n d e r  t h e  r e s t r i c t i o n  t h a t  n o n e  o f  t h e  e l e m e n t s  o f  K  c h a n g e  s i g n  
o n  [ 0 ,  c o ) .  A  c o n d i t i o n  o f  t h i s  t y p e  w i l l  b e  e m p l o y e d  i n  t h i s  c h a p t e r  t o  i d e n t i f y  e x p o n e n t i a l  
c o n v e r g e n c e .  I n  a  s i m i l a r  s p i r i t ,  v a r i o u s  a u t h o r s  h a v e  i d e n t i f i e d  d e c a y  c o n d i t i o n s  o n  K  
w h i c h  g i v e  r i s e  t o  p a r t i c u l a r  d e c a y  p r o p e r t i e s  i n  t h e  r e s o l v e n t .  F o r  e x a m p l e  B u r t o n ,  H u a n g  
a n d  M a h f o u d  [ 1 3 ]  h a v e  s h o w n  t h a t  t h e  e x i s t e n c e  o f  t h e  ' m o m e n t s '  o f  t h e  k e r n e l  c a n  b e  
i d e n t i f i e d  w i t h  t h e  e x i s t e n c e  o f  t h e  ' m o m e n t s '  o f  t h e  s o l u t i o n .  A p p l e b y  a n d  R e y n o l d s  [ 6 ]  
h a v e  s t u d i e d  a  t y p e  o f  n o n - e x p o n e n t i a l  d e c a y  o f  s o l u t i o n s  ( c a l l e d  s u b e x p o n e n t i a l  d e c a y )  
w h i c h  c a n  i n  c e r t a i n  c i r c u m s t a l l c e s  b e  i d e n t i f i e d  w i t h  t h e  s u b e x p o n e n t i a l  d e c a y  o f  t h e  
k e r n e l .  J o r d a n  a n d  W h e e l e r  [ 2 0 ]  a n d  S h e a  a n d  W a i n g e r  [ 3 8 ]  h a v e  s t u d i e d  t h e  r e l a t i o n s h i p  
b e t w e e n  t h e  e x i s t e n c e  o f  t h e  k e r n e l  i n  a  c e r t a i n  w e i g h t e d  L P - s p a c e  a n d  t h e  e x i s t e n c e  o f  
t h e  s o l u t i o n  i n  s u c h  s p a c e s .  
T h e  c a s e  w h e r e  t h e  s o l u t i o n s  o f  ( 2 . 1 . 1 )  a r e  n e i t h e r  i n t e g r a b l e ,  n o r  u n s t a b l e ,  h a s  a l s o  
b e e n  c o n s i d e r e d .  K r i s z t i n  a n d  T e r j 6 k i  [ 2 4 ]  s t u d i e d  t h i s  c a s e  a n d  d e t e r m i n e d  c o n d i t i o n s  
u n d e r  w h i c h  R ( t )  c o n v e r g e s  t o  a  l i m i t  R ,  w h i c h  n e e d  n o t  b e  t r i v i a l  a s  t  4  o o .  I n  a d d i t i o n  
t o  d e t e r m i n i n g  a  f o r m u l a  f o r  R, i n  t h e s e  c a s e s  t h e y  s h o w e d  t h a t  a  c o n d i t i o n  o n  t h e  s e c o n d  
m o m e n t  o f  t h e  k e r n e l  i s  c r u c i a l .  
T h r o u g h o u t  t h i s  t h e s i s  t h e  c a s e  w h e r e  t h e  r e s o l v e n t  o f  ( 2 . 1 . 3 )  i s  n o t  i n t e g r a b l e  i s  c o n -  
s i d e r e d .  I n  t h i s  c h a p t e r  a n  e q u i v a l e n c e  b e t w e e n  t h e  e x p o n e n t i a l  d e c a y  p r o p e r t y  o f  R -  R ,  
a n d  a n  e x p o n e n t i a l  d e c a y  p r o p e r t y  o f  t h e  k e r n e l  i s  f o u n d ;  i t  i s  a l s o  s h o w n  f o r  s o l u t i o n s  o f  
( 2 . 1 . 3 )  t h a t  t h e  e x p o n e n t i a l  d e c a y  o f  x  -  x, c a n  b e  i d e n t i f i e d  w i t h  e x p o n e n t i a l  d e c a y  i n  
t h e  k e r n e l  a n d  t h e  p e r t u r b a t i o n .  
W ~ c r  2 ,  S e t i o n  2  
E x p o n e n t i e l  C o n v e r ~ m c e  4 0  R  N o n t r i r * i n l  D e t e r m h E a L J c  L J r n i l  
2 . 2  D i s c u s s i o n  o f  R e s u l t s  
I n  t h i s  s e c t i o n ,  t h e  c o n n e c t i o n  b a t w c e n  t h e  r e s u l t s  o n  e x p o n e n t i a l  d e c a y  p r e s e n t e d  b y  
M u r a k a m i  i n  130, 3 1 1  a n d  t h o s e  i n  t h i s  d l a p t c r  a r c  e x p l a i n e d .  
M u r a k a m i  o b t n i n e c l  t h e  f o l l o w i n g  r c s t ~ l t  i n  L l ~ e  c n s e  w h e r e  t h e  s o l u t . i o h s  o f  ( 2 . 1 . 1 )  a r e  
i n t e g n b l c .  
T h e o r e m  2 . 2 . 1 .  L e t  I =  s a l i s k  ( 2 . 1 . 2 ) .  S n p p o , c e  I h e  ~ . r o i v e n l  R  o f  ( 2 . 1 . 1 )  s o b i s f i e 8  
e a c h  e n , l r - y  of K  d o e s  n , o t  c h a n , g e  s i g n  o n  10, m ) ,  ( 2 . 2 . 2 )  
t h e n  t h e  f a E l a w i r n g  U T E  e q u i v a l e n t :  
( i i j  I l r e r e  e x i s t  c o n s l a n t s  c  >  0  a n d  p  >  0  s u c h .  t h a t  
A  f u n d a r n e n t d  i * e s n l t  o n  t h e  n s y r n p t o t i c  b e h t a v i o r ~ r  o f  t h c  g o l r r t i o n  o f  ( 2 . 1 . 3 )  i s  t h e  
f o l l o w i n g  l ; h e o l . c m  d u c  t o  G r a s s m a n  a n d  M i l l e r  1 1 7 1 :  
T h e o r e m  2 . 2 . 2 .  L e t .  K  s n b f s h j  ( 2 . 1 . 2 ) .  T l t e  r e s o l v e n t  R  of ( 2 . 1 . 1 )  a n l d s f i e s  ( 2 . 2 . 1 )  i f  a n d  
o n l y  i [  
M ~ . ~ r a k a m i  c o n s i d e r e d  t h c  c a s t  w h e r e  t h e  r e s o l v e n t  o f  ( 2 . 1 . 1 )  i s  i n t e g r a b l e  a n d  c o n s c -  
q u c n t l y  w a s  a b l e  t o  n t & e  u s e  O F  ( 2 . 2 , 5 )  i n  h i s  p r o o f ,  I n  t h i s  t h e s i s ,  t h e  c a s e  w h e r e  t h e  
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s o l u t i o n  o f  ( 2 . 1 . 1 )  a p p r o a c h e s  a  c o n s t a n t  m a t r i x  i s  c o n s i d e r e d .  T h i s  c o n s t a n t  m a t r i x  n e e d  
n o t  b e  t r i v i a l ,  i n  w h i c h  c a s e  t h e  s o l u t i o n  i s  n o t  i n t e g r a b l e ,  c o n s e q u e n t l y ,  a s s u m p t i o n  ( 2 . 2 . 5 )  
n o  l o n g e r  h o l d s  f o r  a l l  R e z  >  0 .  S o ,  i t  i s  n o t  p o s s i b l e  t o  a p p l y  M u r a k a m i ' s  m e t h o d  o f  
p r o o f  d i r e c t l y  t o  ( 2 . 1 . 1 ) .  
H o w e v e r ,  a  r e f o r m u l a t i o n  o f  ( 2 , l . l )  a s  a n  i n t e g r a l  e q u a t i o n  w a s  p r o v i d e d  b y  K r i s z t i n  
a n d  T e r j 6 k i  [ 2 4 ] ,  t h e  d e t a i l s  o f  w h i c h  m a y  b e  f o u n d  i n  L e m m a  2 . 3 . 1 .  A  f u n d a m e n t a l  
r e s u l t  c o n c e r n i n g  t h e  i n t e g r a b i l i t y  o f  V o l t e r r a  i n t e g r a l  e q u a t i o n s  i s  t h e  f o l l o w i n g  t h e o r e m  
b y  P a l e y  a n d  W i e n e r  [ 3 4 ] :  
T h e o r e m  2 . 2 . 3 .  I f  t h e  f u n c t i o n s  F  a n d  G  E  L 1 ( O ,  o o ) ,  t h e n  t h e  u n i q u e  s o l u t i o n  Y  o f  t h e  
e q u a t i o n  Y ( t )  +  ( F  *  Y ) ( t )  =  G ( t )  i s  i n t e g r a b l e  i f  a n d  o n l y  i f  
K r i s z t i n  a n d  T e r j k k i  w e r e  a b l e  t o  s h o w  t h a t  ( 2 . 2 . 6 )  o f  T h e o r e m  2 . 2 . 3  h o l d s  f o r  t h e i r  
s p e c i f i c  i n t e g r a l  e q u a t i o n .  
B e f o r e  c i t i n g  t h e  r e l e v a n t  r e s u l t s  f r o m  1241 s o m e  n o t a t i o n  u s e d  t h e r e  a n d  a d o p t e d  h e r e -  
i n a f t e r  i s  i n t r o d u c e d .  L e t  M  =  A  +  s: K ( t )  d t  a n d  T  b e  a n  i n v e r t i b l e  m a t r i x  s u c h  t h a t  
J  =  T - ' M T  h a s  J o r d a n  c a n o n i c a l  f o r m .  L e t  e i  =  1  i f  a l l  t h e  e l e m e n t s  o f  t h e  i t h  r o w  o f  
J  a r e  z e r o ,  a n d  e i  =  0  o t h e r w i s e .  L e t  D p  =  d i a g ( e l ,  e 2 ,  . . . ,  e n )  a n d  p u t  P  =  T D , T - '  a n d  
Q  =  I  -  P .  T h e  r e l e v a n t  t h e o r e m  i s  n o w  s t a t e d :  
T h e o r e m  2 . 2 . 4 .  I f  K  s a t i s f i e s  
a n d  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
t h e n  
d e t [ z I  -  A  -  ~ ( z ) ]  #  0 f o r  R e  z  2  0  a n d  z  #  0 ,  
1 8  
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a n d  
d e t  [ P  -  M  -  A m  l r n  P K ( U )  d u d s ]  f  0 .  
( 2 . 2 . 1 0 )  
M o r e o v e r  R ( t )  +  R ,  a s  t  - +  c o  a n d  
- 1  
R ,  =  [ P  -  M  -  l r n  l m  P K ( u ) d u d s ]  P .  
( 2 . 2 . 1 1 )  
H e r e ,  a s s u m p t i o n  ( 2 . 2 . 7 )  c o r r e s p o n d s  t o  t h e  i n t e g r a b i l i t y  c o n d i t i o n  o n  F  a n d  G  i n  T h e -  
o r e m  2 . 2 . 3 .  I n  f a c t ,  t h i s  h y p o t h e s i s  m a y  b e  i m p r o v e d  u p o n ;  i t  i s  s h o w n  i n  C h a p t e r  3  t h a t  
a  c o n d i t i o n  o n  t h e  f i r s t  m o m e n t  of t h e  k e r n e l  c o m b i n e d  w i t h  a n  i n t e g r a b i l i t y  c o n d i t i o n  o n  
t h e  s o l u t i o n  e n s u r e s  t h a t  a s s u m p t i o n  ( 2 . 2 . 6 )  h o l d s .  H o w e v e r ,  i n  t h i s  c h a p t e r ,  t h i s  s t r o n g e r  
a s s u m p t i o n  i s  a c c e p t a b l e  a s  i t  i s  r e q u i r e d  f o r  t h e  e x i s t e n c e  o f  L a p l a c e  t r a n s f o r m s .  
I t  i s  s h o w n  i n  L e m m a  2 . 4 . 1  t h a t  ( 2 . 2 . 9 )  a n d  ( 2 . 2 . 1 0 )  i m p l y  t h a t  ( 2 . 2 . 6 )  h o l d s  f o r  t h e  
r e f o r m u l a t e d  i n t e g r a l  e q u a t i o n .  I t  b e c o m e s  c l e a r  t h a t  ( 2 . 2 . 6 )  i s  a n  a n a l o g u e  o f  ( 2 . 2 . 5 )  i n  
t h e  c a s e  w h e r e  t h e  s o l u t i o n  t o  ( 2 . 1 . 1 )  c o n v e r g e s  a  n o n t r i v i a l  l i m i t .  
U s i n g  t h e  r e f o r m u l a t e d  e q u a t i o n  a n d  ( 2 . 2 . 6 )  w e  c a n  a p p l y  M u r a k a m i ' s  m e t h o d  t o  o b t a i n  
t h e  m a i n  t h e o r e m  o f  t h i s  c h a p t e r :  
T h e o r e m  2 . 2 . 5 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) .  S u p p o s e  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  
R ,  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 2 . 2 . 8 ) .  I f  
e a c h  e n t r y  o f  K  d o e s  n o t  c h a n g e  s i g n  o n  [ 0 ,  o o ) ,  
t h e n  t h e  f o l l o w i n g  a r e  e q u i v a l e n t :  
( 2 )  t h e r e  e x i s t s  a  c o n s t a n t  a  >  0  s u c h  t h a t  
( i i )  t h e r e  e x i s t  c o n s t a n t s  ,O >  0  a n d  c  >  0  s u c h  t h a t  
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O n e  c a n  r e a d i l y  s e e  t h e  s i m i l a r i t i e s  b e t w e e n  T h e o r e m  2 . 2 . 1  a n d  T h e o r e m  2 . 2 . 5 ;  t h e  
h y p o t h e s e s  ( 2 . 2 . 1 )  a n d  ( 2 . 2 . 2 )  i n  T h e o r e m  2 . 2 . 1  a r e  i d e n t i c a l  t o  ( 2 . 2 . 8 )  a n d  ( 2 . 2 . 1 2 )  i n  
T h e o r e m  2 . 2 . 5 ;  m o r e o v e r ,  t h e  e q u i v a l e n c e  b e t w e e n  ( 2 . 2 . 3 )  a n d  ( 2 . 2 . 4 )  i n  T h e o r e m  2 . 2 . 1  
i s  m i r r o r e d  b y  t h e  e q u i v a l e n c e  b e t w e e n  ( 2 . 2 . 1 3 )  a n d  ( 2 . 2 . 1 4 ) .  T h e  h y p o t h e s i s  i n  T h e o -  
r e m  2 . 2 . 5  w h i c h  h a s  n o  c o u n t e r p a r t  i n  T h e o r e m  2 . 2 . 1  i s  ( 2 . 2 . 7 ) ;  h o w e v e r ,  t h i s  h y p o t h e s i s  
i s  n a t u r a l  a n d  s o m e t i m e s  i n d i s p e n s a b l e  i n  t h e  c a s e  w h e n  t h e  l i m i t i n g  v a l u e  o f  R  i s  n o n -  
t r i v i a l .  
A s s u m p t i o n  ( 2 . 1 . 2 )  i s  s t a t e d  e x p l i c i t l y  i n  T h e o r e m  2 . 2 . 5  t o  h i g h l i g h t  t h e  c o n d i t i o n  t h a t  
e n s u r e s  t h e  e x i s t e n c e  o f  a  s o l u t i o n  a n d  t h e  c o n d i t i o n  w h i c h  i s  n e e d e d  f o r  c o n v e r g e n c e .  
I t  i s  p o s s i b l e  t o  o b t a i n  r e s u l t s  c o m p a r a b l e  t o  T h e o r e m  2 . 2 . 5  f o r  t h e  s o l u t i o n  o f  t h e  
p e r t u r b e d  e q u a t i o n  ( 2 . 1 . 3 ) .  M o r e  p r e c i s e l y ,  i t  i s  p o s s i b l e  t o  s h o w  t h a t  t h e  e x p o n e n t i a l  
d e c a y  o f  x  -  x, i s  e q u i v a l e n t  t o  t h e  e x p o n e n t i a l  d e c a y  o f  t h e  t a i l  o f  t h e  p e r t u r b a t i o n  a n d  
t h e  e x p o n e n t i a l  i n t e g r a b i l i t y  o f  t h e  k e r n e l .  T h e  f o l l o w i n g  t h e o r e m  m a k e s  t h i s  p r e c i s e :  
T h e o r e m  2 . 2 . 6 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  f  s a t i s f y  ( 2 . 1 . 4 ) ,  a n d  f i  b e  d e f i n e d  b y  
S u p p o s e  t h a t  f o r  a l l  x o  t h e r e  i s  a  c o n s t a n t  v e c t o r  x , ( x o ,  f )  s u c h  t h a t  t h e  s o l u t i o n  t  H  
x ( t ; x O ,  f )  o f  ( 2 . 1 . 3 )  s a t i s f i e s  
I f  K  s a t i s f i e s  ( 2 . 2 . 1 2 ) ,  t h e  f o l l o w i n g  a r e  e q u i v a l e n t :  
( i )  t h e r e  e x i s t s  a  >  0  s u c h  t h a t  s t a t e m e n t  ( 2 ; )  o f  T h e o r e m  2 . 2 . 5  h o l d s  a n d  t h e r e  e x i s t  
c o n s t a n t s  y  >  0 ,  c l  >  0  i n d e p e n d e n t  o f  x o  s u c h  t h a t  
( i i )  f o r  e a c h  x o  t h e  s o l u t i o n  t  H  x ( t ; x O ,  f )  s a t i s f i e s  
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f o r  s o m e  B  >  0  i n d e p e n d e n t  a j x o ,  a n d  c z  =  q ( s o )  >  0 .  
N o t e  t h a t  a s s u m p t i o n  ( 2 . 2 . 1 6 )  m a y  b c  r e p l n c e d  b y  ( 2 . 2 . 8 ) .  
2 . 3  R e f o r m u l a t i o n  o f  E q u a t i o n  ( 2 . 1 . 1 )  
T h e  r e s o l v e n t  e q u n t i o n  ( 2 . 1 . 1 )  m u s t  h c  r e f o r m u l a b e d  i n  o r d e r  t o  p r o v e  T h e o r e m  2 . 2 . 5  n n d  
T h e o r e l a  2 . 2 . 6 .  T h e  p r o o f  o f  t h e s e  t h e o r e m s  r c l y  a n  t h e  t r a ~ i s f o r m a t i o n  o r  t h e  u e r o r m u l n t e d  
e q u a t i o n  u s i n g  L a p l m e  t r a n s f o r m s .  T h e  r l e t a i l s  o f  t h i s  t r a ~ ~ s f w r m a t i o n  m a y  b e  f o u r l d  i n  
t h c  f o l l o w i n g  l e m m a :  
L e m m a  2 . 3 . 1 .  If I h e  k e r n e l  #  s n t i s f i e s  ( 2 . 1 . 2 )  a n d  ( 2 . 2 , 7 ) ,  rand t h e r e  e n ! s t s  r r  c o n s t a n t  
r n , n l r i - i n :  &  s u c l a  t h , a t  t h e  s o E u t i a n  R  o f  ( 2 . 1 , 1 )  s a l i s f i e s  ( 2 . 2 , 8 )  t / n m  
? o h e r e  Y  ( t )  =  R ( t )  -  R,, t h e  j u n c t i o n  z  t l  p ( z )  i s  d e f i n e d  f o r  h r  >  O  a s  
a n d  
a n d  
f i t n c t i o n ,  c "  + +  G I Z )  i s  r l c f i r a e r d  f o r  I t c  z  2 .  0  a s  
C h a p t e r  -  2,S_ect l o l l  3  E x p o i ~ a n t i r d  C o n v e r ~ w  t o  n  N a n L r i v i a l  D c t e r m i n i s l i c  Lh&k 
P w o J  A s  c o n d i t i o n s  ( 2 . 2 . 7 1  m i l  ( 2 . 2 . 8 )  h o l d  i t  i s  k n o w n  f r o m  T h e o r c m  2 . 2 , 4  t h a t  ( 2 , 2 , 1 1 )  
h o l d s .  A n  i d e a  u s e d  i n  1 2 4 ,  T h e o r c m  21 i s  n o w  e m p l o y e d .  D e f i n e  t h e  f u n c t , i o n s  Y  a n d  a ,  
f o r  t  >  0 ,  b y  Y ( t )  =  R ( t )  -  R -  a n d  G j t )  =  P  +  e L L Q  r e s p e c t i v e l y .  M t r l t i p l y  f r o m  t h e  l e f t  
b o t h  s i d e s  o f  R ' ( s )  =  A R C S )  +  ( K  *  R ) ( s )  b y  @ ( t  -  s )  t o  g e t  
I n t e g r a t i n g  o v e r  1 0 , I . j  o n e  o b t a i n s  
1 0  
@ ( t  -  s ) R f ( . ~ )  d s  =  
G ( i !  -  s ) A R ( s ) r l s  + -  
@ ( t  -  s ) ( l C  n  R ) ( s )  d s .  
I *  J ' ,  
U s i n g  i n t e g r a t i o n  b y  p a r t s  o n  t h e  l e f t  Irmd s i d c  o f  t h i s  e x p r e s s i o n  t h i s  b e c o m e s  
O n  r c n r r a n g c m e n t  t h e  f o l l a t v i n g  j s  o b t d n e d :  
w h e r e  P  =  a '  -  @ A  -  ( @  a  I < ) ,  E x p m d i n g  t h e  l e f t  h a n d  s i d e  o f  t h i s  e x p r e s s i o n  w e  s e e  t h a t ,  
w h e r e  t l w  f u n c t i o n  e  i s  d e f i n e d  b y  e ( t )  =  e - 5  t  2  0 .  T h e  d e t a i l s  o f  t h i s  e x p n n s i o n  m & y  b e  
f o i l n d  i n  A p p e n d i x  B .  A  F f ~ r t l ~ c r  a l c u l r t t i o n  y i e l d s  
w l ~ o r c  G ( t )  =  + ( t )  -  I Z ,  -  ( F  *  I ; $ o )  ( t ) .  A g a i n ,  b y  e x p o n d i i ~ g  t h e  l e f t  ! l a n d  s i d c  o f  t h i s  
c x p r ~ s s i o n  o n e  o b t n j n s  
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t h e  d e t a i l s  o f  w h i c h  m a y  b e  f o u n d  i n  A p p e n d i x  B .  
S i n c e  ( 2 . 2 . 8 )  h o l d s ,  t h e  L a p l a c e  t r a n s f o r m  o f  Y  d e n o t e d  b y  ?  e x i s t s  f o r  R e z  2  0 .  S i n c e  
( 2 . 2 . 7 )  h o l d s  t h e  L a p l a c e  t r a n s f o r m  o f  F  e x i s t s  f o r  R e  z  2  0 .  I n  f a c t ,  b y  a p p l y i n g  ( 1 . 1 . 8 )  
t o  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 3 . 7 ) ,  ( 1 . 1 . 5 )  a n d  t h e n  ( 1 . 1 . 8 )  t o  t h e  s e c o n d  
t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 3 . 7 )  a n d  ( 1 . 1 . 6 )  t o  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  
o f  ( 2 . 3 . 7 )  w e  g e t  
- 1  1  1  1  
~ ( z )  =  - Q ( I  +  A )  -  - Q K ( Z )  +  - P K ( O )  -  - P K ( z ) ,  R e z  > _  0 ,  z  #  0 ,  
z + 1  z + l  z  Z  
w h i c h  o n  r e a r r a n g e m e n t  y i e l d s  ( 2 . 3 . 2 ) .  N o w  c o n s i d e r  t h e  c a s e  w h e n  z  =  0 .  B y  a p p l y i n g  
( 1 . 1 . 9 )  t o  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 3 . 7 ) ,  ( 1 . 1 . 5 )  t o  t h e  s e c o n d  t e r m  o n  t h e  
r i g h t  h a n d  s i d e  o f  ( 2 . 3 . 7 )  a n d  ( 1 . 1 . 7 )  t o  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 3 . 7 )  i t  
i s  f o u n d  t h a t  
w h i c h  o n  r e a r r a n g e m e n t  y i e l d s  ( 2 . 3 . 3 ) .  S i m i l a r l y ,  a s  ( 2 . 2 . 7 )  h o l d s  t h e  L a p l a c e  t r a n s f o r m  
o f  G  e x i s t s  f o r  R e z  2  0 .  B y  a p p l y i n g :  ( 1 . 1 . 8 )  t o  t h e  f i r s t  a n d  s e c o n d  t e r m s  o n  t h e  r i g h t  
h a n d  s i d e  o f  ( 2 . 3 . 9 ) ;  ( 1 . 1 . 6 )  t w i c e  t o  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e ;  ( 1 . 1 . 6 )  t o  t h e  
f o u r t h  t e r m  o n  t h e  r i g h t  h a n d  s i d e ;  ( 1 . 1 . 5 )  a n d  t h e n  ( 1 . 1 . 8 )  t o  t h e  f i n a l  t e r m  o n  t h e  r i g h t  
h a n d  s i d e  o f  ( 2 . 3 . 9 ) ,  w e  g e t  
w h i c h  o n  r e a r r a n g e m e n t  y i e l d s  ( 2 . 3 . 4 ) .  N o w  c o n s i d e r  t h e  c a s e  w h e n  z  =  0 .  I f  w e  a p p l y  
( 1 . 1 . 9 )  t o  t h e  f i r s t  a n d  s e c o n d  t e r m s  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 3 . 9 ) ,  c a l c u l a t e  t h e  t h i r d  
t e r m  o n  t h e  r i g h t  h a n d  s i d e  e x p l i c i t l y ,  a p p l y  ( 1 . 1 . 7 )  t o  t h e  f o u r t h  t e r m  o n  t h e  r i g h t  h a n d  
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E x p o n e n t i a l  C o n v a r g a n m  t o  a  N o n t r i v i a l  D e t e r m i n i s t i c  L i m i t  
s i d e ,  b e f o r e  f i n a l l y  a p p l y i n g  ( 1 . 1 . 5 )  t h e n  ( 1 . 1 . 9 )  t o  t h e  f i n a l  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  
( 2 . 3 . 9 ) ,  w e  a r r i v e  a t  
w h i c h  o n  r e a r r a n g e m e n t  y i e l d s  ( 2 . 3 . 5 ) .  T h i s  c o m p l e t e s  t h e  p r o o f .  
I f  i t  i s  a s s u m e d  t h a t  t h e r e  e x i s t s  a  c o n s t a n t  a  >  0  s u c h  t h a t  ( 2 . 2 . 1 3 )  o f  T h e o r e m  
2 . 2 . 5  h o l d s  t h e n  t h e  f u n c t i o n s  3  a n d  G  d e f i n e d  b y  ( 2 . 3 . 2 )  a n d  ( 2 . 3 . 4 )  r e s p e c t i v e l y  c a n  
b e  e x t e n d e d  i n t o  t h e  n e g a t i v e  h a l f  p l a n e .  U s e  i s  m a d e  o f  t h i s  f a c t  w h e n  p r o v i n g  t h a t  
s t a t e m e n t  ( i i )  i m p l i e s  ( i )  i n  T h e o r e m  2 . 2 . 5 .  
2 . 4  P r o o f  o f  T h e o r e m  2 . 2 . 5  
T h e o r e m  2 . 2 . 5  i s  a  c o n s e q u e n c e  o f  t h e  f o l l o w i n g  r e s u l t s .  
T h e o r e m  2 . 4 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  a n d  R  be t h e  s o l u t i o n  of ( 2 . 1 . 1 ) .  
S u p p o s e  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  s u c h  t h a t  ( 2 . 2 . 8 )  h o l d s .  If t h e r e  e x i s t s  a  c o n s t a n t  
a  >  0  s u c h  t h a t  K  o b e y s  ( 2 . 2 . 1 3 )  i n  T h e o r e m  2 . 2 . 5 ,  t h e n  t h e r e  e x i s t  c o n s t a n t s  , 8  >  0  a n d  
c  >  0  s u c h  t h a t  R  o b e y s  ( 2 . 2 . 1 4 )  o f  T h e o r e m  2 . 2 . 5 .  
T h e o r e m  2 . 4 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 ) ,  ( 2 . 2 . 7 )  a n d  ( 2 . 2 . 1 2 ) ,  a n d  l e t  R  be t h e  s o l u t i o n  o f  
( 2 . 1 . 1 ) .  S u p p o s e  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  s u c h  t h a t  ( 2 . 2 . 8 )  h o l d s .  I f  t h e r e  e x i s t  
c o n s t a n t s  , 8  >  0  a n d  c  >  0  s u c h  t h a t  R  o b e y s  ( 2 . 2 . 1 4 )  i n  T h e o r e m  2 . 2 . 5 ,  t h e n  t h e r e  e x i s t s  
a  c o n s t a n t  a  >  0  s u c h  t h a t  K  o b e y s  ( 2 . 2 . 1 3 )  i n  T h e o r e m  2 . 2 . 5 .  
T h e  f o l l o w i n g  l e m m a  i s  u s e d  i n  t h e  p r o o f  o f  T h e o r e m  2 . 4 . 1 .  T h e  p r o o f  i s  d e f e r r e d  u n t i l  
t h e  e n d  o f  t h e  s e c t i o n .  
C l m p d e r  2 ,  S e c t i o n  I  
E x p o n e n t i d  C o n v e r g e n c e  t o  n  N o p t ~ l  D e t a r m i n i s t i c  L 1 m 1  
L e m m a  2 . 4 . 1 ,  If t h e  I u n c f i o n  K  s a t i s f i e s  ( 2 . 1 . 2 ) ,  ( 2 . 2 . 3 )  a n d  t h e r e  e x i s t s  a  c o n a t a n t  
m a t r i x  I?- s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1  j  s a t i s f i e s  ( 2 . 2 . 8 3 ,  l l a e n  
T h e  f o l l o w i r l g  ~ ~ r o p o v j t i o n  m a y  e x t r a c t e d  f r o m  / 3 0 ,  3 1 1  a n d  u s e d  l a t e r  i n  t h e  p r o o f  a f  
T h e o r c m  2 . 4 . 2 .  
P r o p o s i t i o n  2 . 4 . 1 ,  L e t  K  s n t e j y  ( 2 . 1 . 2 3  a n d  ( 2 . 2 , 1 2 ) .  S u p p o s e  t h e r e  e x i s t s  a  >  0  a n d  a  
f i t n e t i o n  B  s u c h  t h a t  k ( z )  =  B ( z )  f o r b  R e  2 :  2  0  a n d  1 4  i s  r u c l l  d q f i n e d  o n  / R e x ]  5  a  a n d  
a n r m l ~ ~ f i c  o n  I R E  z ]  <  c w .  T l ? . c n  
m  
J J K ( S ) J J P  d r  <  m .  
T l ~ c  p r o o f  o f  t h i s  p r o p o s i t i o n  i s  d e f e r r e d  t o  A p p e n d i x  A .  T h c  p r o o f  i s  i d c r i t i c a l  i n  d l  
i m p o r t a n t  d e t a i l s  t o  t h a t  o f  T l l e o r e l n  2  i n  1 3 1 1 .  T h e  d i f l e r e n c c  is t h a t  o n e  m u s t  w o r k  i 1 1  
f i n i t e  c l i n ~ e n s i o n s .  
P m u f  o f  T h c o e r n  2 . 4 . 1 ,  A s  ( 2 . 2 . 8 )  h o l d s  t h e  i l l v c r s i o n  F o r l n l i l a  For t h e  L a p l n c e  T r a n s -  
f o r m  o f  Y  is w e l l  d e f i ~ ~ e d  w h e n  E  >  0 :  
F r o m  L e m m a  2 . 4 1  i t  i s  k n o w n  t l ~ n t  d c t ( l  t  8 ( z ) ]  f  0  f o r  R E Z  2  0  s o  o n e  c a n  w r i t e  
? ( z )  =  R l ( z ) ,  
R e z  2  O ,  
Chnpter 2, Section 4 Exponontinl Converg~ncc to a Nontrlv~a1 Detprmini,nic Limit 
Firstly, i t  is shown that  for same 0 > 0 one can write 
O h s c ~ ~ e  that sincc det[J + ?(0)] f. O, Hr(0) exists. Using (2.2.13) m ~ d  the Riernann- 
Lcbcsgue Lemma it, is smn tllet k ( z )  4 0 as lzl- oo for Re z 2 -a, Thus it can bc seen 
from (2.3.2) that, P ( z )  -4 0 as l z l  -1 ca for Re z >_ -a. Thercforc, n constant To > Q exists 
suelt that for Ilrn tl > To the Function z H det[f + p [ z ) ]  f 0 whcn Re z 2 -0, l11n z]  > %I. 
Hence, HI (2) cxists when (Em zi > To and Rc z > -n. Let 
and 
Since z ++ ( I  -!- $ ( z ) )  is nnafytic on the domain Rez > -a, and its dctcrminant is a 
continuous function of its entries, the function z H detE1-k $ ( z ) ]  is analytic on the domain 
Re z > -a. Tlrtrs it has nt most s finite number of zeros in the set D. As dct[~-l- P(.t.)] f 0 
for Re z = 0 this means that q, < 0, Take a constItnt P > 0 so that co < -0 and cwlsidcr 
the intep;rntion of the fiinction M I  (z)e-+' mound tllc baunrlmy of the region: 
Since HJ cxists and is analytic in this region it follows thnt the integral ovcr the boundary 
is zero, t,hat is: 
( / P + ~ T  + /-stir + j - f i - i ~  + j P - i T )  13; (x )eZ 'dz  = 0. 
0-cT PI-IT -P+iT -6-iT 
It is now shotvn that 
C h n n t e r  2 ,  S e e t i o n  4  
E x p o n e n t i n !  C o n v e r ~ e n c e  t o  a  N o n t r i v i ~ i  ~ e t c r m i n l s t i c  L i m i t  
C o n s i d e r   H I  ( t . ) e X E ( (  t v h e r e  z  =  X  +  iT a n d  - 0  5  X  5  P :  
D u c  t o  R  p r e v i o u s  a r g u m e n t ,  d e t [ I  +  f  ( z ) !  #  0  o n  t h e  c o n t o u r  a c  a r e  c o n s i d e r i n g ,  s o  a  
c o ~ ~ s t m t  c  m a y  b e  f o u n d  s u c h  t h a t  I ( ( f  %  f i ( z > ) + ' I I  <  c .  U s i n g  t h i s  a n d  e x p a n d i n g  &  w e  
A s  T  - s  c o  t h i s  r n e m s  t h a t  I t 1  4  
S O  f r o m  t t l ~  R i e m a n n - L e b c ~ i g u a  L e m m a  i t  i s  s e e n  
t h a t  a s  ( T I  - ,  c o ,  K ( z )  4  O  u n i f o r m l y ,  f o r  R c z  2  - a .  N o w ,  d u e  t o  t h e  c o n t i n u i t y  o f  K ,  
n  p o s i t i v e  c o i l s t a n t  m  <  C ~ O  c a n  b e  f o r r n d  s u c h  t h a t  
f o r  [ R e  z \  <  p ,  z  =  X  +  i T ,  r i n d  t  >  0 .  T h u s ,  
0 + 2 T  
I t  i s  o b v i o u s  t h a t  J + l j t . 2 T  [ I H 1  ( ; . ) e z t l l d z  - ,  0  t l s  T  -+ 0 0 .  A  s i m i l a r  a r g u m e n t  s h o w s  t h a t  
p - i 7 '  
J - 8 - t 7 "  ] J H l  ( z ) e J f  l l d x  - )  0  a s  X  4  o o ,  H e n c e ,  
m"i.er 2, Section rl Expnne~rtial Convergence t o  n Montrlvial D&erinhistic Umlt 
as required, 
It is necessnry to choose nn integrable function 1J2 in order to obtain (2.2.14), The 
h~nction lTJz is dclined as follows: 
Hz(z) = +FTI(X) - (n - c o ) - ' ~  
- 
1 1 
--.-. 
z-co z + l  ( I  + f (z))-' [ (z  - CO)(Z + I)@(*) - ( X  -F 1)(1+ F(I) )L]  
where L := Q(1- ( I  -4- A + ~(o ) )R , )  - P ~ ' { Q ) R , .  Since H2 is -a continuous f~tnclion i t  
is clear that F12 is intcgrnbk if  11z2H2(2)11 < oo as lzl 4 ca, Obviomty, 
Firstly, both ]&-I and 131 te1-d to unity as (11 -r m. Thus, positive constants CI and 
cz may be found such that I& I < el and 131 < e. A previous argument showed that 
ds1,[1+F(z)1 $ 0  far Rc z > -B, SO we cnn find s constant c > 0 sr~cl~ that El(i+p(z))1\ < C. 
As (2.2.13) holds ii, is known from t,hc Riernnnrl-Lebe~gue lcrnrna thnt; ?(I) -4 0 as 
[I/ - m with Rcr  5 -a. Thus from (2.3.2) and (2.3.4) it is -seen that J(ea(s -I- l)&(z)l) 
D I I ~  \\(t + l ) f i ( z )~ l l  we bounded for R e x  > -a. Now we examine i(r + 1)6(r)  - rL: 
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E x p o n e n t i a l  C o n v e r g e n c e  t o  a  N o n t r i v i a l  D e t e r m i n i s t i c  L i m i t  
D u e  t o  t h e  d e f i n i t i o n  o f  L  w e  s e e  t h a t  ( 2 . 4 )  b e c o m e s  
w h e n  w e  t a k e  n o r m s  o n  b o t h  s i d e s .  T h e  r i g h t  h a n d  s i d e  i s  c l e a r l y  t e n d i n g  t o  a  c o n s t a n t  
a s  I z I  - )  C O .  S O  a g a i n  u s i n g  t h e  c o n t i n u i t y  o f  K  w e  s e e  t h a t  I ( Z ( Z  +  ~ ) G ( z )  -  z L I I  i s  
b o u n d e d .  C o m b i n i n g  t h e  a b o v e  a r g u m e n t s  i t  i s  c l e a r  t h a t  I l z 2 H z ( z ) l l  <  m  w i t h  R e  z  =  - P .  
C o n s e q u e n t l y ,  
T h e r e f o r e ,  
T h i s  c o m p l e t e s  t h e  p r o o f .  
P r o o f  o f  T h e o r e m  2 . 4 . 2 .  S i n c e  a s s u m p t i o n  ( 2 . 2 . 8 )  h o l d s ,  t h e  d e f i n i t i o n  o f  t h e  L a p l a c e  
T r a n s f o r m  o f  Y  i s  v a l i d .  T h e r e f o r e  ?  e x i s t s  a n d  i s  c o n t i n u o u s  i n  { R e t  2  - P )  a n d  i s  
a n a l y t i c  i n  { R e  z  >  - P I .  A s  a s s u m p t i o n s  ( 2 . 2 . 7 )  a n d  ( 2 . 2 . 8 )  h o l d  T h e o r e m  2 . 2 . 4  c a n  b e  
a p p l i e d  t o  g e t  ( 2 . 2 . 1 0 ) .  T h u s  d e t [ z ? ( z ) -  R,] i s  n o n z e r o  a t  z e r o .  F r o m  t h e  c o n t i n u i t y  o f  P  
a t  z e r o  t h e r e  e x i s t s  a n  o p e n  n e i g h b o u r h o o d  c e n t e r e d  a t  z e r o  o n  w h i c h  d e t [ z ? ( z )  -  R,] #  0 .  
F r o m  t h e  d e f i n i t i o n  o f  P  i t  i s  c l e a r  t h a t  i t s  e i g e n v a l u e s  a r e  e i t h e r  0  o r  1 .  T h u s  d e t [ z I  +  P ]  
i s  n o n z e r o  e x c e p t  a t  z e r o  i n  a n  o p e n  n e i g h b o u r h o o d  c e n t e r e d  a t  z e r o  w i t h  r a d i u s  l e s s  
t h a n  o n e .  C h o o s e  a !  >  0  s u c h  t h a t  d e t [ z ? ( z )  -  R,] a n d  d e t [ z I  +  PI a r e  n o n z e r o  f o r  
C h n p t w  2 ,  S e c t i o n  4  
- A -  
E x p o n c n t i a t  C o n v c r g ? n c e -  L O  n  N o n t r i v i a l  D c t e r m n i n i s t i c  L i m i t  
- a !  <  R e z  <  0 .  D e f i n e  t h e  f u n c t i o n  B  a s  f o l l o w s  
f o r  - n  <  R r !  z  <  0  a n d  B ( 0 )  : =  k ( 0 ) .  N o t e  t h a t  B ( x 3  : =  k ( z )  f o r  R c  z  2  0 ,  P r o p o s i t i o n  
2 . 4 . 1  c n i l  h e  a p p l i e d  ko p r o v e  T h e o r e m  2 . 4 . 2 .  
T h e  f o r m u l a  f o r  t h e  h i n c t i a n  B  i s  n o w  d e r i v e d :  t h e  f u n c t i o n  F  c R n  e a s i l y  b e  e x p r e s s e d  
a s  
F ( r )  =  
[ - ? Q ( I  - I -  A )  +  z ( z  - I -  I ) P I ? ( O )  +  Z ( P  +  r ~ ) k ( z ) ]  ,  
z " z  -1- 1 )  
a n d  t h e  f u n c t i o n  G  c a n  e a s i l y  b e  ~ x p r e s s c d  ~ s  
U s i n g  t h ~  a b o v e  e x p r e s s i o n s  w e  c a n  c x p a n d  ? ( z )  t  P ( z ) P ( x )  =  & ( z )  t o  o b t a i n  
R e a r r s n g i i i g  t h e  e q u a t i o n  o n e  o b t a i n s  
B a t h  P  +  z  T  ~ u d  t ' l i ( z )  -  R ,  a r e  i n v c r t i h l r :  i n  t h e  r c g i a n  c o n s i d e r e c l ,  s o  ( 2 . 4 . 2 )  h o l d s .  
I J  
3 0  
C h a p t e r  2 ,  S e c t i o n  5  
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P r o o f  o f  L e m m a  2 . 4 . 1 .  T h e  c a s e  w h e r e  z  =  0  a n d  R e z  2  0 ,  z  #  0  a r e  c o n s i d e r e d  
s e p a r a t e l y .  I f  z  =  0 ,  t h e n  u s i n g  t h e  f a c t  t h a t  Q M  =  M ,  i t  i s  s e e n  t h a t  
d e t [ I +  P ( o ) ]  =  d e t  [ I  -  Q ( I  + A  C  ~ ( 0 ) )  -  P K ' ( o ) ]  
=  d e t  [ P  -  M  +  l w  L r n  P K h )  d u d s ]  .  
T h i s  i s  n o n z e r o  b y  ( 2 . 2 . 1 0 )  o f  T h e o r e m  2 . 2 . 4 .  N o w  c o n s i d e r  t h e  c a s e  w h e n  R e  z  2  0 ,  z  #  0 ;  
1  1  -  
d e t [ I  +  f i ( z ) ]  =  d e t  +  A )  -  - Q K ( Z )  +  P - K ( 0 )  -  - P K ( Z )  
z + l  z  z  
-  
1 )  -  z Q ( I  +  A )  -  z & k ( z )  
I  
z z + 1  
-  
1  I  
- -  d e t  z ( d  - A  -  ~ ( z ) )  +  P ( z I  -  A  -  ~ ( z ) ) ]  
z z + l  [  
-  
1 1  
- -  d e t [ z I  +  PI d e t  [ z ~  -  A  -  ~ ( r ) ]  .  
z z + l  
u s i n g  t h e  f a c t  t h a t  P M  =  0 .  C o n s i d e r  e a c h  t e r m  i n d i v i d u a l l y .  O b v i o u s l y ,  $ &  #  0 ,  s i n c e  
R e  z  2  0  a n d  z  #  0 .  T h e  f u n c t i o n  z  H  d e t [ z ~ -  A -  ~ ( z ) ]  i s  n o n z e r o  d u e  t o  T h e o r e m  2 . 2 . 4 .  
F i n a l l y ,  t h e  f u n c t i o n  z  H  d e t [ z I  +  P ]  i s  n o n z e r o  d u e  t o  t h e  s t r u c t u r e  o f  P :  t h e  m a t r i x  P  
h a s  t w o  e i g e n v a l u e s ,  0  a n d  1 .  S o  d e t [ z I  +  P ]  i s  z e r o  o n l y  a t  z  =  0  a n d  z  =  - 1 .  F r o m  t h e  
a b o v e  i t  i s  o b v i o u s  t h a t  ( 2 . 4 . 1 )  h o l d s ,  
2 . 5  P r o o f  o f  T h e o r e m  2 . 2 . 6  
T h e o r e m  2 . 2 . 6  i s  a  c o n s e q u e n c e  o f  t h e  f o l l o w i n g  r e s u l t s :  
T h e o r e m  2 . 5 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 )  a n d  l e t  f  s a t i s f y  ( 2 . 1 . 4 ) .  S u p p o s e  t h a t  
f o r  a l l  x o  t h e r e  i s  a  c o n s t a n t  v e c t o r  x , ( x o ,  f )  s u c h  t h a t  t h e  s o l u t i o n  t  H  x ( t ; x ~ ,  f ) o f  
( 2 . 1 . 3 )  s a t i s f i e s  ( 2 . 2 . 1 6 ) .  I f  t h e r e  e x i s t  c o n s t a n t s  a  >  0 ,  y  >  0  a n d  c l  >  0  s u c h  t h a t  
s t a t e m e n t  ( i )  o f  T h e o r e m  2 . 2 . 6  h o l d s ,  t h e n  t h e r e  e x i s t  c o n s t a n t s  ,8 >  0 ,  i n d e p e n d e n t  o f x o ,  
a n d  c z  =  c z ( x o )  >  0 ,  s u c h  t h a t  s t a t e m e n t  ( i i )  o f  T h e o r e m  2 . 2 . 6  h o l d s .  
3 1  
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T h e o r e m  2 . 5 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 ) ,  ( 2 . 2 . 7 )  a n d  ( 2 . 2 . 1 2 )  a n d  l e t  f  s a t i s f y  ( 2 . 1 . 4 ) .  
S u p p o s e  t h a t  f o r  a l l  x o  t h e r e  i s  a  c o n s t a n t  v e c t o r  x , ( x o ,  f )  s u c h  t h a t  t h e  s o l u t i o n  t  H  
x ( t ;  x o ,  f )  o f  ( 2 . 1 . 3 )  s a t i s f i e s  ( 2 . 2 . 1 6 ) .  I f  t h e r e  e x i s t  c o n s t a n t s  
>  0 ,  i n d e p e n d e n t  o f  x o ,  
a n d  c 2  =  c z ( x 0 )  >  0  s u c h  t h a t  s t a t e m e n t  ( i i )  o f  T h e o r e m  2 . 2 . 6  h o l d s ,  t h e n  t h e r e  e x i s t  
c o n s t a n t s  0  >  0 ,  
>  0  a n d  c l  >  0  s u c h  t h a t  s t a t e m e n t  ( i )  o f  T h e o r e m  2 . 2 . 6  h o l d s .  
I f  a  w e a k e r  c o n d i t i o n  i s  i m p o s e d  ( t h a t  i s  i f  ( 2 . 2 . 1 8 )  o f  T h e o r e m  2 . 2 . 6 ( i i )  o n l y  h o l d s  f o r  
a  b a s i s  o n  i n i t i a l  v a l u e s )  t h e n  t h e  s a m e  r e s u l t  h o l d s .  
T h e o r e m  2 . 5 . 1  i s  p r o v e n  b y  e x a m i n i n g  t h e  v a r i a t i o n  o f  p a r a m e t e r s  r e p r e s e n t a t i o n  o f  
t h e  s o l u t i o n  w h i l e  T h e o r e m  2 . 5 . 2  i s  p r o v e n  b y  e x a m i n i n g  t h e  i n t e g r a l  v e r s i o n  o f  ( 2 . 1 . 3 ) .  
T h e  r a t i o n a l e  f o r  t h i s  i s  o b v i o u s ;  w h e n  s h o w i n g  s u f f i c i e n c y  w e  h a v e  i n f o r m a t i o n  a b o u t  t h e  
u n d e r l y i n g  r e s o l v e n t ,  b u t  w h e n  s h o w i n g  n e c e s s i t y  w e  k n o w  n o t h i n g  a b o u t  t h e  r e s o l v e n t  a  
p r i o r i .  
L e m m a  2 . 5 . 1  i s  r e q u i r e d  i n  t h e  p r o o f  o f  T h e o r e m  2 . 5 . 1 ;  i t  i s  h o w e v e r  a n  i n t e r e s t i n g  r e s u l t  
i n  i t s  o w n  r i g h t .  I t  g i v e s  c o n d i t i o n s  w h i c h  e n s u r e  t h a t  t h e  c o n s t a n t  m a t r i x  R ,  s a t i s f i e s  
t h e  d i f f e r e n t i a l  e q u a t i o n  ( 2 . 1 . 1 )  a t  o o .  
L e m m a  2 . 5 . 1 .  L e t  K  s a t i s f y  ( 2 . 2 . 7 ) .  S u p p o s e  t h a t  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  
s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 2 . 2 . 8 ) .  T h e n  
L e m m a  2 . 5 . 2  i s  t h e  a n a l o g u e  o f  L e m m a  2 . 5 , l .  I t  s t a t e s  c o n d i t i o n s  t h a t  e n s u r e  t h e  v e c t o r  
x, s a t i s f i e s  ( 2 . 1 . 3 )  a t  o o .  I t  i s  r e q u i r e d  i n  t h e  p r o o f  o f  T h e o r e m  2 . 5 . 2 .  
L e m m a  2 . 5 . 2 .  L e t  K  s a t i s f y  ( 2 . 2 . 7 )  a n d  l e t  f  s a t i s f y  ( 2 . 1 . 4 ) .  S u p p o s e  t h a t  t h e r e  e x i s t s  
a  c o n s t a n t  m a t r i x  x, s u c h  t h a t  t h e  s o l u t i o n  x  o f  ( 2 . 1 . 3 )  s a t i s f i e s  ( 2 . 2 . 1 6 )  a n d  x ( t )  - +  x, 
a s  t  - 4  c o .  T h e n  
( a  +  1 ,  K ( s )  d s )  x ,  =  0 .  
T h e  p r o o f  of b o t h  L e m m a  2 . 5 . 1  a n d  2 . 5 . 2  m a y  b e  f o u n d  a t  t h e  e n d  o f  t h i s  s e c t i o n .  
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E x p o n c n t i s l  C o n w r ~ n c e  l o  a  N o n t r t v l n l  D c t c r m i i t i s t l c  U m l t  
P m f  o f  T h e o r e m  2 . 5 . 1 .  U s i n g  ( 2 . 1 . 4 )  a n d  ( 2 , l . s )  i t  i s  s e e n  t h a t  l i r n t , ,  x ( t )  =  z,
w h e r e  x, i s  f i n i t e  a i ~ d  
w h i c h  i m p l i e s  
I n t e g r a t i n g  ( ( R  -  R m )  *  f ) ( t )  b y  p a r t s  o n e  o b t a i n s  
D u e  t o  t h e  f a c t  t h a t  K  o b e y s  ( 2 . 2 . 1 3 )  i t  f o l l o w s  t h a t  R  -  R -  d e c a y s  c x p o n e n t i d l y  b y  
T 1 i e o 1 - e r n  2 . 2 . 5 ,  I t  i s  p r o v e d  i n  t h e  s c q u c l  t h ~ t  R R '  c i c c a y s  e x p o n e n t i ~ l l y ;  f t  d s o  d e c n y s  
e x p o n e n t i a l l y  s o  t h e r e f o r e  t h e  c o n v o l u t i o n  o f  R' a n d  f r  d e c a y s  c x p o n e n t i a l l y .  B y  u s e  n f  
t h e  n h u w :  f a c t s  a n d  t h e  h y p o t h e s i s  ( 2 . 2 . 1 7 )  o n  f r ,  i t  i s  c l e a r  t h a t  e a t 1 1  t e r m  o n  t h e  r i g h t  
h a n d  s j d e  o f  ( 2 . 5 . 1 )  d e c a y s  c x p o n e n t i a l l y ,  w h i c l z  y i e l d s  ( 2 . 2 . 1 8 ) .  
I t  i s  n o w  s h o w n  t h a t  R' d e c a y s  c x p o n e n t , i d l l y .  T h e  r e s o I v e n t  e q u a t i o n  ( 2 . 1 . 1 )  c a n  b e  
r e w r i t t e n  nrj 
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T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 5 . 2 )  d e c a y s  e x p o n e n t i a l l y  s i n c e  ( 2 . 2 . 1 3 )  h o l d s .  
A n  a r g u m e n t  i s  n o w  p r o v i d e d  t o  s h o w  t h a t  t h e  s e c o n d  t e r m  d e c a y s  e x p o n e n t i a l l y .  S i n c e  
R  -  R ,  d e c a y s  e x p o n e n t i a l l y  a n d  ( 2 . 2 . 1 3 )  h o l d s  i t  i s  p o s s i b l e  t o  c h o o s e  p  s u c h  t h a t  t h e  
f u n c t i o n s  t  H  e b t K ( t )  a n d  t  H  e p t ( R ( t )  -  R,) a r e  b o t h  i n  L 1 ( ( O , m ) ,  M n x n ( R ) ) .  T h e  
c o n v o l u t i o n  o f  t w o  i n t e g r a b l e  f u n c t i o n s  i s  i t s e l f  a n  i n t e g r a b l e  f u n c t i o n ,  s o  
=  I I L t  e ~ ( ~ - ' ) K ( t  -  s ) e p s ( R ( s )  -  R,) d s  5  c .  ( 2 . 5 . 4 )  
I  I  
C l e a r l y  Jot K ( t  -  s ) ( R ( s )  -  R,) d s  d e c a y s  e x p o n e n t i a l l y .  I t  i s  n o w  s h o w n  t h a t  t h e  t h i r d  
t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 5 . 2 )  d e c a y s  e x p o n e n t i a l l y  u s i n g  t h e  f o l l o w i n g  a r g u m e n t :  
>  e " L W  I I K ( s ) l l d s  >  e a t l l ~ l ( t ) l l .  ( 2 . 5 . 5 )  
-
w h e r e  K l  i s  d e f i n e d  b y  ( 2 . 5 . 3 ) .  F i n a l l y ,  i t  i s  s h o w n  t h a t  ( A  +  
K ( s )  d s ) R ,  =  0  i n  
L e m m a  2 . 5 . 1 .  C o m b i n i n g  t h e  a b o v e  o b s e r v a t i o n s  i t  i s  s e e n  t h a t  R' d e c a y s  e x p o n e n t i a l l y  
t o  0 .  
P r o o f  o f  T h e o r e m  2 . 5 . 2 .  F i r s t l y  a s s u m p t i o n  ( 2 . 2 . 1 3 )  i s  p r o v e d .  A s  ( 2 . 2 . 1 8 )  h o l d s  f o r  
a l l  z o  t h e  f o l l o w i n g  n  +  1  s o l u t i o n s  o f  ( 2 . 1 . 3 )  c a n  b e  c o n s i d e r e d ;  { x j ( t ) ) j = l ,  . . .  ,,+I w h e r e  
x j ( O ) = e j  f o r j = l , . . . , n  a n d  x n + l ( 0 ) = O .  
I t  i s  k n o w n  t h a t  x j ( t )  a p p r o a c h e s  x j ( m )  e x p o n e i l t i a l l y  f a s t .  I n t r o d u c e  s j ( t )  =  x j ( t )  -  
x n + l  ( t )  a n d  n o t i c e  s j ( 0 )  =  e j .  L e t  S ( t )  =  [ s l  ( t ) ,  .  .  .  ,  s , ( t ) ]  E  M n x n ( R ) .  T h e n  
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D e f i n e  s j ( o o )  =  q ( m )  -  x n + l  ( m ) .  T h e n  S ( t )  4  S ,  c x p o n c n t i d l y  f a s t ,  s o  T h e o r e m  2 . 4 . 2  
c a n  b e  a p p l i e d  t o  o b t a i n  ( 2 . 2 . 1 3 ) .  N o t e  t h a t  t h e  r a l c  o f  c o n v e r g e n c e  o f  IC i s  i n d e p c n d o n t  
U s i n g  t l l c  a b o v e ,  o n e  c a n  n o w  p r a v e  ( 2 . 2 . 1 7 ) ,  A g  ( 2 . 2 . 1 8 )  h o l d s  f o r  nJ1 i n i t , i d  c o n d i t i o n s  
w e  c a n  d l o o ~ e  x o  =  0  t o  s i r n p I i f y  ~ n l c u l n ~ i o ~ z s .  I n t e g r ~ t i n g  ( 2 . 1 . 3 )  t h e  f o l l o w i n g  i s  o l 3 t n j n e . d :  
T h e  o b j e c t i v e ?  n o w  i s  t o  w r i t e  f  i n  t e r m s  o f  I C  a n d  x  - z o o .  A d d i n g  a n d  s u b t r a c t i n g  x, 
F r o m  h 0 t . h  s i d e s  i t  is w e n  t h a t  
I t  is s h o w n  i n  t h e  p r o o f  of L e m m a  2 . 5 . 2  t h a t  ( A  i -  17 K ( T L )  d t i ) ~ ~  =  0 , S O  
+  1  L ' K ( . ~  -  I L ) ( I ( V )  -  x m )  d u d .  
C h a n g i n g  t l r c  u r d c r  o f  i n t e g r a t i o n  a n c l  i ~ ~ t r o c l u c i n g  n c h n n g e  o f  v a r i a b l e  i n  ( 2 . 5 . 0 )  t h e  
f o l l o w j n g  i s  o b t a i n e d :  
1  t  
-  1  I C l  ( a )  d r i x r n  4 -  
j ( s )  d s .  
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A  f u r t h e r  r e a r r a n g c l n e n t  y i e l d s  
A l l o w i n g  t  4  o o  i n  ( 2 , t i . G )  i t  i s  s e e n  t h a t  
A n  a p p l i c a t i o n  o f  ( 1 . 1 . 2 )  y i d d s  
S u b ~ t i t t i t ~ i n g  t h i s  c x p r e s s i o n  l o r  -2, i n t o  ( 2 . 5 . 7 )  o n c  o b t d n s  
( u )  d ~  x C O  -  j l  ( t )  -  ( i  -  U )  ( X  ( u )  -  5 m  )  d u .  
T h i s  y i e l d s  
I t  i s  n o w  s l ~ o w n  t h a t  f  i l e c a y s  e x p o n e n t i a l l y ,  T h e  f i ~ s l  a n d  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  
s i d e  o f  ( 2 . 5 . 1 0 )  d c c n v  r x p o n e n t i n l l y  t o  z e r o  d u c  t o  n s s u m p t i o ~ ~  ( 2 . 2 . 1 8 ) .  A s  I C  h n s  b e e n  
s l r o w n  t o  c l b c y  ( 2 . 2 . 1 3 )  i t ,  i s  s e e n  i i . o ~ n  ( 2 ' 5 . 5 )  t h n t  h m  1 1  I € !  ( 3 )  I  l ? n e - u t ,  t  2  0 .  l 3 y  t h i s  
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e s t i m a t e  i t  i s  c l e a r  t h a t  t h e  s e c o n d  a n d  f o u r t h  t e r m s  d e c a y  e x p o n e n t i a l l y  t o  z e r o .  N o t e  
t h a t  s i n c e  K  i s  i n d e p e n d e n t  o f  x0 a n d  I ( x ( t )  -  x ,  1 )  5  c 2 ( 0 ) e - P t  =  c 2 e - D t  t h e  r a t e  o f  d e c a y  
o f  f l  i s  i n d e p e n d e n t  o f  x o .  
P r o o f  o f  L e m m a  2 . 5 . 1 .  I n t e g r a t e  ( 2 . 5 . 2 )  o v e r  [ O , t ]  a n d  r e a r r a n g e  t h e  t e r m s  t o  o b t a i n :  
t  
-  ( A  +  l m  ~ ( s )  d s )  R,t =  
A ( R ( s )  -  R,) d s  
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  t h e  e q u a t i o n  i s  b o u n d e d  a s  ( 2 . 2 . 8 )  h o l d s .  T h e  
s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  t h e  e q u a t i o n  i s  b o u n d e d  a s  t h e  c o n v o l u t i o n  o f  a n  L 1  
f u n c t i o n  w i t h  a n  L 1  f u n c t i o n  l i e s  i n  L 1 .  T h e  t h i r d  t e r m  i s  b o u n d e d  d u e  t o  ( 2 . 2 . 7 ) .  D u e  
t o  t h e  f a c t  t h a t  a s s u m p t i o n  ( 2 . 2 . 8 )  h o l d s  a n d  R  c o n v e r g e s  t o  a  f i n i t e  m a t r i x  R ,  t h e  f i n a l  
t e r m  i s  b o u n d e d .  C o m b i n i n g  t h e s e  a r g u m e n t s  i t  i s  s e e n  t h a t  ( A +  S o w  K ( s )  d s )  R ,  =  0 .  
P r o o f  o f  L e m m a  2 . 5 . 2 .  T o  p r o v e  t h i s  c o n s i d e r  ( 2 . 1 . 3 )  a n d  a d d  a n d  s u b t r a c t  x ,  f r o m  
t h e  r i g h t  h a n d  s i d e  o f  t h e  e q u a t i o n  t o  o b t a i n  
+  f  ( t )  -  K ~ ( t ) x ,  +  ( A  +  L m  ~ ( s )  d s )  x m .  
I n t e g r a t i n g  a n d  r e a r r a n g i n g  t e r m s  t h e  f o l l o w i n g  i s  o b t a i n e d  
( A  +  L m  K ( S )  d s )  x,t =  ( x ( t )  -  s,) -  ( s o  -  x , )  -  
A ( x ( s )  -  x , )  d s  
I "  t  
- I " I S  
K ( s - u ) ( x ( u )  - z , ) d u d s - J / 0 t  f ( s ) + l  K I ( s ) x , ~ s .  ( 2 . 5 . 1 1 )  
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 5 . 1 1 )  i s  f i n i t e  s i n c e  ( 2 . 2 . 1 6 )  h o l d s  a n d  x ( t )  - - ,  x ,  
a s  t  4  o o .  T h e  s e c o n d  t e r m  i s  f i n i t e  s i n c e  b o t h  x o  a n d  x ,  a r e  f i n i t e .  T h e  t h i r d  t e r m  i s  
f i n i t e  s i n c e  ( 2 . 2 . 1 6 )  h o l d s .  T h e  f o u r t h  t e r m  i s  f i n i t e  s i n c e  a n  L 1  t e r m  c o n v o l v e d  w i t h  a n  
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E x x p o n e n t l n i  C o n v e r ~ e n c e  t o  a  N o n t r i v i a l  D e t a r m i n i s t i c  L i m i t  
L 1  t e r m  i s  i n  L 1 .  T h e  f i f t h  t e r m  i s  f i n i t e  s i n c e  ( 2 . 1 . 4 )  h o l d s .  F i n a l l y ,  t h e  s i x t h  t e r m  i s  
f i n i t e  s i n c e  ( 2 . 2 . 7 )  h o l d s .  
T h e  l e f t  h a n d  s i d e  o f  ( 2 . 5 . 1 1 )  t e n d s  t o  m  i f  ( A  +  S o o o  K ( s )  d s )  x m  #  0 ,  w h i l e  t h e  r i g h t  
h a n d  s i d e  o f  ( 2 . 5 . 1 1 )  i s  f i n i t e .  T h i s  i s  c o n t r a d i c t o r y ,  t h u s  ( A  +  S o o o  K ( s )  d s )  x m  =  0 .  
C h a p t e r  3  
M e a n  s q u a r e  c o n v e r g e n c e  
3 . 1  I n t r o d u c t i o n  
H e r e  t h e  a s y m p t o t i c  c o n v e r g e n c e  o f  t h e  s o l u t i o n  o f  
t o  a  r a n d o m  v a r i a b l e  i s  s t u d i e d .  I t  i s  a s s u m e d  t h a t  X o  i s  a  d e t e r m i n i s t i c  n - d i m e n s i o n a l  
v e c t o r ,  t h a t  K  s a t i s f i e s  ( 2 . 1 . 2 )  a n d  t h a t  t h e  f u n c t i o n  C  :  [ 0 ,  o o )  - ,  M n x d ( R )  s a t i s f i e s  
L e t  { B ( t ) ) t > o  -  d e n o t e  d - d i m e n s i o n a l  B r o w n i a n  m o t i o n  o n  a  c o m p l e t e  p r o b a b i l i t y  s p a c e  
( R , F ,  { 3 B ) t l o , ~ )  w h e r e  t h e  f i l t r a t i o n  i s  t h e  n a t u r a l  f i l t r a t i o n  o f  B  n a m e l y ,  F B ( t )  =  
a { B ( s )  :  0  <  s  5  t } .  T h e  f u n c t i o n  t  H  X ( t ;  X o ,  C )  i s  d e f i n e d  t o  b e  t h e  u n i q u e  c o n t i n u o u s  
a d a p t e d  p r o c e s s  w h i c h  s a t i s f i e s  t h e  i n i t i a l  v a l u e  p r o b l e m  ( 3 . 1 . 1 ) .  R e s u l t s  c o n c e r n i n g  t h e  
e x i s t e n c e  a n d  u n i q u e n e s s  o f  s o l u t i o n s  m a y  b e  f o u n d  i n  [ 9 ,  T h e o r e m  2 E ]  o r  [ 3 7 ,  C h a p t e r  51 
f o r  e x a m p l e .  A s  C  i s  c o n t i n u o u s ,  f o r  a n y  d e t e r m i n i s t i c  i n i t i a l  c o n d i t i o n  X o  t h e r e  e x i s t s  a  
u n i q u e  a . s .  c o n t i i i u o u s  a n d  a d a p t e d  p r o c e s s  o b e y i n g  ( 3 . 1 . 1 )  g i v e n  b y  
A g a i n ,  i t  i s  n o t e d  t h a t  w h e n  X o  a n d  C  a r e  c l e a r  f r o m  t h e  c o n t e x t  t h e y  a r e  o m i t t e d  f r o m  
t h e  n o t a t i o n .  
I n  t h e  s t o c h a s t i c  c a s e  t h e  a s y m p t o t i c  c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  e q u i l i b r i u m  
a l o n e  h a s  b e e n  c o n s i d e r e d .  A u t h o r s  w h o  h a v e  s t u d i e d  t h i s  t y p e  o f  c o n v e r g e n c e  i n c l u d e  
A p p l e b y  a n d  R i e d l e  [ B ] ,  M a o  [ 2 7 ]  a n d  M a o  a n d  R i e d l e  [ 2 8 ] .  T h i s  w o r k  i s  t h e  f i r s t  o f  i t s  
t y p e  t o  c o n s i d e r  t h e  m e a n  s q u a r e  c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  n o n - e q u i l i b r i u m  
C h a p t e r  3 ,  S e c t i o n  2  
M ~ a n  s q u a r e  c o n v e r g e n c e  
l i m i t s .  T h e  l e v e l s  o f  e n v i r o n m e n t a l  n o i s e  b y  w h i c h  t h e  s y s t e m  c a n  b e  p e r t u r b e d  w h i l e  s t i l l  
m a i n t a i n i n g  c o n v e r g e n c e  t o  a n  e x p l i c i t  n o n - e q u i l i b r i u m  l i m i t  X ,  i s  e s t a b l i s h e d .  T h e s e  r e -  
s u l t s  s u g g e s t  t h a t  w h e n  c o n s i d e r i n g  t h e  c o n v e r g e n c e  o f  t h e  s y s t e m  t o  a  n o n - t r i v i a l  r a n d o m  
v a r i a b l e  t h e  s q u a r e  i n t e g r a b i l i t y  o f  t h e  n o i s e  t e r m  i s  c r u c i a l .  C o n d i t i o n s  f o r  t h e  i n t e g r a -  
b i l i t y  o f  X  -  X, i n  t h e  m e a n  s q u a r e  c a s e  a r e  a l s o  c o n s i d e r e d .  H e r e ,  t h e  e s t a b l i s h m e n t  o f  
t h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  o n  t h e  r e s o l v e n t ,  k e r n e l  a n d  n o i s e  i s  c o m p l i c a t e d  
b y  t h e  f a c t  t h a t  X, i s  n o t  F ( t ) - a d a p t e d .  C o n s e q u e n t l y  s t a n d a r d  I t 6  m e t h o d s  c a n n o t  b e  
d i r e c t l y  a p p l i e d .  T h e  r e s u l t s  p r e s e n t e d  i n  t h i s  c h a p t e r  h a v e  c o u n t e r p a r t s  i n  t h e  a l m o s t  
s u r e  c a s e ,  t h e  d e t a i l s  o f  w h i c h  w i l l  b e  p r e s e n t e d  i n  C h a p t e r  4 .  
3 . 2  D i s c u s s i o n  o f  R e s u l t s  
T h e  m a i n  r e s u l t s  o f  t h e  c h a p t e r  a r e  p r e s e n t e d  i n  t h i s  s e c t i o n .  T h e  n e c e s s a r y  a n d  s u f f i c i e n t  
c o n d i t i o n s  f o r  a s y m p t o t i c  c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  a  n o n t r i v i a l  l i m i t  a n d  t h e  
i n t e g r a b i l i t y  o f  t h e s e  s o l u t i o n s  i n  t h e  m e a n  s q u a r e  s e n s e  a r e  c o n s i d e r e d .  
K r i s z t i n  a n d  T e r j b k i  c o n s i d e r e d  t h e  c a s e  w h e r e  R  -  R ,  i s  i n  t h e  s p a c e  o f  L 1 ( O ,  c o )  
f u n c t i o n s .  H o w e v e r ,  i n  t h e  s t o c h a s t i c  c a s e  i t  i s  m o r e  n a t u r a l  t o  c o n s i d e r  t h e  c a s e  w h e r e  
R  -  R ,  l i e s  i n  L 2 ( 0 ,  m ) .  C o n s e q u e n t l y ,  T h e o r e m  2 . 2 . 4  i s  c o l l v e r t e d  f r o m  t h e  s p a c e  o f  
i n t e g r a b l e  f u n c t i o n s  t o  t h e  s p a c e  o f  s q u a r e  i n t e g r a b l e  f u n c t i o n s .  T h i s  c o n v e r s i o n  m a y  b e  
f o u n d  i n  L e m m a  3 . 3 . 1 .  F u r t h e r m o r e ,  i t  i s  f o u n d  t h a t  a n  a s s u m p t i o n  o n  t h e  e x i s t e n c e  o f  t h e  
f i r s t  m o m e n t  o f  K - r a t h e r  t h a n  o n  t h e  s e c o n d  m o m e n t  a s  r e q u i r e d  i n  ( 2 . 2 . 7 )  o f  T h e o r e m  
2 . 2 . 4 - i s  a d e q u a t e  f o r  t h e  c o n v e r g e n c e  a n d  i n t e g r a b i l i t y  o f  s o l u t i o n s  o f  e q u a t i o n  ( 2 . 1 . 1 ) .  
T h i s  i s  d u e  t o  t h e  f a c t  t h a t  R  -  R ,  E  L 2 ( 0 ,  m )  i s  a s s u m e d  a  p r i o r i  i n  t h i s  c a s e ,  w h i l e  
K r i s z t i n  a n d  T e r j k k i  w e r e  i n t e r e s t e d  i n  t h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  t o  e s t a b l i s h  
R -  R ,  E  L 1 ( O , c o ) .  
I n i t i a l l y ,  s u f f i c i e n t  c o n d i t i o n s  f o r  c o n v e r g e n c e  o f  s o l u t i o n s  t o  a  n o n - e q u i l i b r i u m  l i m i t  a r e  
c o n s i d e r e d .  
T h e o r e m  3 . 2 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  
C h a p t e r  3 ,  S e c t i o n  2  
M e a n  s q u a r e  c o n v e r g e n c e  
a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  
I f  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
t h e n  t h e  s o l u t i o n  X  o f  ( 3 . 1 . 1 )  s a t i s f i e s  X ( t )  4  X ,  a s  t  - +  o o  a l m o s t  s u r e l y ,  w h e r e  
a n d  X ,  i s  a l m o s t  s u r e l y  f i n i t e .  
T h e  f o l l o w i n g  t h e o r e m  c o n c e r n s  s u f f i c i e n t  c o n d i t i o n s  f o r  a s y m p t o t i c  c o n v e r g e n c e  i n  m e a n  
s q u a r e  o f  t h e  s o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  a  n o n t r i v i a l  l i m i t  X, a n d  t h e  i n t e g r a b i l i t y  o f  X  -  X ,  
i n  t h e  m e a n  s q u a r e  s e n s e .  A s  i n  t h e  a l m o s t  s u r e  s e n s e ,  i t  i s  f o u n d  t h a t  c o n d i t i o n s  ( 3 . 2 . 2 )  
a n d  ( 3 . 2 . 3 )  a r e  r e q u i r e d  f o r  c o n v e r g e n c e  i n  m e a n  s q u a r e .  A d d i t i o n a l l y ,  i n  o r d e r  t o  e n s u r e  
i n t e g r a b i l i t y ,  a n  a s s u m p t i o n  o n  t h e  e x i s t e n c e  o f  t h e  f i r s t  m o m e n t  o f  t h e  n o i s e  t e r m  i s  
r e q u i r e d .  
T h e o r e m  3 . 2 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  I f  C  s a t i s f i e s  
( 3 . 2 , 2 )  a n d  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
( 3 . 2 . 3 ) ,  t h e n  f o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  i s  a n  a l m o s t  s u r e l y  f i n i t e  ~ ~ ( o o ) m e a s u r a b l e  
r a n d o m  v a r i a b l e  X , ( X o ,  C )  w i t h  I E  ( ( X , ( X o ,  C ) ( ( 2  <  c a ,  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  
a d a p t e d  p r o c e s s  X ( .  ;  X o ,  C )  w h i c h  o b e y s  ( 3 . 1 . 1 )  s a t i s f i e s  
M o r e o v e r ,  i f  t h e  f u n c t i o n .  C  a l s o  s a t i s f i e s  
t h e n  
C h a p t e r  3 ,  S e c t i o n  2  -  M e a n  s q u m  c o n v e r g e n c e  
F u r t h e r m o r e ,  i t  i s  p o s s i b l e  t o  p r o v e  t h a t  c o n d i t i o n s  ( 3 . 2 . 2 ) ,  ( 3 . 2 . 3 )  a n d  ( 3 . 2 . 6 )  a r e  n e c -  
e s s a r y  f o r  t h e  a s y m p t o t i c  c o n v e r g e n c e  o f  t h e  s o l u t i o n  X  o f  ( 3 . 1 . 1 )  t o  t h e  n o n - e q u i l i b r i u m  
l i m i t  X,, a n d  f o r  t h e  i n t e g r a b i l i t y  o f  X  -  X w  i n  t h e  m e a n  s q u a r e  s e n s e .  
T h e o r e m  3 . 2 . 3 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  
S u p p o s e  
f o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  i s  a n  a . s .  f i n i t e  F B ( m ) - m e a s u r a b l e  r a n d o m  v a r i a b l e  
X , ( X o ,  C ) ,  w i t h  I E  l I X , ( X o ,  c ) ( ( ~  <  G O ,  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  
X ( .  ;  X o ,  C )  w h i c h  o b e y s  ( 3 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 5 )  a n d  ( 3 . 2 . 7 ) .  T h e n  t h e r e  e x i s t s  a  c o n s t a n t  
m a t r i x  R ,  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  a n d  t h e  f u n c t i o n  C  s a t i s f i e s  
( 3 . 2 . 2 )  a n d  ( 3 . 2 . 6 ) .  
T h e o r e m s  3 . 2 . 2  a n d  3 . 2 . 3  c a n  b e  c o m b i n e d  t o  o b t a i n  t h e  f o l l o w i n g  e q u i v a l e n c e .  
T h e o r e m  3 . 2 . 4 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  T h e  f o l l o w i n g  
a r e  e q u i v a l e n t .  
( i )  T h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  
a n d  t h e  f u n c t i o n  C  s a t i s f i e s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 6 ) .  
( i i )  F o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  i s  a n  a . s .  f i n i t e  . F B ( m ) - m e a s u r a b l e  r a n d o m  v a r i -  
a b l e  X , ( X o ,  C )  w i t h  I E  I I X , ( X o ,  C ) 1 I 2  <  o o  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  
p r o c e s s  X ( .  ;  X o ,  C )  w h i c h  o b e y s  ( 3 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 5 )  a n d  ( 3 . 2 . 7 ) .  
( i i i )  T h e r e  i s  a  b a s i s  o f  i n i t i a l  c o n d i t i o n s  { X j ( 0 ) ) l l j l n  a n d  a  c o l l e c t i o n  o f  a . s .  f i n i t e  
. F B ( o o )  - m e a s u r a b l e  r a n d o m  v a r i a b l e s  { X j   G O ) ) ^ ^ ^ ^ ^  w i t h  I E  I I X j  ( o o )  11' <  G O ,  s u c h  
t h a t  f o r  e a c h  j  =  1 , .  .  .  ,  n  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  X j  =  X ( .  ; X j ( 0 ) ,  C )  
s a t i s f i e s  
l i m  I E  I I X j ( t )  -  ~ j ( o o ) ( 1 ~  =  0 ,  
t - w  
4 2  
C l ~ a p t e r  3 ,  S e c t i o n  3  
M e a n  s q u n r e  c o n w r g c c e  
a n d  
T h e  p r o o f  o f  T h e o r e m s  3 . 2 . 2 ,  3 . 2 . 3  a n d  3 . 2 . 4  m a y  b e  f o u n d  i n  S e c t i o n  3 . 4 .  
3 . 3  C o n v e r g e n c e  o f  D e t e r m i n i s t i c  a n d  S t o c h a s t i c  E q u a t i o n s  
t o  a  N o n t r i v i a l  L i m i t  
I n  t h i s  s e c t i o n ,  s u f f i c i e n t  c o n d i t i o n s  f o r  c o n v e r g e n c e  o f  s o l u t i o n s  t o  a n  e x p l i c i t  n o n -  
e q u i l i b r i u m  a r e  e s t a b l i s h e d .  F i r s t l y ,  t h e  r e s u l t  b y  K r i s z t i n  a n d  T e r j B k i  i s  c o n v e r t e d  f r o m  
t h e  s p a c e  o f  i n t e g r a b l e  f u n c t i o n s  t o  t h e  s p a c e  o f  s q u a r e  i n t e g r a b l e  f u n c t i o n s .  T h i s  r e s u l t  
i s  p r e s e n t e d  i n  L e m m a  3 . 3 . 1 ,  t h e  p r o o f  o f  w h i c h  i s  t e c h n i c a l  a n d  d e f e r r e d  t o  S e c t i o n  3 . 6 .  
L e m m a  3 . 3 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  If t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  C  s u c h  
t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
t h e n  
d e t  [ P  -  M  +  l c o  1 ,  P K ( u ) ~ u  d s ]  #  0 .  
M o r e o v e r ,  i f  t h e  c o n s t a n t  R ,  i s  d e f i n e d  b y  
- 1  
R ,  =  [ P  -  M  +  ~ m ~ m P K ( ~ )  d u d s ]  P ,  
t h e n  R ( t )  +  R ,  a s  t  +  o o  a n d  C  =  R,. 
T h e  p r o o f  o f  L e m m a  3 . 3 . 1  r e l i e s  o n  p r o v i n g  t h a t ,  g i v e n  a  p a r t i c u l a r  c r i t e r i o n ,  t h e  r a n k  
of a  c e r t a i n  m a t r i x  i s  l e s s  t h a n  t h e  r a n k  o f  a n o t h e r .  T h e  p r o o f  o f  t h i s  i s  i n t e r e s t i n g  i n  i t s  
o w n  r i g h t  a n d  s o  i t  i s  s t a t e d  a s  t h e  f o l l o w i n g  l e m m a :  
C h a p t e r  3 ,  S e c t i o n  3  
M e e n  s q u a r e  c o n v e r g e n c e  
L e m m a  3 . 3 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  
S u p p o s e  t h a t  t h e r e  e x i s t s  a  c o n s t a n t  
m a t r i x  R ,  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  I f  
d e t  [ P  -  M  +  l r n  l r n  P K ( u ) d u  d s  =  0 ,  
I  
( 3 . 3 . 3 )  
t h e n  r a n k  ( P D N )  <  r a n k  ( N )  w h e r e  D  =  I  +  
S s w  K ( u ) d u d s  a n d  t h e  m a t r i x  N  i s  
d e f i n e d  a s  N  =  T D N T - I .  H e r e  D N  =  d i a g ( f l ,  f i ,  . . . ,  f,) w i t h  f i  =  1  i f  a l l  t h e  e l e m e n t s  o f  
t h e  i t h  c o l u m n  o f  J  a r e  z e r o ,  a n d  f i  =  0  o t h e r w i s e .  
W e  p r o v e  t h e  r e s u l t  i n  S e c t i o n  3 . 5 .  S o m e  i l l u s t r a t i v e  e x a m p l e s  a r e  i n c l u d e d  i n  t h i s  
s e c t i o n  t o  h i g h l i g h t  t h e  c o m p l e x i t i e s  o f  t h i s  r e s u l t .  
T h e  f o l l o w i n g  l e m m a  i s  u s e d  i n  t h e  p r o o f  o f  T h e o r e m  3 . 2 . 1 .  T h e  d e t a i l s  o f  t h e  p r o o f  i s  
d e f e r r e d  t o  S e c t i o n  3 . 6 .  
L e m m a  3 . 3 . 3 .  I f  K  s a t i s f i e s  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  I f  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  
s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) ,  t h e n  
w h e r e  F  i s  d e f i n e d  b y  ( 2 . 3 . 7 ) .  
P r o o f  o f  T h e o r e m  3 . 2 . 1 .  B e g i n  b y  w r i t i n g  ( 3 . 1 . 1 )  i n  i n t e g r a l  f o r m  o v e r  [ 0 ,  s ] ,  t h e n  m u l -  
t i p l y  b o t h  s i d e s  o f  t h e  e q u a t i o n  b y  @ ' ( t  -  s ) ,  w h e r e  @ ( t )  = P  +  e P t Q .  I n t e g r a t i o n  o f  t h e  
r e s u l t i n g  e q u a . t i o n  o v e r  [ 0 ,  t ]  l e a d s  t o :  
w h e r e  t h e  f u n c t i o n  F  i s  g i v e n  b y  ( 2 . 3 . 7 ) ,  G s  i s  g i v e n  b y  
a n d  p ( t )  =  J ,  C ( S )  d B ( s ) .  N o w  u s i n g  I t b ' s  L e m m a  w i t h  d Y  ( t )  =  C ( s )  d B ( s )  a n d  V ( y ,  t )  =  
e t  y  w e  s e e  t h a t  
C h a p h r  3 ,  S r t c t l p n _ 3  
M o n n  s q u n r n  c o u v o r g e E  
a n d  s o  
F ' r o m  T h e o r e m  1 . 1 . 2 ,  i t  i s  k n o w n  t h a t  X  c a n  b e  e x p r e s s e d  a s  
w h e r e  t h e  f u n c t i o n  r  s a t i s f i e s  r  +  F  *  r  =  F  a n d  r  +  r  *  F  =  F .  I n  o r d e r  t o  c o n s i d e r  t h e  
a s y m p t o t i c  b e h a v i o u r  o f  X  i n  ( 3 . 3 . 8 )  w e  b e g i n  b y  l o o k i n g  a t  t h e  a s y m p t o t i c  b e h a v i o u r  o f  
G s  i n  ( 3 . 3 . 6 ) .  C l e a r l y ,  @ ( t )  - +  P X o  a s  t  +  m .  N o w  c o n s i d e r  t h e  s e c o n d  t e r m  i n  ( 3 . 3 . 6 ) .  
S i n c e  ( 3 . 2 . 2 )  h o l d s ,  w e  s e e  u s i n g  t h e  M a r t i n g a l e  C o n v e r g e n c e  T h e o r e m  t h a t  l i r n t - t o o  p ( t )  =  
p ( m ) .  N O W  c o n s i d e r  t h e  t h i r d  t e r m  i n  ( 3 . 3 . 6 ) .  
S i n c e  l i m t , ,  p ( t )  =  p ( w )  a n d  @  i s  
i n t e g r a b l e ,  a s  t  - +  m ,  w e  h a v e  
C o m b i n i n g  t h e  a b o v e  w e  s e e  t h a t  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 3 . 8 )  h a s  f i n i t e  
l i m i t  
N o w ,  c o n s i d e r  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 3 . 8 )  a s  t  4  m .  
D u e  t o  
T h e o r e m  2 . 2 . 3  a n d  L e m m a  3 . 3 . 3  i t  i s  s e e n  t h a t  r  i s  i n t e g r a b l e .  T h u s  o n e  c a n  i n t e g r a t e  
r  +  F  *  r  =  F  o v e r  [ 0 ,  m )  a n d  r e a r r a n g e  t h e  e q u a t i o n  t o  o b t a i n  
C h a p t e r  3 ,  S e c t i o n  I  
M c m n  a c l u a r e  c o n v e r g e n c e  
N o w  c o n s i d e r  t h e  a s y m p t o t i c  b e h a v i o u r  o f  
r ( t  -  u ) G s ( u )  d u :  
I t  w a s  s h o w n  i n  t h e  p r o o f  o f  L e m m a  2 . 4 . 1  t h a t  I  +  p ( 0 )  =  P  -  M  +  S o o o  l s o o  P K ( u ) d z ~ d s .  
S o  l e t t i n g  t  +  r n  a n d  u s i n g  t h e  d e f i n i t i o n  o f  R, g i v e n  i n  ( 2 . 2 . 1 1 )  i t  i s  s e e n  t h a t  b y  t a k i n g  
l i m i t s  a s  t  - +  o o  i n  ( 3 . 3 . 8 )  w e  g e t  
0 0  
l i m  X ( t )  : =  X, =  G s ( m )  -  
r ( s )  d s  G s ( c o )  =  R ,  ( x o  +  l r n  ~ ( t )  d ~ ( t ) )  ,  
t + w  
b y  c o m b i n i n g  ( 3 . 3 . 9 )  a n d  ( 3 . 3 . 1 0 ) .  F r o m  a s s u m p t i o n  ( 3 . 2 . 2 )  a n d  L e m m a  3 . 3 . 1  i t  i s  s e e n  
t h a t  X, i s  f i n i t e  a s s .  T h i s  c o m p l e t e s  t h e  p r o o f .  
3 . 4  C o n d i t i o n s  f o r  C o n v e r g e n c e  a n d  I n t e g r a b i l i t y  i n  M e a n  
S q u a r e  
I n  t h i s  s e c t i o n ,  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  a s y m p t o t i c  c o n v e r g e n c e  o f  s o l u t i o n s  
o f  ( 3 . 1 . 1 )  t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e  i n  t h e  m e a n  s q u a r e  s e n s e  a r e  c o n s i d e r e d .  T w o  
t e c h n i c a l  l e m m a s  u s e d  i n  t h e  p r o o f  o f  T h e o r e m  3 . 2 . 3  a r e  p r e s e n t e d .  L e m m a  3 . 4 . 1  i s  t h e  
a n a l o g u e  o f  L e m m a  2 . 5 . 1  i n  t h e  s t o c h a s t i c  c a s e ;  i t  c o n c e r n s  t h e  s t r u c t u r e  o f  X , .  T h i s  
r e s u l t  e n a b l e s  u s  t o  p r o v e  L e m m a  3 . 4 . 2 ,  w h i c h  c o n c e r n s  t h e  n e c e s s i t y  o f  ( 3 . 2 . 2 )  f o r  s t a b i l i t y  
o f  t h e  s y s t e m .  C o n s e q u e n t l y ,  o n e  n e e d  o n l y  a s s u m e  t h e  c o n t i n u i t y  o f  t h e  n o i s e  t e r m  ( w h i c h  
e n s u r e s  t h e  e x i s t e n c e  o f  s o l u t i o n s )  a t  t h e  o u t s e t .  L e m m a  3 . 4 . 2  i n  t u r n  a l l o w s  u s  t o  s h o w  
t h e  n e c e s s i t y  o f  ( 3 . 2 . 6 ) ,  t h e  d e t a i l s  o f  w h i c h  m a y  b e  f o u n d  i n  t h e  p r o o f  o f  T h e o r e m  3 . 2 . 3 ,  
g i v e n  b e l o w .  
L e m m a  3 . 4 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  S u p p o s e  t h a t  f o r  a l l  i n i t i a l  c o n d i t i o n s  
X o  t h e r e  i s  a  . F B ( o o ) - m e a s u r a b l e  a n d  a l m o s t  s u r e l y  E n i t e  r a n d o m  v a r i a b l e  X , ( X o ,  C )  
w i t h  IE J J X , 1 1 2  <  o o  s u c h  t h a t  t h e  s o l u t i o n  t  H  X ( t ;  X o ,  C )  of ( 3 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 5 )  a n d  
C l ~ a p t e r  3 ,  S e c t i o n  4  
M e ~ h  u q u a r e  c o n v e r g e n c e  
( 3 . 2 . 7 ) .  T h e n ,  X ,  o b e y s  
L e m m a  3 . 4 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  S u p p o s e  f o r  a l l  i n i t i a l  c o n d i t i o n s  X o  
t h e r e  i s  a n  a l m o s t  s u r e l y  f i n i t e  r a n d o m  v a r i a b l e  X , ( X o ,  C )  w h i c h  o b e y s  I E  ( ( X , ( X o ,  C ) 1 I 2  <  
o o  s u c h  t h a t  t h e  s o l u t i o n  t  H  X ( t ;  X o ,  C )  o f  ( 3 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 5 )  a n d  ( 3 . 2 . 7 ) .  T h e n  C  
s a t i s f i e s  ( 3 . 2 . 2 ) .  
T h e  p r o o f s  o f  t h e s e  L e m m a t a  a r e  d e f e r r e d  u n t i l  S e c t i o n  3 . 6 .  
P r o o f  o f  T h e o r e m  3 . 2 . 2 .  U s i n g  T h e o r e m  3 . 2 . 1 ,  i t  i s  s h o w n  t h a t  I E  1 1  X , ) ) 2  <  c m  a s  f o l -  
l o w s :  
B y  a p p l y i n g  L e m m a  3 . 3 . 1 ,  i t  i s  s e e n  t h a t  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 4 . 1 )  
i s  f i n i t e .  F u r t h e r m o r e ,  t h e  s e c o n d  t e r m  i s  f i n i t e  b y  ( 3 . 2 . 2 ) .  
I t  i s  n o w  s h o w n  t h a t  ( 3 . 2 . 5 )  h o l d s .  B y  c o n s i d e r i n g  t h e  s o l u t i o n  o f  ( 3 . 1 . 1 )  e x p r e s s e d  i n  
t e r m s  o f  v a r i a t i o n  o f  p a r a m e t e r s  a n d  t h e  e x p r e s s i o n  o b t a i n e d  f o r  X ,  o b t a i n e d  i n  T h e o -  
r e m  3 . 2 . 1  i t  i s  s e e n  t h a t  
I E  / I x ( t )  - x,1I2 =  I E  [ t r  ( X ( t )  -  X m ) ( X ( t )  -  x , l T ]  
F r o m  L e m m a  3 . 3 . 1 ,  i t  i s  c l e a r  t h a t  t h e  f i r s t  t e r m  o n  t h e  r i g h t  s i d e  o f  ( 3 . 4 . 2 )  t e n d s  t o  
0  a s  t  +  c m .  N o w  c o n s i d e r  t h e  s e c o n d  t e r m .  U s i n g  t h e  f a c t  t h a t  R ( t )  4  R ,  a s  t  +  c m  
a n d  ( 3 . 2 . 2 )  i t  i s  s e e n  t h a t  l i m t + ,  S ,  I I ( R ( t  -  S )  -  R , ) C ( S ) ~ ~ ~  d s  =  0 .  F i n a l l y ,  t h e  t h i r d  
t e r m  i s  e x a m i n e d .  U s i n g  t h e  u s i n g  t h e  c o n t i n u i t y  o f  C  a n d  t h e  e x i s t e n c e  o f  R ,  i t  i s  s e e n  
C h a p t e r  3 ,  S e e i o n  4  
-  ? d e a n - v i t a r e  c o n v o r e  
t h a t  l i m t , ,  1 1  R , C ( s )  1 1 '  d s  =  0 .  C o m b i n i n g  t h e s e  o b s e r v a t i o n s  i t  i s  c l e a r  t h a t  ( 3 . 2 . 5 )  
h o l d s .  
I n  o r d e r  t o  s h o w  t h a t  ( 3 . 2 . 7 )  h o l d s ,  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 4 . 2 )  i s  c o n s i d e r e d .  T h e  
f i r s t  t e r m  i s  i n  L 1 ( O ,  o o )  s i n c e  ( 3 . 2 . 3 )  h o l d s .  T h e  c o n v o l u t i o n  o f  t w o  ~ ' ( 0 ,  o o )  f u n c t i o n s  i s  
i t s e l f  i n  ~ ' ( 0 ,  o o ) ,  s o  t h e  s e c o n d  t e r m  i s  i n  L 1 ( O ,  o o ) .  F i n a l l y ,  a s  ( 3 . 2 . 6 )  h o l d s  i t  i s  s e e n  
t h a t  t h e  t h i r d  t e r m  i s  i n  L 1 ( O , w ) .  F r o m  t h i s  a n a l y s i s  i t  i s  e v i d e n t  t h a t  ( 3 . 2 . 7 )  h o l d s .  
P r o o f  o f  T h e o r e m  3 . 2 . 3 .  F i r s t l y ,  a s s u m p t i o n  ( 3 . 2 . 3 )  i s  p r o v e d .  U s i n g  H o l d e r ' s  i n e q u a l -  
i t y  t h e  f o l l o w i n g  i s  o b t a i n e d :  
S q u a r i n g  b o t h  s i d e s  y i e l d s  
S i n c e  ( 3 . 2 . 7 )  h o l d s  t h e  r e q u i r e d  r e s u l t  i s  p r o v e n .  
B y  L e m m a  3 . 4 . 2 ,  ( 2 . 1 . 2 ) ,  ( 3 . 2 . 1 ) ,  ( 3 . 2 . 5 )  a n d  ( 3 . 2 . 7 )  i m p l y  ( 3 . 2 . 2 ) .  
N o w  u s i n g  ( 3 . 2 . 7 ) ,  w h i c h  w a s  g i v e n  a s  a  h y p o t h e s i s  t o  T h e o r e m  3 . 2 . 3 ,  t o g e t h e r  w i t h  
( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 ) ,  i t  i s  s h o w n  t h a t  ( 3 . 2 . 6 )  h o l d s .  R e a r r a n g i n g  e q u a t i o n  ( 3 . 4 . 2 )  t h e  f o l l o w -  
i n g  i s  o b t a i n e d :  
E a c h  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 4 . 5 )  i s  i n  ~ ' ( 0 , o o )  s o  ( 3 . 2 . 6 )  m u s t  h o l d .  T h i s  
c o m p l e t e s  t h e  p r o o f .  D  
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P r o o f  o f  T h e o r e m  3 . 2 . 4 .  S h o w i n g  t h a t  ( i )  i m p l i e s  ( i i ) ,  a n d  t h a t  ( i i )  i m p l i e s  ( i )  i s  t h e  
s u b j e c t  o f  T h e o r e m s  3 . 2 . 2  a n d  3 . 2 . 3  r e s p e c t i v e l y .  
I t  i s  n o w  s h o w n  t h a t  ( i )  i m p l i e s  ( i i i ) .  F o r  j  =  1 , .  .  .  ,  n  i t  c a n  b e  s h o w n  t h a t  ( 3 . 2 . 8 )  a n d  
( 3 . 2 . 9 )  h o l d  b y  o b s e r v i n g  t h a t  
U s i n g  a n  i d e n t i c a l  a r g u m e n t  t o  t h a t  u s e d  i n  t h e  p r o o f  o f  T h e o r e m  3 . 2 . 2  i t  c a n  b e  s h o w n  
t h a t  ( 3 . 2 . 2 ) ,  ( 3 . 2 . 3 )  a n d  ( 3 . 2 . 6 )  i m p l y  ( 3 . 2 . 8 )  a n d  ( 3 . 2 . 9 )  f o r  j  =  1 ,  .  .  .  ,  n .  
I t  i s  n o w  p r o v e n  t h a t  ( i i i )  i m p l i e s  ( i ) .  U s i n g  t h e  a r g u m e n t  g i v e n  b y  ( 3 . 4 . 3 )  a n d  ( 3 . 4 . 4 )  
f o r  j  =  1 ,  .  .  .  ,  n  i t  i s  s e e n  t h a t  ( R  -  R , ) X j ( 0 )  i s  s q u a r e  i n t e g r a b l e .  S i n c e  X I  ( 0 ) ,  .  .  .  ,  X n ( 0 )  
f o r m  a  b a s i s  i n  R n  i t  f o l l o w s  t h a t  e a c h  c o l u m n  R j ( t )  -  R j ( o o )  o f  R ( t )  -  R ,  i s  s q u a r e  
i n t e g r a b l e ;  t h u s  ( 3 . 2 . 3 )  m u s t  h o l d .  I t  i s  c l e a r  t h a t  L e m m a  3 . 4 . 2  h o l d s  f o r  a n y  i n i t i a l  
c o n d i t i o n  X j ( 0 ) ,  s o  ( 3 . 2 . 2 )  h o l d s .  A g a i n ,  f o r  a n y  i n i t i a l  c o n d i t i o n  X j ( 0 )  t h e  a r g u m e n t  
g i v e n  b y  ( 3 . 4 . 5 )  c a n  b e  u s e d  t o  p r o v e  t h a t  ( 3 . 2 . 6 )  h o l d s .  T h i s  c o m p l e t e s  t h e  p r o o f .  
3 . 5  
P r o o f  o f  L e m m a  3 . 3 . 2  a n d  E x p l a n a t o r y  E x a m p l e s  
I n  t h i s  s e c t i o n  w e  p r o v e  L e m m a  3 . 3 . 2 .  S o m e  i l l u s t r a t i v e  e x a m p l e s  a r e  i n c l u d e d  t o  h i g h l i g h t  
t h e  c o m p l e x i t i e s  o f  t h i s  r e s u l t .  T h e  p r o o f  o f  L e m m a  3 . 3 . 2  f o l l o w s  t h e  l i n e  o f  r e a s o n i n g  i n  
[ 2 4 ] ;  h e r e ,  t h e  d e t a i l s  h a v e  b e e n  f l e s h e d  o u t .  
P r o o f  o f  L e m m a  3 . 3 . 2 .  I t  i s  n o w  s h o w n  t h a t  r a n k  P D N  <  r a n k  N  i f  ( 3 . 3 . 3 )  h o l d s .  I t  
c a n  e a s i l y  b e  s e e n  t h a t  t h e  a s s u m p t i o n  d e t [ P D  -  M ]  =  0  e x c l u d e s  t h e  c a s e  w h e r e  M  h a s  
n o  z e r o  e i g e n v a l u e s .  S u p p o s e  t h a t  M  h a s  r a n k  r .  C o n s e q u e n t l y ,  t h e  m a t r i x  J  h a s  r a n k  r  
a n d  t h e  m a t r i c e s  D p  a n d  D N  h a v e  r a n k  n  -  r .  W i t h o u t  l o s s  o f  g e n e r a l i t y  w e  c a n  a s s u m e  
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t h a t  t h e  z e r o  e i g e n v a l u e s  o f  M  o c c u p y  t h e  ( r  +  l ) t h  t o  t h e  n t h  d i a g o n a l  p o s i t i o n  i n  J ,  s o  
t h e r e  e x i s t s  a n  i n v e r t i b l e  r  x  r - d i m e n s i o n a l  m a t r i x  J 1  a n d  a  m a t r i x  J 2  i n  J o r d o n  c a n o n i c a l  
f o r m  s u c h  t h a t  
N o w  c o n s i d e r  P D  -  M :  
w h e r e  D  =  T P 1  D T  a n d  D p  i s  d e f i n e d  a s  i n  S e c t i o n  2 . 2 .  S o  w e  a r e  i n t e r e s t e d  i n  D ~ D  -  J .  
B y  d e f i n i t i o n ,  t h e  i t h  d i a g o n a l  e n t r y ,  [ D P I i i ,  o f  D P  i s  1  i f  a n d  o n l y  i f  t h e  i t h  r o w  o f  J  i s  
z e r o .  T h u s ,  t h e  i t h  r o w  o f  D ~ D  i s  e q u a l  t o  t h e  i t h  r o w  o f  f i  i f  [ D P I i i  i s  n o n z e r o ,  a n d  i s  a  
z e r o  r o w  o t h e r w i s e .  O b v i o u s l y ,  ~ p h  h a s  a  z e r o  r o w  i f  a n d  o n l y  i f  t h e  c o r r e s p o n d i n g  r o w  
i n  J  i s  n o n z e r o  s o  t h e  i j t h  e n t r y  o f  D p D  -  J  i s  e i t h e r  D i j  o r  - J i j .  A s  d e t [ D p ~  - J ]  =  0  
i t  i s  s e e n  f r o m  t h e  s t r u c t u r e  o f  J  t h a t  t h e r e  m u s t  b e  a  l i n e a r  d e p e n d e n c e  i n  t h e  c o l u m n s  
o f  D ~ Z )  - J  t h a t  c o r r e s p o n d  t o  t h e  z e r o  c o l u m n s  o f  J .  
W h e n  t h e  m a t r i x  D ~ D -  J  i s  p o s t m u l t i p l i e d  b y  D N  t h e  r e s u l t i n g  m a t r i x ,  ( D ~ D -  J )  D N ,  
c o n s i s t s  o f  z e r o  c o l u m n s  a n d  n o n z e r o  c o l u m n s .  C l e a r l y ,  t h e  i t h  c o l u m n  o f  ( D p  D  -  J )  D N  i s  
z e r o  i f  [ D N I i i  i s  0  a n d  i s  e q u a l  t o  t h e  i t h  c o l u m n  o f  D ~ D  -  J i f  [ D N I i i  =  1 .  A s  [ D N I i i  =  0  
i f  t h e  i t h  c o l u m n  o f  J  i s  n o n z e r o  i t  i s  c l e a r  t h a t  t h e  n o n z e r o  c o l u m n s  o f  ( D ~ D  - J ) D N  
c o r r e s p o n d  t o  t h e  z e r o  c o l u m n s  of J .  T h a t  i s  t h e  c o l u m n s  c o n s i s t  o n l y  o f  e n t r i e s  o f  B ;  
e n t r i e s  o f  J  a r e  e x c l u d e d .  T h e s e  n o n z e r o  c o l u m n s  a r e  i n  f a c t  t h e  l i n e a r l y  d e p e n d e n t  
c o l u m n s  m e n t i o n e d  a b o v e .  
W h e n  t h e  m a t r i x  D p B -  J  i s  p o s t m u l t i p l i e d  b y  D N ,  t h e  r e s u l t i n g  m a t r i x ,  ( D ~ D -  J ) D ~ ,  
c o n s i s t s  o f  a t  m o s t  n  -  r  n o n z e r o  c o l u m n s ;  h o w e v e r  t h e  l i n e a r  d e p e n d e n c e  i n  t h e  c o l u m n s  
m e a n s  t h a t  t h e  r a n k  o f  ( D ~ D  - J ) D N  i s  l e s s  t h a n  n  -  T .  
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N o w  o b s e r v i n g  t h a t  M N  =  0  w e  s e e  t h a t  ( P D  -  M ) N  =  P D N  s o  i t  i s  c l e a r  t h a t  
r a n k  ( P D N )  <  r a n k  ( N ) .  
T w o  i l l u s t r a t i v e  e x a m p l e s  a r e  n o w  c o n s i d e r e d .  E x a m p l e  3 . 5 . 1  c o n s i d e r s  t h e  c a s e  w h e r e  
t h e  g e o m e t r i c  m u l t i p l i c i t y  o f  t h e  z e r o  e i g e n v a l u e s  o f  M  i s  e q u a l  t o  t h e  a l g e b r a i c  m u l t i p l i c i t y .  
T h i s  i s  t h e  m o s t  s t r a i g h t f o r w a r d  t y p e  o f  m u l t i p l i c i t y .  If t h e  m u l t i p l i c i t i e s  d o  n o t  c o i n c i d e  
t h e n  t h e  c a l c u l a t i o n s  a r e  m o r e  c o m p l i c a t e d ;  t h i s  i s  b e c a u s e  D p  i s  n o  l o n g e r  e q u a l  t o  D N .  
E x a m p l e  3 . 5 . 2  c o n s i d e r s  a  m u l t i p l i c i t y  o f  t h i s  t y p e ;  t h a t  i s ,  t h e  c a s e  w h e r c  t h e  g e o m e t r i c  
m u l t i p l i c i t y  o f  t h e  z e r o  e i g e n v a l u e s  o f  M  i s  e q u a l  t o  o n e .  E x a m p l e  3 . 5 . 2  c a n  e a s i l y  b e  
g e n e r a l i s e d  t o  t h e  c a s e  w h e r e  t h e  g e o m e t r i c  m u l t i p l i c i t y  i s  g r e a t e r  t h a n  o n e .  
E x a m p l e  3 . 5 . 1 .  S u p p o s e  t h a t  M  h a s  r a n k  r  a n d  t h a t  t h e  g e o m e t r i c  m u l t i p l i c i t y  o f  t h e  
0  e i g e n v a l u e  o f  M  i s  e q u a l  t o  t h e  a l g e b r a i c  m u l t i p l i c i t y .  T h e  m a t r i x  J  i s  o f  t h e  f o r m  
w h e r e  J 1  i s  a n  i n v e r t i b l e  r - d i m e n s i o n a l  m a t r i x  a n d  O m x d  i s  a n  m  x  d - d i m e n s i o n a l  m a t r i x  
w i t h  0  e n t r i e s .  C l e a r l y ,  
w h e r e  I ( , - , ) X ( , - , . )  i s  t h e ( n  -  r )  x  ( n  -  r ) - d i m e n s i o n a l  i d e n t i t y  m a t r i x .  N o w ,  
w h e r e  
=  T - l D T  a s  b e f o r e ,  a n d  h a s  i n d i v i d u a l  e n t r i e s  [ D ] ~ ~  =  d i j  f o r  1  5  i ,  j  < _  n .  
S i n c e  d e t [ ~ p ~  -  J ]  =  0  a n d  J  i s  a n  i n v e r t i b l e  m a t r i x  t h i s  i m p l i e s  t h a t  
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N o w ,  
T h e r c  a r e  n  -  r  n o n z e r o  c o l u m n s  i n  t h i s  n r a t r i x ;  h o w e v e r  d u e  t o  t h e  l i n e a r  d e p e n d e n c e  i n  
t h e  c o l l l n l n s  t h e  r a n k  o f  t h e  n l u t r i x  m u s t  b e  l e s s  t h a n  n  -  r .  
E x a m p l e  3 , 5 . 2 ,  W i t I ~ o u t  l o s s  o f  g e n e r a l i t y  w e  c n n  c o n s i d e r  m a t r i x  M  w h o s e  c i g e n d u e s  
N C  a l l  0 .  W C  c o n s i d e r  EI 4  x  4  m a t r i x  w h e r e  t h e  g e o m e t r i c  m u l t i p l i c i t y  o f  t h e  0  e i g e n v d u e  
i s  I .  T h e  m a t r i x  J  is o f  t h e  f o r m :  
and 
Since d e t l ~ ~ b  - J1 = Q this means that the vectors ( 0 , 8 , d 3 ~ ,  1 and (0,0, dad, 44) are 
Tllc rank of DN = 2. However due to the linear dependence in the columns of ( ~ ~ i )  - 
J)DN t l ~ c  rank of { D ~ O  - J )  DN initst be less thm thc rank of ON. 
3,6 Proofs 
In this section the proofs of restilts w h i d ~  were postponed earlier in tbe chapter are given. 
Pmuf of Lemma 3.3.1. We begin by proving t h ~ t  (3.3.2) holds. A method sirnila-1. to 
that used by TCrimtin and Tcyjdki in 124, Thcol+em 4) is applied. As (3.2.1) hdds tllc matrix 
D = 1 4- lom K{R) ds dt  can be clefinccl. Suppose t h t  (3.3.2) does nnt hold, that i s  
detlPD - Ad] = 0. 
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A  s i m p l e  c a l c u l a t i o n  s h o w s  t h a t  M N  =  0 :  
I t  i s  s h o w n  i n  L e m m a  3 . 3 . 2  t h a t  r a n k  P D N  <  r a n k  N ,  s o  t h e r e  e x i s t s  a  v e c t o r  v  E  R n  
s u c h  t h a t  v  i s  i n  t h e  k e r n e l  o f  P D N  b u t  n o t  i n  t h e  k e r n e l  o f  N .  T h a t  i s  N v  #  0  a n d  
P D N v  =  0 .  S i n c e  P D N v  =  0  i t  i s  c l e a r  t h a t  t h e  v e c t o r  D N v  l i e s  i n  t h e  k e r n e l  o f  P .  
S u p p o s e  t h a t  t h e  r a n k  o f  M  i s  r ;  t h e n  t h e  r a n k  o f  t h e  k e r n e l  o f  P  i s  a l s o  r .  A s  P M  =  0  
i t  i s  o b v i o u s  t h a t  P r n i  =  0  f o r  i  =  1 , .  .  .  ,  n ,  w h e r e  M  =  [ m l , .  .  .  , m n ] .  M  h a s  a  b a s i s  
{ b l , .  .  .  ,  b , }  a n d  P b i  =  0  f o r  i  =  1 , .  .  .  , r .  A s  t h e  r a n k  o f  t h e  k e r n e l  o f  P  i s  r  t h i s  m e a n s  
t h a t  { b l , .  .  .  ,  b , }  i s  t h e  b a s i s  o f  t h e  k e r n e l  o f  P .  T h u s ,  { m l , .  .  .  ,  m , }  i s  a  s p a n n i n g  s e t  o f  t h e  
k e r n e l  o f  P  a n d  s o  w e  c a n  c h o o s e  a  v e c t o r  w  =  ( w l ,  .  .  .  ,  w , )  w h i c h  i s  a  l i n e a r  c o m b i n a t i o n  
o f  { b l , .  .  .  ,  b , )  s u c h  t h a t  s u c h  t h a t  M w  =  D N v .  
U s i n g  t h e  f a c t  t h a t  h 4 N v  =  0  a n d  M w  =  D N v  i t  i s  s e e n  t h a t  N v t  3 -  z u  i s  a  s o l u t i o n  o f  
s i n c e  
=  D N v  -  D N v  +  N v  =  N u .  
N o w  u s i n g  v a r i a t i o n  o f  p a r a m e t e r s  t h e  f o l l o w i n g  i s  o b t a i n e d :  
t  0 0  
N V ~  +  w  =  ~ ( t ) w  +  1  ~ ( t  -  s )  
K ( u ) [ N ~ ( s  -  e )  +  w ]  d u d s .  
( 3 . 6 . 1 )  
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A d d i n g  a n d  s u b t r a c t i n g  t h e  m a t r i x  C  f r o m  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 1 )  y i e l d s  
+ c w + c / o  l 8  
K ( u ) [ N v ( s  -  u )  +  w ]  d u d s .  
( 3 . 6 . 2 )  
A s  N v  #  0 ,  t h e  l e f t  h a n d  s i d e  o f  t h i s  e q u a t i o n  c o n s i s t s  o f  a  v e c t o r  w h i c h  i s  g r o w i n g  l i n e a r l y  
a n d  a  c o n s t a n t  v e c t o r .  T h e  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 2 )  i s  n o w  e x a m i n e d .  T h e  f i r s t  t e r m  l i e s  
i n  ~ ' ( 0 ,  a ) .  T h e  t h i r d  t e r m  i s  a  c o n s t a n t  v e c t o r  a n d  c a n  t h e r e f o r e  b e  c o m b i n e d  w i t h  t h e  
c o n s t a n t  t e r m  o n  t h e  l e f t  h a n d  s i d e  t o  c r e a t e  t h e  v e c t o r  C l .  
N o w ,  e x a m i n e  t h e  f o u r t h  t e r m  o n  t h e  l e f t  h a n d  s i d e  o f  ( 3 . 6 . 2 ) .  A s  ( 3 . 2 . 1 )  h o l d s  i t  i s  
c l e a r  t h a t  
K ( t ) [ N v ( t  -  s )  +  w ]  d s  - +  0  a s  t  - +  c o  s i n c e  
A s  
I l K ( s ) l l [ l l N v l l ( t  +  S )  +  l l w l l ]  d s  - f  0  a s  t  - +  c o  f o r  a l l  E  >  0  w e  c a n  c h o o s e  T ( E )  >  0  
s u c h  t h a t  f o r  a l l  t  >  T ( E )  t h e  f u n c t i o n  K  s a t i s f i e s  
1 1  K ( s )  1 1  [ I /  N u l l  ( t  -  S )  +  1 1  w l l ]  d s  5  E .  
T h u s ,  
b u t  s i n c e  6  >  0  i s  a r b i t r a r y  w e  s e e  t h a t  
l i m  i  l t  J m  ~ ( u ) [ ~ v ( s  -  u )  +  w l  d u d s  =  0 .  
t - c a  t  
S o  t h e  f o u r t h  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 2 )  i s  o ( t )  a s  t  - +  o o .  
N o w  c o n s i d e r  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 2 ) .  I t  c a n  n o w  b e  e a s i l y  
s h o w n  u s i n g  t h e  C a u c h y - S c h w a r z  i n e q u a l i t y  t h a t  t h e  c o n v o l u t i o n  o f  a  s q u a r e  i n t e g r a b l e  
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f u n c t i o n  w i t h  a  f u n c t i o n  w h i c h  t e n d s  t o  z e r o  i s  o ( t )  a s  t  - +  o o :  
t  r n  
S i n c e  
So S S  
[ I K ( u )  [ I  [ I I N v l l  ( S  +  U )  +  l l w l l ]  d u d s  +  0  a s  t  +  c m  t h i s  m e a n s  t h a t  
A l s o ,  t h e  c o n v o l u t i o n  o f  a  L 1  f u n c t i o n  w i t h  a  f u n c t i o n  t e n d i n g  t o  z e r o  t e n d s  t o  z e r o .  S o  
w e  s e e  t h a t  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 2 )  i s  o ( t )  a s  t  - - ,  m .  
T h u s ,  t h e  s e c o n d  a n d  f i n a l  t e r m  c a n  b e  a m a l g a m a t e d  w i t h  t h e  l i n e a r  t e r m  o n  t h e  r i g h t  
h a n d  s i d e  t o  o b t a i n  C z ( t ) t  w h e r e  C z ( t )  - +  N v  #  0 .  H e n c e ,  ( R ( t )  -  C ) w  =  C 1  +  C z ( t ) t .  
R e a r r a n g i n g  t h i s  e q u a t i o n  a n d  t a k i n g  n o r m s  o n e  o b t a i n s  
B u t  t h e  ~ ' ( 0 ,  m ) f u n c t i o n  ( R ( t )  -  C ) w  c a n n o t  s a t i s f y  t h i s  i n e q u a l i t y  a n d  s o  t h e  d e s i r e d  
c o n t r a d i c t i o n  i s  o b t a i n e d .  
N e x t  w e  u s e  t h e  r e f o r m u l a t i o n  o f  ( 2 . 1 . 1 )  f o u n d  i n  L e m m a  2 . 3 . 1 ;  
w h e r e  t h e  f u n c t i o n  F  i s  g i v e n  b y  ( 2 . 3 . 7 ) .  I t  c a n  e a s i l y  b e  s h o w n  t h a t  F  E  L 2 .  U s i n g  t h e  
f a c t  t h a t  t h e  c o n v o l u t i o n  o f  a n  ~ ~ ( 0 ,  c m )  f u n c t i o n  w i t h  a n  ~ ~ ( 0 ,  o o )  f u n c t i o n  i s  b o u n d e d ,  
c o n t i n u o u s  a n d  t e n d s  t o  z e r o  a t  i n f i n i t y  w e  s e e  t h a t  
F ( s )  d s  C  : =  R,. 
Chnpter 3, Section O Mean wrtnre c o n m q e e  
Now, we once again use the reformulation of the resolvent equation given by (2.3.6) to 
obtain 
wl~erl: IC = R - .&. Noting that Y -, O ~s t -5 m ~ n d  F E L1 we take limits on bob11 
sitles of this eqlration 
Now since detli  4- R(o)] # O nre sce ebnt R, := [I + $(o)]-'P. 
A proof by contradiction is used to show that C = l?,. Suppose that C # I?-. Obscwe 
Integrating bath sides over [O,t] a~ld dividing both sides hg t one obtnins 
Using Caucl~~-Sehwru.z we scc that the first tcrm on the, rigllt hand side of (3.6.0) tends 
to  zero since 
nntl R - C E L2 by assumptian. Now consider the second term on the right hand side of 
(3.6.6). Sinct! R -+ 31, as t -+ ac, it is clear tt~nt Eor any c > 0 we can choose TIE) > O 
fiucll that for i: 2 T ( E )  the following kolds: ((R(t)  -&)I < E .  Tl~us 
taking bhc limit as f -r m 0x1 both sides wc scc that # I:(R(~> - &) rts -$ 0 as t -* w 
since E is arbitrary, Combining the above arguments we see that R, = C.  
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P r o o f  o f  L e m m a  3 . 9 . 3 .  F r o m  t h e  p r o o f  o f  L e m m a  2 . 4 . 1  i t  i s  k n o w n  t h a t  
d e t [ I  + f i ( 0 ) ]  =  d e t  [  P  -  M  +  L r n  L r n  p K ( u )  d u d s ]  .  
a n d  t h a t  
1 1  
d e t [ I  +  $ ( z ) ]  =  - -  d e t [ r X +  PI d e t  [ Z I  -  A  -  ~ ( z ) ]  ,  
z z + l  
w h e n R e z >  0 ,  z # O .  
U s i n g  L e m m a  3 . 3 . 1  w e  s e e  t h a t  d e t [ I  +  p ( 0 ) ]  #  0 .  N o w  c o n s i d e r  t h e  c a s e  w h e r e  R e z  >  
0 ,  z  f  0 .  O b v i o u s l y ,  
#  0 ,  s i n c e  z  #  0 .  T h e  f u n c t i o n  z  H  d e t [ z I  +  P ]  i s  n o n z e r o  
d u e  t o  t h e  s t r u c t u r e  o f  P .  T h e  m a t r i x  P  h a s  t w o  e i g e n v a l u e s ,  0  a n d  1 ,  t h u s  d e t [ z I  +  P ]  i s  
z e r o  o n l y  a t  0  a n d  - 1 .  T h u s ,  i n  o r d e r  t o  p r o v e  t h a t  ( 3 . 3 . 4 )  h o l d s  f o r  R e  z  2  0 ,  z  #  0  i t  i s  
n e c e s s a r y  t o  s h o w  t h a t  d e t [ z I  -  A  -  ~ ( z ) ]  #  0 .  A n  i d e a  u s e d  i n  [ 2 4 ]  i s  u t i l i s e d .  S u p p o s e  
t h a t  t h e r e  e x i s t s  z o  #  0 ,  R e z o  2  0  s u c h  t h a t  d e t [ z o I  -  A  -  k ( z o ) ]  =  0 .  T h u s  v o e Z o t  i s  a  
s o l u t i o n  o f  
U s i n g  v a r i a t i o n  o f  p a r a m e t e r s  w e  s e e  t h a t  
v o e U J t  =  R ( t ) v o  +  
R ( t  -  s )  L r n  ~ ( u ) v o e " ( ' - ~ )  d u d s .  
W e  c o n s i d e r  t h e  c a s e s  w h e r e  R e  zo >  0  a n d  R e z o  =  0  s e p a r a t e l y .  W h e n  R e  zo >  0  t h e  
r e a l  p a r t  o f  t h e  l e f t  h a n d  s i d e  o f  ( 3 . 6 . 7 )  i s  u n b o u n d e d  a s  t  - +  c o .  N o w  c o n s i d e r  t h e  r i g h t  
h a n d  s i d e .  T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 7 )  c o n v e r g e s  t o  a  f i n i t e  l i m i t  
t  4  o o .  N o w  w e  c o n s i d e r  t h e  s e c o n d  t e r m .  S i n c e  t  H  
~ ( u ) e " o ( ~ - " )  d u  i s  i n t e g r a b l e  
a n d  R ( t )  +  R ,  a s  t  +  GO t h e i r  c o n v o l u t i o n  t e n d s  t o  a  f i n i t e  c o n s t a n t .  S o  t h e  r e a l  p a r t  
o f  r i g h t  h a n d  s i d e  a p p r o a c h e s  a  f i n i t e  c o n s t a n t  w h i l e  t h e  r e a l  p a r t  o f  t h e  l e f t  h a n d  s i d e  
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i s  u n b o u n d e d .  T h i s  y i e l d s  a  c o n t r a d i c t i o n  m d  s o  d e t f z f  -  A  -  k ( z ) ]  #  0  f o r  r C c z  >  0 .  
W e  n o w  t o o k  a t  t h e  c w c  w h e n  R e  x o  =  0 .  B y  c o n s i r i e r i n g  t h e  1 . 4  p a r t  o f  b o t h  s i d e s  o f  
( 3 . 6 . 7 1 ,  w c  s e e  t h ~ t  t h c  l e f t h m d  s i d e  v a r i e s  s i r i l l s o i d a l l y  w h i l e  t h e  r i g h t h a n d  s i d e  t e n d s  t o  
n  c o n s t a n t .  T h i s  y i e l d s  e t  c o n t x . n d i c t i o n  a n d  s o  
d e t [ z l  - A  -  k ( x ) ]  # 0  f o r  R c z  2  0 .  
P r o o f  o f  J e m m a  5 . 4 . 1 .  D r t f i n c  A ( t )  =  X  I t )  -  X,, a n c l  l c t  A  b e  g i v e 1 1  b y  
I t  i s  s l ~ a w ~ ~  i n  t h e  s c q u d  t h a t  
w h e r t .  R  i s  a  p o s i t i v e  c o n s t a l l t .  A r r t ~ e d  w i t h  t h i s  e s t i m n t , e ,  i t  i s  n o w  s h o w n  t h a t  A  =  0 ,  R . S .  
D e f i n e  f o r  m  >  Z  t h e  d i s c r e t e  t i l t r a t i o n  ( G m ) n r l  l ~ y  G m  =  J R ( m 2 ) ,  r n  2  1 .  T l ~ c n ,  t h e  
d j s c r c t e  t i m e  p r o c e s s  N  =  { N ( m )  :  m  3  1 ;  G , , }  d e f i n e d  h y  
is a  R n - v n l u e d  G , - m a r t i n g a l e .  D e t i n e  For m  2  1  t h e  p r o c e s s e s  N i  a n d  f i 6  b y  
a n d  f i z  [ m )  =  N i ( m )  / n 1 2  r c s p e c t i v c l  y .  C o n s i d e r  f i r s t ,  t h e  c a s e  w h e n  n j ,  c l c f i n e d  b y  
l i m i n f N i ( m . )  = - w ,  l i m s u p N i ( m )  z o o ,  a . 6 .  
m - m  m - m  
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T h i s  j r n p l i e s  
I - I c n c e ,  b y  C h e b y s h e v h  i i n s q u d i t y ,  f o r  e v e r y  E  >  0 ,  
T h e r e f o r e ,  Ivy t h e  f i r s t  B o r e l - C a n t e l l i  I e m n ~ a  i t  i s  s e e n  t h a t  
P i n d l y ,  s i n c e  t h i s  l i m i t  e x i s t s ,  ( 3 . 6 . 1 1 )  m a y  b e  u s e d  t o  g i v e  
- A i  =  l j l n  f i i ( m )  =  l i m  s u p  f i i ( n t )  L  0 ,  
r n d m  ~ L - . C X I  
s o  A i  5  0 ,  R . S .  T h e r e f o r e  A ,  =  0 ,  a . s .  
T h e  e a s e  w h e n  o i  d e f i n e d  b y  ( 3 . 6 . 1 0 )  o b e y s  0 :  E  L '  ( 0 ,  m )  i s  n o w  c o n s i d e r e d .  C l e a r l y ,  
D u e  m  ( 0 . 6 . 8 ) ,  t h c  A r a t  t e l - r n  o n  t h e  r i g l ~ t l l n n d  s i d e  1 1 n s  z e r o  l i m i t  a s  1  -  m .  A s  For t l m  
s e c o r t d  t e r m  0 1 1  t h e  r i g h i  l ~ n i ~ c l  s i d e ,  
a n d  t h i s  a l s o  t c n d ~  t o  z e r o  a s  t  4  m .  T h u s  m [ i \ ' ]  =  0 ,  a n d  S O  A i  =  0 ,  B . 3 .  
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C o m b i n i n g  t h e  c o m p o n e n t s  f o r  w h i c h  cr: E  L " 0 ,  w )  a n d  t h o s e  f o r  w h i c h  LT: , 2  L 1 ( O ,  m ) ,  
i t  is B e e n  t h a t  h i  =  O  n . s .  i n  a l l  c a s e s ,  a n d  t h e r e f o r e  A  =  0 ,  a s . ,  p r o v i n g  t h e  r e s u l t .  
I t  i s  n o w  s h o w n  t h a t  ( 3 . 6 . 9 )  h o l d s .  R e a r r a n g i n g  t h e  i n t e g r a l  v e r s i o n  o f  ( 3 . 1  . I ) ,  a d d i n g  
a i ~ c !  s u b t r a c t i n g  X, a n d  d i v i r l i n g  a c r o s s  b y  t  o n e  o b t a i n s :  
w h e r e  A c t )  =  X ( t )  -X,. W i n g  n o r m s  a n d  e x p e c t a t i o n s  a c r o s s  b o t h  s i d c s  o f  t h e  e q u a t i o n  
o n e  o b t a i n s :  
B e g i n  b y  e x a m i n i n g  t h e  f i r s t  t w m  o n  t l ~ c  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 1 2 ) ;  i t  i s  s h o w n  t h a t  t h i s  
t e n d s  t o  e e l ' o  u s i n g  t h e  f o l l o w i n g  e s t i m a t e :  
T h c r e f o r c ,  t , a k i n g  t h e  l i m  s u p  o n  b o t h  s i d e s  of t h i s  i n e q u a l i t y  
t  - ,  m ,  
1 i r n s t l p I E  ( 1 ~ ( t ) ( ( ~  5  I E  ( ( ~ ~ 1 1 ~ .  
( 3 . 6 . 1 3 )  
L - - + m  
S i n c e  t  I +  E  \ ] x ( ~ ) ] ] ~  i s  m t i n u o u s ,  i t  i s  c l c w  L h R t  I E  l l ~ ( t ) [ l ~  5  K ]  f o r  " 1 1  t  2  0 .  B c c ~ u s e  
D  l l ~ ( t ) l l ~  5  2 E  I / X ( L ) ~ / '  +  2 l E  l l . ~ m ] ] ~ ,  t h e r e  i s  n  >  0  s u d i  t h a t  E  l [ ~ ( t ) l [ '  5  ~ 2  I O P  d l  
t  2  0 .  T h u s ,  
1  
- &  t 2  l l ~ ( t ) l l ~  5  7 ,  t 2 1 ,  
u s i n g  t h e  F a c t  t h a t  &  5  
For t  2  1 .  
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U s i n g  t h e  d e f i n i t i o n  A ( t )  =  X ( t )  -  X, ~ n d  t h c  f a c t  t h a t  
i t  is c l c w  t h a t  
4 - { X , ,  X  ( t )  -  X o  -  / d '  C ( s )  d B ( s ) ) .  
T h e r e f o r e ,  b y  L e m m a  3 A . 1 ,  a n d  t I 1 c  d e f i n i t i o n  o f  Kr ,  o i ~ c  o b t a i n s  
S u b s t i t u t i n g  ( 3 . 6 . 1 0 )  i n t o  ( 3 , 6 . 1 8 ) ,  t a k i n g  e x p e c t a t i o n s  a n d  ~ * e n r r a n g i n g  t h e  e q u a t i o n ,  o n e  
o b t a i n s :  
C o n s i d e r  e a c h  t e r m  n n  t h e  l e f t :  l i a n d  s i d e  o f  ( 3 . 6 . 2 0 ) .  T h e  f i r s t  t e r n 1  i s  b o u n d e d  d u e  t h e  
n r g u m c n t  g i v e n  i n  L c r n i n n  3 . 4 . 1 .  T h e  ~ e c o n d  t e r m  i s  I ~ o a n d c d  d u e  t o  o u r  n s s u ~ ~ l p t i o n s .  
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C o n s i d e r  t h e  t h i r d  t e r m :  
S i n c e  X  o b e y s  ( 3 . 2 . 7 )  i t  i s  s e e n  t h a t  E  [ f i  / / A ( s )  / 1 2  d s ]  <  C i .  I t  i s  e a s i l y  s h o w n  t h a t  
P :  [ J ;  I I A A ( s )  +  ( K  *  A )  ( s )  [ I 2  d s ]  i s  a l s o  b o u n d e d :  
s i n c e  K  i s  i n t e g r a b l e  a n d  X  o b e y s  ( 3 . 2 . 7 ) .  T h u s ,  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  
( 3 . 6 . 2 0 )  i s  u n i f o r n l l y  b o u n d e d .  
N o w  c o n s i d e r  t h e  f o u r t h  t e r m .  
E x a m i n e  t h e  l a s t  l i n e  o n  t h e  r i g h t  h a n d  s i d e  o f  t h i s  i n e q u a l i t y .  T h e  f i r s t  t e r m  i s  b o u n d e d  
s i n c e  ( 3 . 2 . 7 )  h o l d s .  T h e  s e c o n d  t e r m  i s  b o u n d e d  s i n c e  I E  ~ I x , I ~ ~  <  0 0  a n d  ( 3 . 2 . 1 )  h o l d s .  
T h u s  t h e  f o u r t h  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 6 . 2 0 )  i s  b o u n d e d .  
A g a i n ,  u s i n g  t h e  a r g u m e n t  g i v e n  i n  L e m m a  3 . 4 . 1  w e  s e e  t h a t  t h e  f i f t h  t e r m  i s  u n i f o r m l y  
b o u n d e d .  F i n a l l y ,  t h e  s i x t h  t e r m  i s  b o u n d e d  d u e  t o  o u r  a s s u m p t i o n s .  C o n s e q u e n t l y ,  b y  
C h ~ p t e r  3 ,  S w t i o n  a  
M c a n  a q r ~ ~ r e  m n v e r g e x e  
a p p l y i n g  t h e  C a u c h y - S c h w n r z  i n e q u d i t y  t o  t h e  l a s t  t e r m ,  t h e r e  is n  c o n s t a n t  C  >  0  s u c h  
t h a t  
C l e ~ r I y ,  i t  m u s t  f o l l o w  t h a t  C  E  L * ( O , C C J ) ;  f o r  i f  n o t ,  w e  h a v e  
i i m  I I E ( S ) I I $ ~ T  =  m ,  
1 - - c c :  
a n d  s o  b y  d i v i d i n g  l ~ o t l l  s i d e s  o f  ( 3 . 6 . 2 1 3  h y  J ,  [ l ~ ( , ~ > I 1 ~ . r l s  a n d  l e t t i n g  t  - ,  m  w e  o b t a i n  a  
c o i ~ t r a d i c t i o n .  T h i s  c o m p l e t e s  t h e  p r o o f .  
C h a p t e r  4  
A l m o s t  s u r e  c o n v e r g e n c e  
4 . 1  I n t r o d u c t i o n  
I n  t h i s  c h a p t e r  w e  p r e s e n t  r e s u l t s  a n a l o g o u s  t o  t h o s e  p r o v e d  i n  C h a p t e r  3 .  A s  b e f o r e  w e  
c o n s i d e r  e q u a t i o n  ( 3 . 1 . 1 )  u n d e r  t h e  c o n d i t i o n s  ( 2 . 1 . 2 )  a n d  ( 3 . 1 . 2 )  o n  t h e  k e r n e l  K  a n d  t h e  
n o i s e  t e r m  C  r e s p e c t i v e l y .  T h i s  e q u a t i o n  w a s  p r e c i s e l y  d e f i n e d  i n  t h e  p r e v i o u s  c h a p t e r .  
A s  b e f o r e ,  e s t a b l i s h i n g  t h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  o n  t h e  r e s o l v e n t ,  k e r -  
n e l  a n d  n o i s e  f o r  c o n v e r g e n c e  i s  c o m p l i c a t e d  b y  t h e  f a c t  t h a t  X, i s  n o t  F ( t ) - a d a p t e d .  
N o n e t h e l e s s ,  i t  i s  s h o w n  t h a t  t h e  s u f f i c i e n t  c o n d i t i o n s  f o r  c o n v e r g e n c e  a n d  i n t e g r a b i l i t y  i n  
t h e  m e a n  s q u a r e  c a s e  a l s o  s u f f i c e  i n  t h e  a l m o s t  s u r e  c a s e .  H o w e v e r ,  s h o w i n g  t h a t  t h e s e  
c o n d i t i o n s  a r e  n e c e s s a r y  i s  n o t  a s  s t r a i g h t f o r w a r d  a s  i n  t h e  m e a n  s q u a r e  c a s e .  T h i s  i s  d u e  
t o  t h e  f a c t  t h a t  w e  c a n  n o  l o n g e r  a v a i l  o f  t h e  s i m p l i f y i n g  e f f e c t  t h a t  t a k i n g  e x p e c t a t i o n s  
h a s  o n  a  r a n d o m  v a r i a b l e .  C o n s e q u e n t l y ,  w e  c a n n o t  s h o w  t h a t  t h e  c o n d i t i o n  o n  t h e  t a i l  o f  
t h e  n o i s e  i s  n e c e s s a r y .  
4 . 2  D i s c u s s i o n  o f  R e s u l t s  
T h e  m a i n  r e s u l t s  o f  t h i s  c h a p t e r  a r e  p r e s e n t e d  i n  t h i s  s e c t i o n .  N e c e s s a r y  a n d  s u f f i c i e n t  
c o n d i t i o n s  f o r  a s y m p t o t i c  c o n v e r g e n c e  o f  t h e  s o l u t i o n  o f  ( 3 . 1 . 1 )  t o  a  n o n t r i v i a l  l i m i t  a n d  
t h e  i n t e g r a b i l i t y  o f  t h i s  s o l u t i o n  i n  t h e  a l m o s t  s u r e  c a s e  a r e  c o n s i d e r e d .  
T h e  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  a s y m p t o t i c  c o n v e r g e n c e  o f  t h e  s o l u t i o n  X  o f  ( 3 . 1 . 1 )  t o  
a  n o n t r i v i a l  l i m i t  X,, a n d  f o r  t h e  i n t e g r a b i l i t y  o f  X  -  X, i n  t h e  a l m o s t  s u r e  s e n s e  a r e  
c o n s i d e r e d  i n  T h e o r e m  4 . 2 . 1 .  A s  i n  t h e  m e a n  s q u a r e  c a s e ,  i t  i s  f o u n d  t h a t  c o n d i t i o n s  ( 3 . 2 . 2 )  
a n d  ( 3 . 2 . 3 )  a r e  r e q u i r e d  f o r  c o n v e r g e n c e ;  i n  a d d i t i o n ,  ( 3 . 2 . 6 )  i s  r e q u i r e d  f o r  i n t e g r a b i l i t y .  
T h e o r e m  4 . 2 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  I f  C  s a t i s f i e s  
( 3 . 2 . 2 )  a n d  i f  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
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( 3 . 2 . 3 )  t h e n  f o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  i s  a n  a l m o s t  s u r e l y  f i n i t e  ~ ~ ( o o ) - m e a s u r a b l e  
r a n d o m  v a r i a b l e  X , ( X o ,  C )  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  X ( .  ;  X o ,  C )  
w h i c h  o b e y s  ( 3 . 1 . 1 )  s a t i s f i e s  
l i m  X ( t ; X o , C ) = X , ( X o , C )  a . s .  
t + m  
M o r e o v e r ,  i f  t h e  f u n c t i o n  C  a l s o  s a t i s f i e s  ( 3 . 2 . 6 )  t h e n  
T h e  n e c e s s a r y  c o n d i t i o n s  f o r  t h e  a s y m p t o t i c  c o n v e r g e n c e  o f  t h e  s o l u t i o n  X  o f  ( 3 . 1 . 1 )  t o  
a  n o n t r i v i a l  l i m i t  X,  a n d  f o r  t h e  s q u a r e  i n t e g r a b i l i t y  o f  X  -  X ,  i n  t h e  a l m o s t  s u r e  s e n s e  
a r e  n o w  s t a t e d .  
T h e o r e m  4 . 2 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  
S u p p o s e  
f o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  i s  a n  a l m o s t  s u r e l y  f i n i t e  . T B ( m ) - m e a s u r a b l e  r a n d o m  
v a r i a b l e  X , ( X o ,  C )  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  X ( .  ;  X o ,  C )  w h i c h  
o b e y s  ( 3 . 1 . 1 )  s a t i s f i e s  ( 4 . 2 . 1 )  a n d  ( 4 . 2 . 2 ) .  T h e n ,  t h e r e  e x i s t s  a  c o n s t a n t  m a t r i x  R ,  s u c h  
t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  a n d  t h e  f u n c t i o n  C  s a t i s f i e s  ( 3 . 2 . 2 )  a n d  
A s s u m p t i o n s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 )  a r e  b o t h  n e c e s s a r y  a n d  s u f f i c i e n t  f o r  c o n v e r g e n c e  a n d  
s q u a r e  i n t e g r a b i l i t y .  H o w e v e r ,  w e  h a v e  n o t  b e e n  a b l e  t o  s h o w  t h a t  ( 3 . 2 . 6 )  i s  a  n e c e s s a r y  
c o n d i t i o n .  B y  t a k i n g  e x p e c t a t i o n s  i t  i s  c l e a r  t h a t  ( 3 . 2 . 6 )  i m p l i e s  ( 4 . 2 . 3 )  b u t  i t  i s  n o t  
i m m e d i a t e  t h a t  ( 4 . 2 . 3 )  i m p l i e s  ( 3 . 2 . 6 ) .  
A l t h o u g h  m u c h  i s  k n o w n  a b o u t  t h e  b e h a v i o u r  o f  t h e  s o l u t i o n  o f  e q u a t i o n  ( 3 . 1 . 1 )  a n d  
i t s  p a r a m e t e r s ,  b o t h  b y  a s s u m p t i o n  a n d  a n a l y s i s ,  w e  h a v e  n o t  b e e n  a b l e  t o  c o n c l u d e  t h a t  
( 3 . 2 . 6 )  h o l d s  b y  e x a m i n i n g  t h e  s t r u c t u r e  o f  t h e  e q u a t i o n .  
D u e  t o  t h e  c o m p l i c a t e d  s t r u c t u r e  o f  ( 4 . 2 . 3 )  i t  i s  n o t  o b v i o u s  h o w  o n e  m a y  o b t a i n  ( 3 . 2 . 6 )  
b y  e x a m i n i n g  ( 4 . 2 . 3 )  d i r e c t l y .  A n a l y s i s  o f  t h i s  t e r n 1  i s  c o m p l i c a t e d  f o r  a  n u m b e r  o f  r e a -  
s o n s .  F i r s t l y ,  t h e  e x p r e s s i o n  h m  R , C ( s )  d B ( s )  i s  n o t  a  m a r t i n g a l e ,  a l t h o u g h  t h i s  m a y  b e  
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o v e r c o m e  b y  e x a m i n i n g  e a c h  t e r m  o f  t h e  v e c t o r  i n d i v i d u a l l y  a n d  a p p l y i n g  a  t i m e  c h a n g e  
a r g u m e n t .  S e c o n d l y ,  a l t h o u g h  t h e s e  m a r t i n g a l e s  a r e  n o r m a l  r a n d o m  v a r i a b l e s ,  t h e  k e y  
o b j e c t s  w h i c h  w e  e n c o u n t e r  i s  n o t  a  n o r m a l  r a n d o m  v a r i a b l e  b u t  r a t h e r  t h e  i n t e g r a l  o f  t h e  
s q u a r e  o f  a  n o r m a l  r a n d o m  v a r i a b l e  (  i . e .  a  C h i - s q u a r e  r a n d o m  v a r i a b l e ) .  
A n a l o g o u s  r e s u l t s  m a y  b e  o b t a i n e d  i n  t h e  c a s e  w h e r e  t h e  e q u a t i o n  i s  b o t h  s t o c h a s t i c a l l y  
a n d  d e t e r m i n i s t i c a l l y  p e r t u r b e d .  T h e  f o l l o w i n g  t h e o r e m  p l a c e s  s u f f i c i e n t  c o n d i t i o n s  u n d e r  
w h i c h  s o l u t i o n s  t e n d  t o  a  n o n - e q u i l i b r i u m  l i m i t .  
T h e o r e m  4 . 2 . 3 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) ,  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  ( 3 . 2 . 2 )  a n d  
l e t  f  s a t i s f y  ( 2 . 1 . 4 ) .  S u p p o s e  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  T h e n  t h e  s o l u t i o n  
X ( t ; X o ,  C ,  f )  o f  ( 7 . 1 . 1 )  s a t i s f i e s  X ( . ;  X o ,  C ,  f )  +  X w ( X o ,  C ,  f )  a l m o s t  s u r e l y ,  w h e r e  
a n d  X, i s  a l m o s t  s u r e l y  f i n i t e .  M o r e o v e r  i f  C  s a t i s f i e s  ( 3 . 2 . 6 )  a n d  f  s a t i s f i e s  
t h e n  
T h i s  t h e o r e m  h a s  a p p l i c a t i o n s  i n  t h e  s t u d y  o f  i n f i n i t e  d e l a y  e q u a t i o n s .  I n  p a r t i c u l a r  i t  
p r o v i d e s  u s e f u l  i n s i g h t s  i n t o  t h e  e p i d e m i o l o g i c a l  m o d e l  e x a m i n e d  i n  S e c t i o n  4 . 3 .  
4 . 3  B i o l o g i c a l  A p p l i c a t i o n  
I n  t h i s  s e c t i o n  t h e  f o l l o w i n g  e p i d e m i o l o g i c a l  m o d e l  i s  c o n s i d e r e d :  
H e r e  t h e  s o l u t i o n  x ( .  ;  4 ,  C )  i s  a  s c a l a r  f u n c t i o n  o n  [ 0 ,  o o ) ,  t h e  f u n c t i o n  g  i s  a  s c a l a r  l i n e a r  
f u n c t i o n  s a t i s f y i n g  g ( x )  =  a x  f o r  s o m e  c o n s t a n t  a  >  0 ,  w  i s  a  p o s i t i v e  s c a l a r  w e i g h t i n g  
C h a p t e r  4 ,  S r c t i o n  3  
-  
A l m o s t  s u r e  c o n w r p n c r :  
f u n c t i o n  s a t i s f y i n g  
C  i s  a  c o n t i n u o u s  a n d  s q u a r e  i n t e g r a b l e  s c a l a r  f u n c t i o n  o n  [ O , m ) ,  { B ( t ) } t l o  i s  a  o n e -  
d i m e n s i o n a l  B r o w n i a n  m o t i o n  o n  a  c o n ~ p l e t e  f i l t e r e d  p r o b a b i l i t y  s p a c e  ( 0 ,  T ,  F ~  ( t ) t l o ,  P )  
w h e r e  t h e  f i l t r a t i o n  i s  t h e  n a t u r a l  o n e  r B ( t )  =  g { B ( s )  :  0  5  s  5  t )  a n d  t h e  i n i t i a l  f u n c t i o n  
q5 s a t i s f i e s  
V a r i o u s  a u t h o r s  h a v e  c o n s i d e r e d  s i m i l a r  m o d e l s  i n  t h e  d e t e r m i n i s t i c  c a s e  w h e r e  x ( t )  r e p -  
r e s e n t s  t h e  p o p u l a t i o n  a t  t i m e  t .  C o o k e  a n d  Y o r k e  [ 1 4 ]  p r o p o s e d  t h e  n o n l i n e a r  d e l a y -  
d i f f e r e n t i a l  e q u a t i o n  x l ( t )  =  g ( x ( t ) )  -  g ( x ( t  -  L ) )  a s  a  m o d e l  f o r  t h e  g r o w t h  o f  a n  e p i -  
d e m i c ;  w h e r e  g ( x ( t ) )  r e p r e s e n t s  t h e  b i r t h  r a t e  w h e n  t h e  c u r r e n t  p o p u l a t i o n  i s  x ( t ) ,  w h i l e  
d e a t h  i s  c e r t a i n  a t  a n  a g e  o f  L  t i m e  u n i t s .  A  g e n e r a l i s a t i o n  o f  t h i s  m o d e l  w a s  c o n s i d e r e d  
b y  H a d d o c k  a n d  T e r j k k i  [ 1 8 ] ,  i n  w h i c h  a  c o n v o l u t i o n  t e r m  w a s  i n c o r p o r a t e d  t o  a l l o w  f o r  
d e a t h s  a t  a  d i s t r i b u t i o n  o f  a g e s .  I n d e e d ,  B u r t o n  [ 1 2 ]  e x t e n d e d  t h e i r  m o d e l  a n d  c o n s i d e r e d  
i n  w h i c h  b o t h  b i r t h s  a n d  d e a t h s  a r e  d i s t r i b u t e d .  H e r e ,  d e a t h  c a n  o c c u r  a t  a n y  t i m e  w h i l e  
t h e  n u m b e r  o f  b i r t h s  i s  r e l a t e d  t o  t h e  n u m b e r  o f  c o n c e p t i o n s  w h i c h  o c c u r r e d  u p  t o  L  t i m e  
u n i t s  a g o .  A  s i m p l e  c a l c u l a t i o n  i l l u s t r a t e s  t h a t  t h i s  e q u a t i o n  i s  f u n d a m e n t a l l y  t h e  s a m e  
a s  t h e  d e t e r m i n i s t i c  v e r s i o n  o f  ( 4 . 3 . 1 )  w h e n  a p p r o p r i a t e  c o n d i t i o n s  a r e  i m p o s e d  o n  t h e  
f u n c t i o n s  p  a n d  q .  
T h e  f o l l o w i n g  t h e o r e m ,  t h e  p r o o f  o f  w h i c h  m a y  b e  f o u n d  i n  S e c t i o n  4 . 5 ,  c o n s i d e r s  t h e  
c o n d i t i o n s  u n d e r  w h i c h  t h e  s o l u t i o n  o f  t h i s  m o d e l  c o n v e r g e s  t o  a  n o n t r i v i a l  l i m i t .  
T h e o r e m  4 . 3 . 1 .  L e t  w  s a t i s f y  
a n d  
C h a p t e r  4 ,  S e c t i o n  4  
A l m o s t  s u r e  c o n v e r g e n c e  
L e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  ( 3 . 2 . 2 )  w h e r e  n  =  d  =  1  a n d  l e t  q 5  s a t i s f y  ( 4 . 3 . 2 ) .  S u p p o s e  t h e  
r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  T h e n  t h e  s o l u t i o n  x ( -  ;  4 ,  C )  o f  ( 4 . 3 . 1 )  s a t i s f i e s  
x ( -  ;  4 ,  C )  - 4  x,(q5, C )  a l m o s t  s u r e l y ,  w h e r e  
a n d  x, i s  a l m o s t  s u r e l y  f i n i t e ,  M o r e o v e r  i f  C  s a t i s f i e s  ( 3 . 2 , 6 )  a n d  w  s a t i s f i e s  
t h e n  
T h e  f u n c t i o n  w  r e p r e s e n t s  t h e  d i s t r i b u t i o n  o f  d e a t h s  w i t h i n  a  p o p u l a t i o n .  I t  i s  e v i d e n t  
f r o m  T h e o r e m  4 . 3 . 1  t h a t  t h e  g r o w t h  o f  a  p o p u l a t i o n  i s  i n f l u e n c e d  b y  t h e  d e c a y  r a t e  o f  w :  
i f  t h e  f i r s t  m o m e n t  o f  w  e x i s t s  t h e n  t h e  p o p u l a t i o n  w i l l  c o n v e r g e  t o  a  f i n i t e  l i m i t .  
4 . 4  
C o n d i t i o n s  f o r  A s y m p t o t i c  C o n v e r g e n c e  a n d  I n t e g r a b i l -  
i t y  i n  t h e  A l m o s t  S u r e  S e n s e  
I n  t h i s  s e c t i o n ,  s u f f i c i e n t  c o n d i t i o n s  f o r  a s y m p t o t i c  c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  
a  n o n t r i v i a l  r a n d o m  v a r i a b l e  i n  t h e  a l m o s t  s u r e  s e n s e  a r e  o b t a i n e d .  T h e  n e c e s s i t y  o f  t h e s e  
c o n d i t i o n s  i s  a l s o  c o n s i d e r e d .  T w o  t e c h n i c a l  l e m m a s  u s e d  i n  t h e  p r o o f  o f  T h e o r e m  4 . 2 . 2  
a r e  p r e s e n t e d .  
L e m m a  4 . 4 , l  c o n c e r n s  t h e  s t r u c t u r e  o f  X,. T h i s  e n a b l e s  u s  t o  p r o v e  
L e m m a  4 . 4 . 2  w h i c h  c o n c e r n s  t h e  n e c e s s i t y  o f  ( 3 . 2 . 2 )  f o r  s t a b i l i t y  o f  t h e  s y s t e m .  S o ,  a l l  
t h a t  i s  r e q u i r e d  a  p n ' o r i  i s  a n  a s s u m p t i o n  o n  t h e  c o n t i n u i t y  o f  t h e  n o i s e  i n t e n s i t y  C ;  t h i s  
e n s u r e s  t h e  e x i s t e n c e  o f  s o l u t i o n s  a t  t h e  o u t s e t .  
L e m m a  4 . 4 . 2  i n  t u r n  a l l o w s  u s  t o  s h o w  t h e  n e c e s s i t y  o f  ( 4 . 2 . 3 ) ;  t h e  p r o o f  o f  t h i s  i n f e r e n c e  
m a y  b e  f o u n d  i n  t h e  p r o o f  of T h e o r e m  4 . 2 . 2  b e l o w .  T h e  p r o o f s  o f  L e m m a s  4 . 4 . 1  a n d  4 . 4 . 2  
a r e  d e f e r r e d  t o  S e c t i o n  4 . 5 .  
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A l r n o s f .  s t r r c  c o n v c r g ~ g  
L e m m a  4 . 4 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  S u p p o s e  t h a t  f o r  a l l  i n i t i a l  c o n d i t i o n s  
X o  t h e r e  i s  a n  a l m o s t  s u r e l y  f i n i t e  r a n d o m  v a r i a b l e  X , ( X o ,  C )  s u c h  t h a t  t h e  s o l u t i o n  
t  H  X ( t ;  X o ,  C )  o f  ( 3 . 1 . 1 )  s a t i s f i e s  ( 4 . 2 . 1 )  a n d  ( 4 . 2 . 2 ) .  T h e n  
L e m m a  4 . 4 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  S u p p o s e  f o r  a l l  i n i t i a l  c o n d i t i o n s  X o  
t h e r e  i s  a n  a l m o s t  s u r e l y  f i n i t e  . F B ( o o ) - m e a s u r a b l e  r a n d o m  v a r i a b l e  X , ( X o ,  C )  s u c h  t h a t  
t h e  s o l u t i o n  t  H  X ( t ; X O , C )  o f  ( 3 . 1 . 1 )  s a t i s f i e s  ( 4 . 2 . 1 )  a n d  ( 4 . 2 . 2 ) .  T h e n  C  s a t i s f i e s  
( 3 . 2 . 2 ) .  
P r o o f  o f  T h e o r e m  4 . 2 . 1 .  F r o m  T h e o r e m  3 . 2 . 1  w e  k n o w  t h a t  X ,  i s  a l m o s t  s u r e l y  f i n i t e  
a n d  ( 4 . 2 . 1 )  h o l d s  i f  ( 3 . 2 . 1 ) ,  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 )  h o l d .  
W e  k n o w  f r o m  T h e o r e m  3 . 2 . 4  t h a t  J F I E  I I X ( t )  -  X W 1 I 2  d t  <  o o  s i n c e  ( 3 . 2 . 2 ) ,  ( 3 . 2 . 3 )  a n d  
( 3 . 2 . 6 )  h o l d .  F ' u b i n i ' s  t h e o r e m  a l l o w s  u s  t o  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  i n  t h i s  
t e r m ;  t h u s  I E  [ J a w  J J X ( t )  - X ,  / I 2  d t ]  <  o o .  I f  t h e  e x p e c t a t i o n  o f  a  n o n - n e g a t i v e  r a n d o m  
v a r i a b l e  i s  f i n i t e  t h e n  t h e  r a n d o m  v a r i a b l e  i t s e l f  i s  a l m o s t  s u r e l y  f i n i t e ;  a p p l y i n g  t h i s  f a c t  
h e r e  m e a n s  t h a t  ( 4 . 2 . 2 )  h o l d s .  
P r o o f  o f  T h e o r e m  4 . 2 . 2 .  W e  b e g i n  b y  p r o v i n g  ( 3 . 2 . 3 ) .  C o n s i d e r  t h e  n  +  1  s o l u t i o n s  
X j ( t )  o f  ( 3 . 1 . 1 )  w i t h  i n i t i a l  c o n d i t i o n s  X j  ( 0 )  =  e j  f o r  j  =  1 ,  .  .  .  ,  n  a n d  X n + l  ( 0 )  =  0  w h e r e  
e l , .  .  .  , e n  i s  t h e  s t a n d a r d  b a s i s .  N o t e  t h a t  X j ( t )  =  R ( t ) e j  +  p ( t )  a n d  X , + i ( t )  =  p ( t )  
t  
w h e r e  p ( t )  =  S o  R ( t  -  s ) C ( s )  d B ( s ) .  S i n c e  X n + 1 ( t )  - +  X n + l ( m )  a s  t  4  o o  t h i s  i m p l i e s  
t h a t  p ( t )  - 4  p ( m ) .  N o w ,  s i n c e  R ( t ) e j  =  X j ( t )  -  X n + l ( t )  f o r  j  =  1 , .  .  .  , n  w e  s e e  t h a t  
R ( t )  - t  R,. T h u s  f o r  j  =  1 , .  .  .  ,  n ,  w e  c a n  w r i t e  
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A l m o s t  s u r e  c o n v e r g e n c e  
S i n c e  ( 4 . 2 . 2 )  h o l d s  w e  s e e  t h a t  ( R ( - )  -  R , ) e j  E  L 2 ( 0 , ~ )  f o r  j  =  1 , .  .  .  , n  h e n c e  ( 3 . 2 . 3 )  
h o l d s .  
I n  o r d e r  t o  s h o w  ( 3 . 2 . 2 )  h o l d s  w e  a p p l y  L e m m a  4 . 4 . 2 .  F i n a l l y ,  w e  t u r n  t o  ( 4 . 2 . 3 ) .  
E x p r e s s i n g  t h e  s o l u t i o n  o f  ( 3 . 1 . 1 )  u s i n g  v a r i a t i o n  o f  p a r a m e t e r s ,  s u b t r a c t i n g  X, f r o m  
b o t h  s i d e s  a n d  r e a r r a n g i n g  t h e  e q u a t i o n  w e  o b t a i n  
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 4 . 2 )  i s  i n  L 2 ( 0 ,  o o )  d u e  t o  t h e  a b o v e  a r g u m e n t .  
U s i n g  t h e  f a c t  t h a t  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 )  h o l d  w e  s e e  t h a t  
If t h e  e x p e c t a t i o n  of a  r a n d o m  v a r i a b l e  i s  f i n i t e  t h e n  t h e  r a n d o m  v a r i a b l e  i t s e l f  i s  f i n i t e  
a l m o s t  s u r e l y  w h i c h  m e a n s  t h a t  t h e  s e c o n d  t e r m  i s  i n  L 2 ( 0 , c o ) .  T h e  t h i r d  t e r m  o n  t h e  
r i g h t  h a n d  s i d e  o f  ( 4 . 4 . 2 )  i s  i n  L 2  ( 0 ,  o o )  u s i n g  ( 4 . 2 . 2 ) ,  a n d  s o  ( 4 . 2 . 3 )  h o l d s .  T h i s  c o m p l e t e s  
o u r  p r o o f .  
4 . 5  P r o o f s  
I n  t h i s  s e c t i o n  t h e  p r o o f s  o f  r e s u l t s  w h i c h  w e r e  p o s t p o n e d  e a r l i e r  i n  t h i s  c h a p t e r  a r e  n o w  
g i v e n .  
P r o o f  o f  T h e o r e m  4 . 2 . 3 .  T h e  s o l u t i o n  X ( t ;  X o ,  C )  o f  ( 3 . 1 . 1 )  s a t i s f i e s  ( 3 . 1 . 3 )  a n d  t h e  
s o l u t i o n  X ( t ;  X o ,  C ,  f )  s a t i s f i e s  
C h a p t e r  4 ,  S e c t i o n  5  
h l m m t  s u r e  c o n v e r g e n c e  
t h u s  
A s  t  - t  c o ,  w e  k n o w  f r o m  T h e o r e m  3 . 2 . 1  t h a t  X ( t ;  X o ,  C )  +  X , ( X o ,  C ) .  A l s o  f r o m  o u r  
a s s u m p t i o n s  
a n d  s o  X  ( t ;  X o ,  C ,  f )  - t  X ,  ( X o  C ,  f  )  w h e r e  X ,  ( X o ,  x ,  f )  i s  g i v e n  b y  ( 4 - 2 . 4 ) -  
W e  n o w  p r o v e  ( 4 . 2 . 6 ) .  C o n s i d e r  
C o n s i d e r  t h e  r i g h t h a n d  s i d e  o f  ( 4 . 5 . 2 ) .  W e  k n o w  t h a t  X ( t ;  X o ,  C )  - X , ( X o ,  C )  E  ~ ~ ( 0 ,  c o )  
b y  u s i n g  T h e o r e m  4 . 2 . 1 .  A n  L 2 ( 0 ,  o o )  t e r m  c o n v o l v e d  w i t h  a n  L 1 ( O ,  c o )  t e r m  l i e s  i n  t h e  
s p a c e  of ~ ' ( 0 , m )  f u n c t i o n s  a n d  s o  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 5 . 2 )  m u s t  
l i e  i n  ~ ' ( 0 ,  o o ) .  N e x t ,  ( 4 . 2 . 5 )  a n d  t h e  f a c t  t h a t  l i m t , ,  R ,  f  ( s )  d s  =  0  g u a r a n t e e  t h a t  
t h e  l a s t  t e r m  o n  t h e  r i g h t h a n d  s i d e  o f  ( 4 . 5 . 2 )  i s  i n  ~ ' ( 0 ,  o o ) .  C o m b i n i n g  t h e  a r g u m e n t s  
g i v e n  i n  t h i s  p a r a g r a p h  w e  s e e  t h a t  ( 4 . 2 . 6 )  m u s t  h o l d .  T h i s  c o m p l e t e s  o u r  p r o o f .  
P r o o f  o f  T h e o r e m  4 . 3 . 1 .  W e  b e g i n  b y  s p l i t t i n g  t h e  c o n v o l u t i o n  t e r m  a s  f o l l o w s :  
C l e a r l y  - a  I!, w ( t  -  s ) 4 ( s )  d s  c o r r e s p o n d s  t o  f  ( t )  o f  ( 7 . 1 . 1 )  f o r  t  2  0 .  W e  s e e  t h a t  t h i s  
t e r m  i s  i n  L '  ( 0 ,  m )  u s i n g  ( 4 . 3 . 2 )  a n d  ( 4 . 3 . 4 ) .  T h u s  w e  c a n  a p p l y  T h e o r e m  4 . 2 . 3  t o  s h o w  
t h a t  t h e  s o l u t i o n  x ( t ;  4 ,  C )  o f  ( 4 . 3 . 1 )  s a t i s f i e s  x ( .  ;  4 ,  C )  - ,  x , ( $ ,  C )  a l m o s t  s u r e l y ,  w h e r e  
x , ( 4 ,  C )  i s  g i v e n  b y  ( 4 . 3 . 5 ) n  
C & ~ e r  4 ,  S e c c n c c  
F u r t h e r m o r e ,  a s  ( 4 . 3 . 6 )  h o l d s ,  a  s i m p l e  c a l c u l a t i o n  s h o w s  t h a t  c o n d i t i o n  ( 4 . 2 . 5 )  o f  T h e -  
o r e m  4 . 2 . 3  i s  s a t i s f i e d  a n d  s o  ( 4 . 3 . 7 )  m u s t  h o l d .  
P r o o f  o f  L e m m a  4 . 4 . 1 .  D e f i n e  t h e  r a n d o m  v e c t o r  A  a s  i n  ( 3 . 6 . 8 ) .  W r i t i n g  ( 3 . 1 . 1 )  i n  
i n t e g r a l  f o r m ,  a d d i n g  a n d  s u b t r a c t i n g  X, f r o m  b o t h  s i d e s ,  d i v i d i n g  b o t h  s i d e s  o f  t h e  
e q u a t i o n  b y  t  a n d  t h e n  r e a r r a n g i n g  w e  o b t a i n  
A s  t  - t  o o  w e  s e e  t h a t  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 5 . 3 )  t e n d s  t o  z e r o  s i n c e  
( 4 . 2 . 1 )  h o l d s .  T h e  s e c o n d  t e r m  t e n d s  t o  z e r o  a s  t  - +  o o  s i n c e  X o  i s  a  f i n i t e  d e t e r m i n i s t i c  
v e c t o r  a n d  X, i s  a l m o s t  s u r e l y  f i n i t e  b y  h y p o t h e s i s .  T h e  t h i r d  t e r m  t e n d s  t o  z e r o  s i n c e  
( 4 . 2 . 2 )  h o l d s .  C o n s i d e r  t h e  f o u r t h  t e r m .  U s i n g  t h e  C a u c h y - S c h w a r z  i n e q u a l i t y  w e  s e e  t h a t  
w h e r e  K  =  Jom i l K ( t ) l l  d t .  U s i n g  ( 2 . 1 . 2 )  a n d  ( 4 . 2 . 2 )  w e  s e e  t h a t  t h e  r i g h t  h a n d  s i d e  o f  t h i s  
i n e q u a l i t y  t e n d s  t o  z e r o  a s  t  - +  o o .  T h u s ,  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 5 . 3 )  
t e n d s  t o  z e r o .  S i n c e  ( 3 . 2 . 1 )  h o l d s ,  w e  s e e  t h a t  t h e  f o u r t h  t e r m  t e n d s  t o  z e r o  a s  t  - +  o o .  
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A l m c s t  s u r e  c o n v e r p $ r ~ c a  
T h e r e f o r e  i f  w e  t a k e  l i m i t s  o n  b a t h  s i d e s  o f  ( 1  - 5 . 3 )  w e  o b t a i n  
W c  r m w  s h o w  t h a t  A  =  0  a . s .  E a c h  i n d i v i d a d  e n t r y  o f  t h e  v e c t o ~  4  $  E ( s )  d B ( s )  i s  
g i v e n  b y  
S i n c e  A  i s  ~ l m o s t  s u r e l y  f i n i t e  b y  h y p o t h e s i s  w e  k n o w  t h a t  P I C = ]  =  1  w h e r e  Ct C  S l  i s  
d e f i n e d  b y  
F o r  c m h  i  =  1 , .  .  .  , d ,  d e f i n e  a i  b y  ( 3 . 6 . 1 0 )  a n d  c o n s i d e r  t h e  c a t s  w h e n  u :  E  ~ ~ ( 0 ,  w )  a n d  
0 ;  $  L 1  ( 0 ,  m )  i n d i v i d u a l l y .  If a :  E  L ~  ( 0 ,  m ) ,  t h e n  l i m r ,  x : = ,  I: C, ( s )  d B j ( s )  e x i s t s  
a r i d  i s  n . s .  f i n i t e ,  a n t 1  s o  
T I - t u s ,  i1 v: E  L S ( 0 ,  w ) ,  t h e n  h i  =  0 ,  n . s .  
1 1 1  t h e  c m r  w h e n  o: $  L' ( 0 ,  o a ) ,  w e  h a v e  t l ~ n t  
d  1  
A i  =  l i m  x  E a  ( 8 )  d B j ( s )  =  l i m  i n f  E ' i j  ( s )  c L B j ( s )  5  0 .  
!  - . m  i - n m  
'  j = t  
Chnpter 4, Soctlon 5 
- 
h11ntat sure wnvermnre 
so h, _< 0, a.s. Similmly, 
so hi 2 0, a.x, Therefore, in the case when 0: ,2 ~ ~ ( 0 ,  oo), we have that hi = 0, a.s. Hence 
& = 0 for dl i = 1,. . . , d, as., ~ n d  so A = 0, a,s. That is (4.4.1) must hold. 0 
Proof of Lemma 4.4.2. We suppose that 
and prove that this is false by !,contradictioll. In orda. to do this we ~ ~ l d y s e  two difircnt 
formulntjons of J: (X (s) , AX (s) -t (K * X)(s)} deb 
We obtain the first formulation by rearranging (3.6.18): 
L 
2 l ( x ( r ) , ~ ~ ( s )  + ( I <  * X)(r))dn = ((x(t)112 - I l ~ n l l '  - 1 11~(.)112-;~~~ - M(L). 
(4-5.6) 
where 
The quad)-atic variat,ion of A I  is given by 
Therefore, 
C l m J e r  4 ,  S e c t i o n  S  
-  A l n i o s t  s u r e  w l ~ v e r ~ n g  
If w e  d e f i n e  t h e  e v e n t  C  b y  
C  =  { W  :  l i m  ( M ) ( t , o )  =  w ) ,  
L - * w  
t h e n  l y  L ' I - I G p i t d ' s  r l ~ l a ,  ( 4 , 5 . 5 )  a n d  ( 4 . 2 - 1 )  w e  g e t  
T h e r c f ~ r e ,  b y  t h e  l a w  o f  l a r g e  n u l n h e r s  F o r  m a r t i n g a l e s  ( S E E  L e m m a  1 .  l  , f S )  w e  g e t  
O n  c ,  w e  h a v e  t l l a t  l i r n , , ,  J 4 ( b )  e x i s t s  a . s ,  a n d  i s  a . s .  f i r n i t m e ,  T h e r e f o r e ,  o n  a c c o u n t  o f  
( 4 . 5 . 8 ) ,  w c  h a v e  
I 3 y  a p p l y i n g  t h i s  r e s u l t  a n c l  u s i n g  ( 4 . 2 . 1 )  i n  ( 4 . 5 . 6 )  w e  n o w  m a y  c o n c l u d c  t h a t  
~ ( X ( S ) , A X ( ~ ) +  ( I C * X ) ( s ) ) d s  1  
1 i  m  
-  - -  
2 '  
a . s  
t - w  
6  l l U f i ) \ l ~ 7  d s  
W e  n o w  m ~ l y s e  t h e  s e c o n d  ~ - e f o r m u l a t i o n  o f  . f i  ( X  ( s )  ,  A X  ( s )  -!- ( K  4  X )  ( 3 ) )  d s .  W e  o b t a i n  
t 1 i i s  r e f o r m u i n t i o n  a s  f o l l o w s :  i n t r o d u c e  t l t e  f u n c t i o n  A  d e f i n e d  b y  A ( t )  =  X ( t )  - X , ,  a p p l y  
t e r n m a  4 . 4 . 1 ,  L I S P  t h e  d e f i n i t i o n  o f  I C 1  a n d  t h e  f a c t  h l l a t  
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A l m o s t  s u r e  c o n v e r g -  
W e  n o w  n i i a l y s e  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 5 , 8 )  a n d  s l r o w  t h a t  i t s  l i m i t  m u s t  b e  z e r o ,  
t h e r e b y  i n d u c i n g  n  c o n t r a d i c t i o n  t o  t h e  I r y p o t h e s i a  t h a t  ( 4 . 5 , 5 )  h o l d s .  D i v i d i n g  ( 4 . 5 , 8 )  b y  
S,1 I l c l s ) l l $  w e  g e t  
-  f i ( ~ ( a ) ,  
( s ) x m )  d s +  (X,. x  ( t )  -  x o )  
So' I l ~ ( ~ ) l l : ~ ~  A ;  l \ m ) l l ;  d s  
N o w  c o n s i c I e r  e a c h  t e r m  o n  t . h e  r i g h t  h a n d  s i d e  o f  ( 4 . 5 . 1 ) ) .  A p p l y i n g  t h e  C n u c h y - S c l > w a ~ r .  
i n e q u d i l y  t w i c e !  t o  t h e  n n m c r e c t o r  o f  t h e  f i r s t  t e r m  o n e  o h t c t i n s :  
T h i s  t e r m  i s  f i n i t e  a s  ( 4 . 2 . 2 )  n l ~ c l  ( 2 . 1 . 2 )  l r o l d ,  C o n w q i t e n t l y ,  t h e  f i r s t  t e r m  o n  t h n  r i g h t  
h n n d  s i c l c  o f  ( 4 . 5 . 9 )  h a s  z e r o  l i m i t  a ?  t  -) c a .  n , s ,  N o w  c o n s i d ~ r  t h e  s e c o n d  t e r m  o n  
t l w  r i g h t  h n n d  s i d e  o f  ( 9 . 5 . 9 ) .  A g ~ n ,  b y  a p p l y i n g  t h e  C n ~ ~ c l ~ y - S c l ~ w a r r ,  i n e q u a l i t y  1.0 t h e  
C b a p t  4 ,  S e c t i o n  5  
A l m o s t  s u r e  c o n v e r g e n c e  
n u m e r a t o r  o n e  o b t a i n s :  
w h e r e  K  =  S o o o  I I K ( s ) I I  d s  a s  b e f o r e .  A s  X, i s  f i n i t e  a l m o s t  s u r e l y  d u e  t o  o u r  a s s u m p t i o n s ,  
a n d  a s s u m p t i o n s  ( 4 . 2 . 2 )  a n d  ( 3 . 2 . 1 )  h o l d ,  i t  i s  s e e n  t h a t  t h e  n u m e r a t o r  o f  t h e  s e c o n d  t e r m  
t e n d s  t o  a  f i n i t e  l i m i t ,  c o n s e q u e n t l y  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 5 . 9 )  t e n d s  
t o  0 .  N o w  c o n s i d e r  t h e  t h i r d  t e r m .  A g a i n ,  b y  a p p l y i n g  t h e  C a u c h y - S c h w a r z  i n e q u a l i t y  t o  
t h e  n u m e r a t o r  o n e  o b t a i n s :  
B y  ( 4 . 2 . 1 )  a n d  ( 4 . 2 . 2 ) ,  i t  f o l l o w s  t h a t  f o r  e a c h  w  i n  a n  a l m o s t  s u r e  e v e n t  t  H  I l A ( t ,  w ) I I  
i s  u n i f o r m l y  b o u n d e d .  H e n c e ,  t h e  t h i r d  t e r m  h a s  z e r o  l i m i t  a s  t  - 4  o o ,  a . s .  T h u s ,  b y  
c o n s i d e r i n g  t h e  f i n a l  t e r m  o n  t h e  r i g h t h a n d  s i d e  o f  ( 4 . 5 . 9 ) ,  i t  i s  e v i d e n t  t h a t  
l i m  
S f  ( ~ ( s ) ,  
+  ( K  *  x ) ( s ) )  d s  =  0 ,  
a s s .  
t - o o  J; 1 1 C ( ~ ) I l ;  0  
i f  i t  c a n  b e  s h o w n  t h a t  ( 4 . 5 . 5 )  i m p l i e s  
l i m  
J , "  =Us) d B ( s )  =  0 ,  a s .  
t + W  J; I I C ( S )  1 1 %  d s  
H e n c e  p r o v i n g  ( 4 . 5 . 1 1 )  p r o v i d e s  t h e  d e s i r e d  c o n t r a d i c t i o n  t o  ( 4 . 5 . 7 )  i n  t h e  s h a p e  o f  ( 4 . 5 . 1 0 ) .  
T h e  p r o o f  o f  ( 4 . 5 . 1 1 )  i s  q u i t e  s t r a i g h t f o r w a r d .  D e f i n e  N ( t )  =  J; C ( s )  d B ( s ) ,  f o r  t  >  0  
a n d  
s o  t h a t  N i ( t )  =  ( N ( t ) ,  e i ) .  T h e n  e a c h  N i  i s  a  l o c a l  m a r t i n g a l e  w i t h  s q u a r e  v a r i a t i o n  
t  
( N i )  ( t )  =  1  o  D : ( s )  d s ,  t  >  O .  
a s p ~ e r  4 ,  S e c t i o r b  5  
A  t r n o s t  s u r e  c o n v c r f i e n c e  
w h e r e  u i  i s  d e f i n e d  b y  ( 3 . 6 . 1 1 1 ) .  I t  i s  e a s i l y  s e e n  t h n t  
I n  t h e  c a s e  w h e n  I i r n t , , ( N i ) ( t )  =  c u ,  t h e  l a w  o f  l a r g e  n u i n b c r s  f o r  m a r t i n g a l e s  a n d  
[ 4 . 5 * 1 2 )  g i v e  
l i r n  
I N i ( t ) l  I N i I ( t 3  
I * i ( f ) I  =  j i m  =  O ,  R . S .  
t - , -  S,' \ ] E ( s )  l l ? . +  d s  " - "  I N )  [ t )  $  l l ~ { s )  d s  
O n  t h e  o t h e r  h a n d ,  d u e  t o  t h e  m a r t i n g d c  c o n v e r g e n c e  t h e o r c m  ( s e e  L e m m a  1 . 1 . 5 ) ,  i f  
l i m t , , ( N i } ( t )  <  m ,  t h e n  l i m t , ,  l V i ( t )  e x i s t s  n . s .  m i d  i s  R . S .  f i n i t e .  S i i l c e  E :  o b e y s  
( 4 . 5 . 5 ) ,  I t  is i m r n e d i n t c ;  t h a t  
l i r n  
t M i ( f ) l  
=  0 ,  R . S .  
t - =  S,' \ I  C ( s ) J I %  d s  
l i m  I N i ( " l  =  0 ,  f o r  d l  i  =  I , ,  .  .  , d v  o , , s . ,  
t - . ~  J i  ~ I E ( s ) I I ; : ~ s  
f r o m  w l r i c h  ( 4 . 5 . 1  1 )  f o l l o w s  i m m e d i a t e l y .  
C h a p t e r  5  
E q u a t i o n s  w i t h  W e a k l y  S i n g u l a r  K e r n e l s  
5 . 1  I n t r o d u c t i o n  
T h e  b e h a v i o u r  o f  V o l t e r r a  e q u a t i o n s  w i t h  w e a k l y  s i n g u l a r  k e r n e l s  h a s  b e e n  s t u d i e d  b y  
s e v e r a l  a u t h o r s  i n c l u d i n g  M i l l e r  a n d  F e l d s t e i n  [ 2 9 ]  a n d  B r u n n e r  e t  a l .  [ l o ,  111. W e  b r i e f l y  
e x a m i n e  t h e  e f f e c t  o f  a  w e a k l y  s i n g u l a r  k e r n e l  o f  a l g e b r a i c  o r  l o g a r i t h m i c  t y p e  o n  t h e  
c o n v e r g e n c e  a n d  i n t e g r a b i l i t y  o f  t h e  s o l u t i o n  o f  ( 3 . 1 . 1 ) .  I t  i s  f o u n d  t h a t  s i n g u l a r i t i e s  o f  
t h i s  t y p e  h a v e  n o  e f f e c t  o n  t h e  c o n v e r g e n c e  o f  t h e  s o l u t i o n .  T h e  t y p e  o f  s i n g u l a r i t y  u s e d  
i n  t h e  s e q u e l  i s  p r e c i s e l y  d e f i n e d  b e l o w .  
5 . 2  D i s c u s s i o n  o f  R e s u l t s  
I n  t h i s  c h a p t e r ,  t h e  b e h a v i o u r  o f  t h e  s o l u t i o n  o f  e q u a t i o n  ( 3 . 1 . 1 )  w h e n  t h e  k e r n e l  i s  w e a k l y  
s i n g u l a r  i s  c o n s i d e r e d .  W h i l e  M i l l e r  a n d  F e l d s t e i n  c o n s i d e r e d  a  g e n e r a l  d e f i n i t i o n  f o r  w e a k  
s i n g u l a r i t i e s  i n  t h e  k e r n e l ,  B r u n n e r  e t  a l .  [ l o ,  111 c o n s i d e r e d  V o l t e r r a  e q u a t i o n s  w i t h  
w e a k l y  s i n g u l a r  k e r n e l s  o f  a l g e b r a i c  o r  l o g a r i t h m i c  t y p e .  I n  t h e s e  p a p e r s  s i n g u l a r i t i e s  
n o t  o n l y  i n  t h e  k e r n e l  i t s e l f  b u t  a l s o  i n  i t s  d e r i v a t i v e s  w e r e  c o n s i d e r e d .  I n  k e e p i n g  w i t h  
e a r l i e r  a s s u m p t i o n s  m a d e  i n  t h i s  p a p e r  n o  n e w  a s s u m p t i o n s  c o n c e r n i n g  t h e  e x i s t e n c e  o f  t h e  
d e r i v a t i v e s  o f  t h e  k e r n e l  a r e  m a d e  i n  t h i s  s e c t i o n .  I n s t e a d ,  t h e  i n v e s t i g a t i o n  i s  r e s t r i c t e d  
t o  t h e  s t u d y  o f  s i n g u l a r i t i e s  i n  t h e  k e r n e l  a l o n e .  C o n s e q u e n t l y ,  a n  a b r i d g e d  v e r s i o n  of 
t h e  d e f i n i t i o n  o f  a  w e a k l y  s i n g u l a r  f u n c t i o n  u s e d  i n  [ l l ]  m a y  b e  a d o p t e d ;  t h e  f u n c t i o n  
K  :  ( 0 ,  o o )  - - t  M n x n ( W )  s a t i s f i e s  
i f  K  i s  c o n t i n u o u s  o n  ( 0 ,  c m )  a n d  
C h n p t e r  5 ,  S a c t i o l l  2  
E q n a t i o n s  w i t h  W o a k T y  S l n g u l ~ r  K e r n e l s  
B e f o r e  c o n s i d e r i n g  t h e  e f f e c t  o f  a  w e a k l y  s i n g u l a r  k e r n e l  o n  t h e  r e s u l t s  d i s c u s s e d  i n  t h e  
p r e v i o u s  c h a p t e r ,  i t  i s  n e c e s s a r y  t o  p r o v e  t h a t  a  s o l u t i o n  e x i s t s  u n d e r  a s s u m p t i o n  ( 5 . 2 . 1 ) .  
T h e o r e m  5 . 2 . 1 .  L e t  K  s a t i s f y  ( 5 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  t h e n  t h e r e  i s  a  u n i q u e  
a d a p t e d  p r o c e s s  X ( .  ,  X o ,  C )  E  C ( [ O ,  G O ) ,  R n )  o b e y i n g  ( 3 . 1 . 1 ) .  
T h e  p r o o f  o f  t h i s  t h e o r e m  b r e a k s  i n t o  s e v e r a l  s t e p s .  F i r s t l y ,  i t  i s  n e c e s s a r y  t o  s h o w  t h a t  
t h e r e  e x i s t s  a  p r o c e s s  X  w h i c h  s a t i s f i e s  a  r e f o r m u l a t e d  v e r s i o n  o f  ( 3 . 1 . 1 )  f o r  t  E  [ 0 ,  T I :  
w h e r e  p ( t )  =  Jot C ( s )  d B ( s ) .  T h e  w e a k  s i n g u l a r i t y  i n  t h e  k e r n e l  i n t r o d u c e s  a d d e d  c o m p l e x -  
i t y  i n t o  t h e  a n a l y s i s  o f  t h e  e q u a t i o n .  H o w e v e r ,  i f  t h e  r e f o r m u l a t e d  e q u a t i o n  i s  c o n s i d e r e d  
t h i s  a n a l y s i s  i s  s i m p l i f i e d .  S e c o n d l y ,  b y  a p p l y i n g  F u b i n i ' s  T h e o r e m  t o  ( 5 . 2 . 2 )  w e  c a n  s h o w  
t h e  p r o c e s s  X  i s  a c t u a l l y  a  s o l u t i o n  o f  ( 3 . 1 . 1 ) .  N e x t ,  a  G r o n w a l l - t y p e  a r g u m e n t  c a n  b e  
i m p l e m e n t e d  t o  s h o w  t h a t  t h i s  i s  i n  f a c t  a  u n i q u e  s o l u t i o n .  F i n a l l y ,  s t a n d a r d  a r g u m e n t s  
c a n  b e  a p p l i e d  t o  s h o w  t h a t  X  i s  i n  f a c t  a  u n i q u e ,  c o n t i n u o u s ,  a d a p t e d  p r o c e s s  o b e y i n g  
( 3 . 1 . 1 )  o n  [ O , m ) .  
A  c o n s e q u e n c e  o f  T h e o r e m  5 . 2 . 1  i s  t h a t  a s s u m p t i o n  ( 2 . 1 . 2 )  m a y  b e  r e p l a c e d  b y  
i n  T h e o r e m  3 . 2 . 1 .  I n  o r d e r  t o  s h o w  t h a t  t h e  c o n c l u s i o n  o f  t h i s  p r o o f  i s  u n a l t e r e d  a  n u m b e r  
o f  r e s u l t s  m u s t  b e  r e a n a l y s e d  v e r y  c a r e f u l l y :  f i r s t l y ,  i t  m u s t  b e  s h o w n  t h a t  ( 3 . 1 . 1 )  m a y  s t i l l  
b e  r e f o r m u l a t e d  a s  ( 3 . 3 . 5 ) ;  s e c o n d l y ,  i n  o r d e r  u s e  e x p r e s s i o n  ( 3 . 3 . 8 )  f o r  t h e  s o l u t i o n  X  o f  
( 3 . 1 . 1 )  t h e  h y p o t h e s e s  o f  T h e o r e m  1 . 1 . 1  a n d  1 . 1 . 2  m u s t  b e  s h o w n  t o  b e v a l i d  u n d e r  ( 5 . 2 . 3 ) ;  
f i n a l l y ,  L e m m a  3 . 3 . 3  n e e d s  t o  b e  p r o v e d  a f r e s h  u n d e r  t h e  w e a k e r  h y p o t h e s i s .  E a c h  o f  t h e  
a b o v e  p o i n t s  a r e  s t a t e d  p r e c i s e l y  a n d  p r o v e d  i n  S e c t i o n  5 . 4 .  U s i n g  t h e m  i t  i s  p o s s i b l e  t o  
p r o v e  t h e  a n a l o g u e  o f  T h e o r e m  3 . 2 . 1 :  
T h e o r e m  5 . 2 . 2 .  L e t  K  s a t i s f y  ( 5 . 2 . 3 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  ( 3 . 2 . 2 ) .  If 
t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  t h e n  t h e  s o l u t i o n  X  o f  ( 3 . 1 . 1 )  s a t i s f i e s  X ( t )  - ,  
X, a s  t  +  o o  a l m o s t  s u r e t y ,  w h e r e  X, i s  g i v e n  b y  ( 3 . 2 . 4 )  a n d  i s  a l m o s t  s u r e l y  f i n i t e .  
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T h e  p r o o f  o f  t h i s  t h e o r e m  m a y  b e  f o u n d  i n  S e c t i o n  5 . 4  b e l o w .  T h e  p r i m a r y  r e a s o n  
t h a t  t h e  a n a l o g u e  o f  T h e o r e m  3 . 2 . 1  h o l d s  i s  t h a t  t h e  r e f o r m u l a t i o n  o f  e q u a t i o n  ( 3 . 1 . 1 )  
s t i l l  h o l d s .  I n  f a c t ,  t h e  s t r u c t u r e  o f  t h e  r e f o r m u l a t e d  e q u a t i o n  e n s u r e s  t h a t  t h e  t y p e  o f  
s i n g u l a r i t y  c o n s i d e r e d  i n  t h e  k e r n e l  h a s  n o  i n f l u e n c e  o n  t h e  c o n v e r g e n c e  o f  t h e  s o l u t i o n s .  
T h e  q u e s t i o n  o f  i n t e g r a b i l i t y  o f  s o l u t i o n s  i s  m o r e  d e l i c a t e  a n d  r e q u i r e s  c a r e f u l  a n a l y s i s .  
T h e  p r o o f  o f  t h i s  r e s u l t  r e q u i r e s  t h e  u s e  o f  t h e  v a r i a t i o n  o f  p a r a m e t e r s  r e p r e s e n t a t i o n  o f  t h e  
s o l u t i o n .  I t  w i l l  b e  n e c e s s a r y  t o  p r o v e  t h e  v a l i d i t y  o f  t h i s  f o r m u l a ,  w h i c h  w i l l  i n v o l v e  a  c l o s e  
e x a m i n a t i o n  o f  s t o c h a s t i c  F u b i n i  t h e o r e m s  ( s e e  [ 9 ] ,  f o r  e x a m p l e ) ,  b e f o r e  t h e  i n t e g r a b i l i t y  
of t h e  s o l u t i o n  c a n  b e  t a c k l e d .  T h i s  w o r k  l i e s  o u t s i d e  t h e  s c o p e  o f  t h e  t h e s i s  a n d  w i l l  b e  
e x a m i n e d  e l s e w h e r e .  
I n  [ l l ,  291 t h e  e x t e n t  t o  w h i c h  t h e  r e g u l a r i t y  i n  t h e  k e r n e l  i n f l u e n c e s  t h e  r e g u l a r i t y  o f  
t h e  s o l u t i o n  o f  t h e  d e t e r m i n i s t i c  e q u a t i o n  w a s  i n v e s t i g a t e d .  H o w e v e r ,  t h e  p r e s e n c e  o f  t h e  
n o n - d i f f e r e n t i a b l e  B r o w n i a n  m o t i o n  i n  t h e  s t o c h a s t i c  e q u a t i o n  p r o h i b i t s  t h e  e x i s t e n c e  o f  a  
d e r i v a t i v e  i n  t h e  s o l u t i o n .  I n d e e d  i t  i s  k n o w n  t h a t  t h e  s o l u t i o n  t o  t h e  s t o c h a s t i c  e q u a t i o n  
w i l l  b e  H o l d e r  c o n t i n u o u s  w i t h  e x p o n e n t  1 / 2  -  6  f o r  e v e r y  6  >  0 .  C o n s e q u e n t l y ,  w e  c a n n o t  
e x p e c t  t o  o b t a i n  t h e  s a m e  a m o u n t  o f  r e g u l a r i t y  i n  t h e  s o l u t i o n  o f  t h e  s t o c h a s t i c  e q u a t i o n  
a s  o b t a i n e d  i n  t h e  d e t e r m i n i s t i c  c a s e  r e g a r d l e s s  o f  t h e  r e g u l a r i t y  o f  t h e  k e r n e l .  
5 . 3  P r o o f  o f  T h e o r e m  5 . 2 . 1  
I n  t h e  p r o o f  o f  T h e o r e m  5 . 2 . 1  u s e  i s  m a d e  o f  F u b i n i ' s  T h e o r e m .  D u e  t o  t h e  p r e s e n c e  o f  
t h e  w e a k l y  s i n g u l a r  k e r n e l  i t  i s  c r u c i a l  t h a t  t h e  h y p o t h e s e s  o f  t h i s  t h e o r e m  a r e  e x a m i n e d  
c l o s e l y  t o  e n s u r e  t h a t  t h e y  a r e  s a t i s f i e d  b e f o r e  t h e  c o n c l u s i o n  o f  t h e  t h e o r e m  i s  a p p l i e d .  
P r o o f  o f  T h e o r e m  5 . 2 . 1 .  W e  b e g i n  b y  p r o v i n g  t h e  e x i s t e n c e  o f  a  c o n t i n u o u s  a d a p t e d  
p r o c e s s  X  w h i c h  s a t i s f i e s  ( 5 . 2 . 2 ) .  S i n c e  t h e  d i s p e r s i o n  c o e f f i c i e n t  C  i s  d e p e n d e n t  o n  t h e  
p a r a m e t e r  t  a l o n e  w e  c a n  f i x  a n  a r b i t r a r y  L J  E  0  a n d  r e g a r d  e q u a t i o n  ( 5 . 2 . 2 )  a s  a  d e t e r -  
m i n i s t i c  e q u a t i o n  w i t h  f o r c i n g  f u n c t i o n  { p ( t , w )  :  0  5  t  <  T ) .  D e f i n e  t h e  P i c a r d  i t e r a t i o n s  
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BE 
w h c n  I  >  1  a n d  
o t h e r w i s e .  B y  m a t h e m a t i c a l  i n d u c t i o n  i t  c a n  e a s i l y  b e  s h o w n  t h a t  X k  i s  c o n t i n u o u s  a n d  
a d a p t e d  o n  [ 0 ,  TI f o r  e a c h  k  1  0 .  
O n  t h e  i n t e r v a l  [ O ,  T ]  o b s e r v e  t h a t  
5  M I ( X ~ ~ ~ T  +  p  : = C ,  
w h e r e  M  =  I l A l l  +  Som I I K ( u ) 1 1  d u  a n d  p  =  S U P ~ < ~ < T  -  -  1 1 p ( t ,  w ) / ( .  S O  i t  i s  c l e a r  t h a t  
A g a i n  o n  t . 1 1 ~  i n t e r n 1  [ O , T ]  a n d  f o r  k :  >  0  w r .  h a w  t h a t  
t - a  
X k + , ( t ,  w )  -  X k ( t ,  U )  =  l  [ A  +  1  ~ ( u )  d U ]  ( X k ( s , w )  -  X k - ~ ( s ,  w ) )  d s .  
T a k i n g  n o r m s  a c r o s s  t h i s  e q u a t i o n  w e  s e e  t h a t  
w t e r  4, Srxrzion 3 E q ~ ~ ~ t I o l ~ v i t h  Waakly SIn~u1w Kernels 
Using (6.3.1) and (5.3.2) wc now prove by mathcmcttical induction tlmt 
As n mnsequci~ce of (5.3,l) it is clear that (5.3.3) holds for k = 0. Now asTurne that 
(5,3.3) lrolds for k = 1. Using this assumption we sl~ow that (5,3.3) holds for K = 1 f- I 
using thc following argument: 
Let Xj.(t", u) dcnotc tlic: it" cornpencnt of the vcctar X k ( t ,  w )  where 0 5 i 5 n. Notice 
thot, due to the rtcfinitian of the norm ~ n d  (5.3.4) it is seen t11aL 
TIm expression &c(~'?T)* is the general tern of thc Taylor exp~nsion of c e f i T ;  so 
$C(AT)%S n convergent squence. Now, due to the Weierstrauss M-test it is 
clear that ~ : ( 1 . ,  w) ,  which may he expressed as a partial sum 
k - l  
x i . ( f ,w)  - XA(t,w) + C{x;,,(t,w) - ~ j ( t , w ) ) ,  
3 =0 
must convergc to a limit, which we ctdl Xi(b, w).  Thus, 
We now show that X is a solution of (5.2.2). Consider tlre expression 
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f r o m  X ,  c h a n g i n g  t h e  o r d e r  o f  i n t e g r a t i o n  i n  t h e  d o u b l e  i n t e g r a l  o n c e  a g a i n  a n d  t a k i n g  
n o r m s  a c r o s s  t h e  e q u a t i o n  w e  o b t a i n  
w h e r e  M  =  \ \ A l l  +SF I I K ( t ) I I  d t .  U s i n g  G r o n w a l l ' s  i n e q u a l i t y  w e  s e e  t h a t  ( ( X ( t )  - Y ( t ) l l  =  
0 ,  i n  o t h e r  w o r d s  t  H  X ( t ,  C )  i s  u n i q u e  p r o c e s s  o b e y i n g  ( 3 . 1 . 1 )  o n  0  I  t  <  T .  H o w e v e r ,  
s i n c e  T  i s  a r b i t r a r y  w e  s e e  t h a t  X  i s  t h e  u n i q u e ,  c o n t i n u o u s ,  a d a p t e d  p r o c e s s  w h i c h  s a t i s f i e s  
( 3 . 1 . 1 )  o n  t h e  p o s i t i v e  r e a l  l i n e .  
5 . 4  P r o o f  o f  T h e o r e m  5 . 2 . 2  
I n  o r d e r  t o  p r o v e  T h e o r e m  5 . 2 . 2  t h e  f o l l o w i n g  l e m m a t a  a r e  r e q u i r e d .  
L e m m a  5 . 4 . 1 .  L e t  K  s a t i s f y  ( 5 . 2 . 3 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  
T h e n  ( 3 . 1 . 1 )  m a y  b e  
r e f o r m u l a t e d  a s  ( 3 . 3 . 5 )  w h e r e  t h e  f u n c t i o n  t  H  F ( t )  c a n  b e  w r i t t e n  a s  ( 2 . 3 . 7 )  a n d  i s  w e l l  
d e f i n e d  f o r  a l l  t  > _  0 .  
L e m m a  5 . 4 . 2 .  L e t  K  s a t i s f y  ( 5 . 2 . 3 )  a n d  ( 3 . 2 . 1 ) .  T h e n  t h e  f u n c t i o n  F  s a t i s f i e s  
( 5 . 4 . 1 )  
a n d  t h e  L a p l a c e  t r a n s f o r m  o f  F ,  z  H  p ( a ) ,  i s  g i v e n  b y  ( 2 . 3 . 2 )  f o r  R e  a  2  0  a n d  a  #  0  a n d  
( 2 . 3 . 3 )  f o r  z  =  0 .  
L e m m a  5 . 4 . 3 .  L e t  K  s a t i s f y  ( 5 . 2 . 3 )  a n d  l e t  f  s a t i s f y  ( 2 . 1 . 4 ) .  T h e n  t h e  s o l u t i o n  x  o f  
( 2 . 1 . 3 )  e x p r e s s e d  u s i n g  t h e  v a r i a t i o n  o f  p a r a m e t e r s  r e p r e s e n t a t i o n  g i v e n  b y  ( 2 . 1 . 5 ) .  
L e m m a  5 . 4 . 4 .  L e t  K  s a t i s f y  ( 5 . 2 . 3 ) .  S u p p o s e  t h a t  t h e  k e r n e l  K  s a t i s f i e s  ( 3 . 2 . 1 )  a n d  t h e  
r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 3 . 1 ) .  I f  ( 3 . 3 . 3 )  h o l d s ,  t h e n  r a n k  ( P D N )  <  r a n k  ( N )  
8 7  
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w h e r e  D  =  I  +  S o m  
K ( u )  d u d s  a n d  t h e  m a t r i x  N  i s  d e f i n e d  a s  N  =  T D ~ T - ' .  H e r e  
D N  =  d i a g ( f 1 ,  f i ,  . . . , f n )  w i t h  f i  =  1  i f  a l l  t h e  e l e m e n t s  o f  t h e  i t h  c o l u m n  o f  J  a r e  z e r o ,  
a n d  f i  =  0  o t h e r w i s e .  
L e m m a  5 . 4 . 5 .  L e t  K  s a t i s f y  ( 5 . 2 . 3 ) .  S u p p o s e  t h a t  t h e  k e r n e l  K  s a t i s f i e s  ( 3 . 2 . 1 )  a n d  
t h e r e  e x i s t s  a  c o n s t a n t  C  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 3 . 1 ) .  T h e n  
( 3 . 3 . 2 )  h o l d s .  
M o r e o v e r ,  z f  t h e  c o n s t a n t  R ,  i s  d e f i n e d  b y  ( 2 . 2 . 1 1 )  t h e n  R ( t )  4  R ,  a s  
t 4 m  a n d C = R , .  
L e m m a  5 . 4 . 6 .  If K  s a t i s f i e s  ( 5 . 2 . 3 )  a n d  ( 3 . 2 . 1 )  a n d  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
( 3 . 2 . 3 ) ,  t h e n  ( 3 . 3 . 4 )  h o l d s .  
P r o o f  o f  L e m m a  5 . 4 . 1 .  W e  b e g i n  b y  c o n s i d e r i n g  ( 5 . 2 . 2 ) .  
S i m i l a r l y  t o  L e m m a  3 . 2 . 1  
b o t h  s i d e s  o f  ( 5 . 2 . 2 )  a r e  p r e m u l t i p l i e d  b y  @ ' ( t  -  s )  t o  o b t a i n  
w h e r e  p ( t )  =  
[ A  +  S i p s  K ( u )  d u ]  X ( s )  d s  a n d  @ ( t )  =  P  +  Q e - ' ,  I n t e g r a t i n g  t h i s  o v e r  
[ 0 ,  T ]  o n e  o b t a i n s  
t  
=  1  @ ' ( t  -  s ) X o  d s  +  
@ ' ( t  -  s ) ~ ( s )  d s  +  @ ' ( t  -  s ) ~ ( s )  d s ,  0  5  s  t  T .  
I "  
( 5 . 4 . 2 )  
N o w  e x a m i n e  e a c h  t e r m  i n  ( 5 . 4 . 2 ) .  A s  T h e o r e m  5 . 2 . 1  h o l d s  i t  i s  c l e a r  t h a t  t h e  i n t e g r a l  o n  
t h e  l e f t  h a n d  s i d e  ( 5 . 4 . 2 )  e x i s t s  o n  [ 0 ,  T ]  a n d  m a y  b e  w r i t t e n  n o t a t i o n a l l y  a s  a '  *  X .  T h e  
f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 5 . 4 . 2 )  c a n  b e  e v a l u a t e d  i n  a  s t r a i g h t f o r w a r d  m a n n e r  
d u e  t o  t h e  c o n t i n u i t y  o f  t h e  i n t e g r a n d :  @ ' ( t  -  s )  X o  d s  =  @ ( t )  X o  -  X o  N o w  e x a m i n e  
t h e  s e c o n d  t e r m .  D u e  t o  t h e  f a c t  t h a t  
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w e  s e e  t h a t  p  i s  c o n t i n u o u s  o n  [ 0 ,  t ]  a n d  p ( 0 )  =  0 .  S o  t h e  i n t e g r a l  
@ ' ( t  -  s ) p ( s )  d s  i s  
w e l l - d e f i n e d  f o r  t  E  [ 0 ,  T I .  W e  c a n  r e f o r m u l a t e  t h i s  i n t e g r a l  u s i n g  i n t e g r a t i o n  b y  p a r t s :  
w h e r e  w e  h a v e  r e w r i t t e n  p  a c c o r d i n g  t o  p ( t )  =  Sot [ A X ( s )  +  S o s  K ( s  -  u ) X ( U )  d ~ ]  d ~ q  
U s i n g  t h e  a b o v e  a n d  t h e  f a c t  t h a t  p ( t )  =  X ( t )  -  X o  -  p ( t )  w e  s e e  t h a t  ( 5 . 2 . 2 )  b e c o m e s  
X ( t )  +  ( [ @ I  - @ A  -  @  *  K ]  *  X ) ( t )  =  G s ( t )  w h e r e  G s  i s  g i v e n  b y  ( 3 . 3 . 7 ) .  L e t t i n g  F  =  
@ ' - @ A -  @  *  K  a s  b e f o r e  w e  n o w  c h e c k  t h a t  t h e  r e f o r m u l a t e d  v e r s i o n  o f  F  g i v e n  b y  ( 2 . 3 . 7 )  
i s  s t i l l  v a l i d :  
t  
=  - e - t ( ~  +  Q A )  -  P  ( A  +  L r n  K ( S )  d s )  +  P  L r n  K ( u )  d u  -  1  e - ( ' - ' ) Q K ( s )  d s .  
A s  t h e  f u n c t i o n  K  i s  i n t e g r a b l e  t h i s  m e a n s  t h a t  t h e  m a t r i x  M  w h i c h  i s  d e f i n e d  a s  
M  =  A + S o m  K ( s )  d s  e x i s t s  a n d  s o  P M  =  0  a s  b e f o r e  ( w h e r e  P  i s  d e f i n e d  a s  i n  S e c t i o n  2 . 2 ) .  
N o w  c o n s i d e r  t h e  s e c o n d  a n d  t h i r d  t e r m s :  b o t h  t e r m s  a r e  b o u n d e d  b y  SF I I K ( t ) l l  d t  S O  
t h e y  a r e  w e l l - d e f i n e d .  T h u s ,  F  i s  a  w e l l - d e f i n e d  f u n c t i o n  o n  [ 0 ,  T I .  
A g a i n ,  s i n c e  T  i s  
a r b i t r a r y  t h e  r e f o r m u l a t e d  e q u a t i o n  i s  v a l i d  f o r  t  >  0 .  
P r o o f  o f  L e m m a  5 . 4 . 2 .  W e  u s e  ( 2 . 3 . 7 )  t o  o b t a i n  
P C O  r o o  
a n d  u s e  t h i s  t o  s h o w  t h a t  ( 5 . 4 . 1 )  h o l d s .  O b v i o u s l y  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  
( 5 . 4 . 4 )  i s  b o u n d e d .  W e  n o w  s h o w  t h a t  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 5 . 4 . 4 )  
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i s  b o u n d e d .  N o t e  t h a t  f o r  a n  a r b i t r a r y  c o n s t a n t  T ,  w i t h  0  <  T  <  o o ,  
T h u s ,  w e  c a n  a p p l y  F u b i n i ' s  T h e o r e m  t o  o b t a i n  
l m  le e ( ' - ' )  \ \ K ( s )  1 1  d s  d t  =  l i m  l T  l d t - ' )  1 1  K ( S )  1 1  d s  d t  
T - m  
0 0  
=  1  1 1  K ( s )  1 1  d s  -  l i m  
e - ( T - s ) ~ ~ ~ ( ~ )  1 1  d s .  
T - - t o o  I T  
N o w  c o n s i d e r  t h e  f i n a l  l i n e  o f  t h i s  e x p r e s s i o n .  C l e a r l y  t h e  f i r s t  t e r m  i s  f i n i t e  d u e  t o  o u r  
a s s u m p t i o n s .  W e  s e e  t h a t  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  t e n d s  t o  z e r o  b y  u s i n g  
t h e  D o m i n a t e d  C o n v e r g e n c e  T h e o r e m .  
( D e f i n e  a  s e q u e n c e  f T ( t )  =  e - ( T - t ) l l ~ ( t ) ~ \  f o r  
0  <  t  5  T  a n d  z e r o  o t h e r w i s e ,  c l e a r l y  l i m ~ , ,  f T ( t )  =  0 .  A s  \  f ~ ( t ) (  I . I I K ( t ) l l  a n d  K  i s  
i n t e g r a b l e  w e  c a n  a p p l y  t h e  D o m i n a t e d  C o n v e r g e n c e  T h e o r e m . )  T h u s  t h e  s e c o n d  t e r m  o n  
t h e  r i g h t  h a n d  s i d e  o f  ( 5 . 4 . 4 )  t e n d s  t o  z e r o .  
N o w  c o n s i d e r  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 5 . 4 . 4 ) .  N o t e  t h a t  
S o ,  u s i n g  F u b i n i ' s  T h e o r e m  a n d  t h e  D o m i n a t e d  C o n v e r g e n c e  T h e o r e m ,  
l o  s l \ K ( s ) l l  d s  =  l i r n  
s I I K ( s ) I I  d s  
T - m  l o  
S o  w e  s e e  t h a t  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 5 . 4 . 4 )  i s  b o u n d e d .  C o m b i n i n g  
t h e  a b o v e  a r g u m e n t s ,  w e  s e e  t h a t  t h e  l e f t  h a n d  s i d e  o f  ( 5 . 4 . 4 )  i s  b o u n d e d ;  t h a t  i s  ( 5 . 4 . 1 )  
m u s t  h o l d .  
C h a p t e r  5 ,  S e c t i o n  4  
J 3 q u a t i o n s  w i t h  W e a k l y  S i n g u l n r  l < c r n e l s  
A s  a s s u m p t i o n  ( 5 . 4 . 1 )  h o l d s  i t  i s  k n o w n  t h a t  t h e  L a p l a c e  T r a n s f o r m  o f  F ,  d e n o t e d  k ' ( z ) ,  
e x i s t s  f o r  R e  z  2  0 .  W e  n o w  s h o w  t h a t  t h e  e x p r e s s i o n  f o r  t h e  L a p l a c e  T r a n s f o r m  o f  f l ( z )  
g i v e n  b y  ( 2 . 3 . 2 )  f o r  R e z  2  0  a n d  z  #  0  a n d  ( 2 . 3 . 3 )  f o r  z  =  0  i s  v a l i d .  
W e  b e g i n  b y  c o n s i d e r i n g  t h e  c a s e  w h e n  R e  z  2  0  a n d  z  #  0 .  T h e  f i r s t  t e r m  o f  F  g i v e n  
i n  ( 2 . 3 . 7 )  i n  n o t  i n f l u e n c e d  b y  K  a n d  s o  c a n  b e  c a l c u l a t e d  i n  a  s t r a i g h t f o r w a r d  m a n n e r  
a s  b e f o r e .  N o w  c o n s i d e r  t h e  s e c o n d  t e r m .  
B e f o r e  c a l c u l a t i n g  t h e  L a p l a c e  t r a n s f o r m  o f  
( e  *  Q K ) ( t )  w e  n o t e  f o r  R e  z  2  0  a n d  z  #  0  t h a t  
U s i n g  t h i s  w e  c a n  a p p l y  F u b i n i ' s  T h e o r e m  a n d  t h e  D o m i n a t e d  C o n v e r g e n c e  T h e o r e m  t o  
o b t a i n  
1  
T  
=  l i m  -  (  l  e - " K ( s )  d s  -  e - z T  
e - ( ' - " K ( s )  d s )  
T - w  z + l  
N o w  c o n s i d e r  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 3 . 7 ) .  I t  i s  n e c e s s a r y  t o  s i m p l i f y  
t h e  L a p l a c e  T r a n s f o r m  o f  t h e  f u n c t i o n  t  H  L c o  P K ( s )  d s .  N o t e  t h a t  
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SO 
$ T ~ s ~ z t I I ~ ( 8 ) l l  ah 5 - JT( l  - e - z s ~ , , ~ ~ ( ~ ) , ,  dl < m. 1.1 0 
So applying l31l)inj's th~orern and the noininated Convergence Theorem we see that, 
Thus, JT Jtm e-*PIC(s) ds dt = $ P ~ ? ( o )  - !PR(z) .  Combining the a b m  arguments we 
Now consider the cwc when z = 0. The first t.crrn in of F in (2,3,7) in not influenced hy 
K and so can be calculated in a strnightforward manner as before. Wow consider the second 
term on the right hand sidc of (2.3.7). Since (5,4.5) holds we can apply F'ubini's TI~eorem 
and the Dominated Cnnvesgencc Theorem to obtain Jr Ji e-('-') Q K [ S ) ~ S  = Q K ( O ) .  
ALo, since (3.2.1) holds we can change the order of integration in the third term on the 
right hmd sidc of (2.3.7) to ak,tsin Lm P K ( s )  ds dt = -?>kl(0). Combining the above 
mgurnents wc see t l ~ ~ t  $(o), given by (2.3,2), holds as bcf01.e~ 
Pro@ of Eemvna 6.4.9. 1% want to show that x given by (2.1.5) satidfies equation 
(2.1.3). Initially wc show thnb this representation huids for. 0 < 1 < T. Consider the 
Iett linnd side of (2.1.3) and suhstit.ute the variation of prtrnmctcrs representation of the 
,  e c t i o l l  4  C h ~ & L e 5 , $ _  
- -  
E q p t l o n s  w i t h  W e a k l y  S I n g u h r  K ~ a r n e l ~  
s o l u t i o n  i n t o  t h e  i n t e g r a l  v e r s i o n :  
t  
=  x o  +  l  A R ( S )  d s  x o  +  J l ; t  1' ~ ( s  -  u ) ~ ( u )  d u d s  s o  +  J d t  l 5  A R ( S  -  I )  f  ( n )  d u d s  
t  
+  l t  l '  J d u  K ( S  -  u ) R ( u  -  v )  f ( v )  d v  d u d s  +  l  f  ( s )  d s .  
C o n s i d e r  t h e  f i n a l  l i n e  o n  t h e  r i g h t  h a n d  s i d e .  U s i n g  t h e  c o n t i n u i t y  o f  f  a n d  R  o n  f i n i t e  
i n t e r v a l s  i t  i s  c l e a r  t h a t  w e  c a n  i n t e r c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  o f  t h e  f o u r t h  t e r m .  
S i n c e  
S o 9  J:-' I J K ( s  -  v  -  z ) l l  1 I R ( u  -  v ) I I  1 1  f  ( v ) l l  d z d v  d s  <  0 0  f o r  0  5  t  5  T  w e  c a n  
c h a n g e  t h e  o r d e r  o f  i n t e g r a t i o n  t w i c e  i n  t h e  f i f t h  t e r m .  S o  w e  o b t a i n  
t  
r o  +  J o t  ( ~ x ( s )  +  1' ~ ( s  -  u ) x ( u )  d u )  d s  +  1  f ( s )  d s  
=  R ( t ) x o  +  ( R  *  f  ) ( t ) ,  
a s  r e q u i r e d .  N o w  s i n c e  T  i s  a r b i t r a r y  t h i s  r e p r e s e n t a t i o n  h o l d s  f o r  a l l  0  5  t  <  m .  
P r o o f  o f  L e m m a  5 . 4 . 3 .  A s  t h e  k e r n e l  i s  i n t e g r a b l e ,  t h e  m a t r i x  M  e x i s t s .  T h e  p r o o f  o f  
t h i s  l e m m a  n o w  f o l l o w s  t h e  l i n e  o f  r e a s o n i n g  g i v e n  i n  t h e  p r o o f  o f  L e m m a  3 . 3 . 2 .  
P r o o f  o f  L e m m a  5 . 4 . 5 .  D u e  t o  ( i )  t h e  e x i s t e n c e  o f  t h e  v a r i a t i o n  o f  p a r a m e t e r s  r e p r e s e n -  
t a t i o n  o f  t h e  s o l u t i o n ;  ( i i )  t h e  a s s u m p t i o n  t h a t  t h e  k e r n e l  i s  i n t e g r a b l e ;  ( i i i )  t h e  e x i s t e n c e  
o f  t h e  f u n c t i o n  F  w h i c h  a l l o w s  t h e  d i f f e r e n t i a l  e q u a t i o n  ( 5 . 2 . 2 )  t o  b e  r e f o r m u l a t e d  a s  
a n  i n t e g r a l  e q u a t i o n ,  w e  m a y  f o l l o w  t h e  l i n e  o f  r e a s o n i n g  i n  L e m m a  3 . 3 . 1  t o  s h o w  t , h a t  
L e m m a  5 . 4 . 5  h o l d s .  
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Pmof of Lemma 5.4.6. Using tlxe definition oE p(0) obtained in Lemma 5,4.2 we can 
[ lm lw PK(u) du d3] . det[I 4- P(o)] = dct P - Ad 4- 
Now using Lemma 5.4.4 we see that this expression is nonzero. 
Using the definition of @(z) obtained in Lemma 5.4.2 we can show that 
1 1  det(l -I- F(r) ]  = -- d e t [ d  + P] dc~. [ r ~  - A - ~ ( z ) ]  , 
2z- I -1  
whcn Rc z 2 0, z # 0. Now, using the fact that ttrre variation of parameters representation 
of the solution holds wc can apply the line of reasoning found in Lcmma 3.3.3 to complcte 
tlrc proof. • 
Proof of &emme 5.2.6. By ~pl~ly ing Lemma 5.4.1 we we that equation (3.1.1) may be 
reformulated ns the integral cquntion defii~ed cts ('3.3.6). Since t l . 1 ~  function F defined by 
(2,3.7) iIocs not contain a singularity we can hpply Theorem 1 ,I ,  1 and Lemma 5.4.0 to sec 
that there exists a uniquc solution r E L1 ((0, m), h/r,,,(R>) of the cquatjons r -I- F*r  = F 
and r + T c F = F. Wc can intcgnte r -t- F * r = F ova. [O, m) and rearrange the equation 
to obtnin 
1" r(s) ds = (I + lrn F(r) ds)  -' im F(a)  ds. 
Using Thcorcm 1 .I .2 we sce that the solution X of (3.1 .I) can be cxpresscd using variation 
nf parameters: X ( t )  = Gs(f) - (T * Gs)(t) .  Letting t --r oo we obtain a11 cxpsession for 
X, beforc. 17 
C h a p t e r  6  
E x p o n e n t i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  
a  N o n t r i v i a l  S t o c h a s t i c  R a n d o m  V a r i a b l e  
6 . 1  I n t r o d u c t i o n  
I n  t h i s  c h a p t e r  w e  s t u d y  t h e  e x p o n e n t i a l  d e c a y  o f  t h e  s o l u t i o n  o f  X  ( 3 . 1 . 1 )  t o  a  n o n -  
e q u i l i b r i u m  l i m i t  u n d e r  c o n d i t i o n s  ( 2 . 1 . 2 )  a n d  ( 3 . 1 . 2 )  o n  t h e  k e r n e l  K  a n d  t h e  n o i s e  t e r m  
C  r e s p e c t i v e l y .  
A  p a p e r  b y  A p p l e b y  a n d  F r e e m a n  [ 5 ]  c o n s i d e r e d  t h e  s p e e d  o f  c o n v e r g e n c e  o f  s o l u t i o n s  
o f  ( 3 . 1 . 1 )  t o  a  t r i v i a l  e q u i l i b r i u m .  I t  w a s  s h o w n  t h a t  u n d e r  t h e  c o n d i t i o n  t h a t  t h e  k e r n e l  
d o e s  n o t  c h a n g e  s i g n  o n  [ 0 ,  m )  t h e n  ( i )  t h e  a l m o s t  s u r e  e x p o n e n t i a l  c o n v e r g e n c e  o f  t h e  
s o l u t i o n  t o  z e r o ,  ( i i )  t h e  p - t h  m e a n  e x p o n e n t i a l  c o n v e r g e n c e  o f  t h e  s o l u t i o n  t o  z e r o  a n d  
( i i i )  t h e  e x p o n e n t i a l  i n t e g r a b i l i t y  of t h e  k e r n e l  a n d  t h e  e x p o n e n t i a l  s q u a r e  i n t e g r a b i l i t y  o f  
t h e  n o i s e  a r e  e q u i v a l e n t .  
T h i s  c h a p t e r  e x t e n d s  t h e s e  r e s u l t s .  C o n d i t i o n s  a r e  d e t e r m i n e d  o n  t h e  r e s o l v e n t ,  k e r n e l  
a n d  n o i s e  t e r m s  w h i c h  e n s u r e  e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  t o  a  n o n - e q u i l i b r i u m  
l i m i t  i n  t h e  p - t h  m e a n  a n d  a l m o s t  s u r e  s e n s e s .  S i m i l a r l y  t o  [ 5 ]  i t  i s  s h o w n  t h a t  t h e  
e x p o n e n t i a l  i n t e g r a b i l i t y  o f  t h e  k e r n e l  a n d  t h e  e x p o n e n t i a l  s q u a r e  i n t e g r a b i l i t y  o f  t h e  n o i s e  
a r e  c r u c i a l .  
6 . 2  D i s c u s s i o n  o f  R e s u l t s  
I n  t h i s  s e c t i o n ,  t h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  s o l u t i o n  o f  ( 3 . 1 . 1 )  t o  c o n v e r g e  
e x p o n e n t i a l l y  t o  a  n o n t r i v i a l  l i m i t  a r e  s t a t e d .  A p p l e b y  a n d  F r e e m a n  [ 5 ]  c o n s i d e r e d  t h e  
e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  z e r o .  T h e  c o n n e c t i o n s  b e t w e e n  t h e i r  
r e s u l t  a n d  t h e  m a i n  r e s u l t  p r e s e n t e d  i n  t h i s  c h a p t e r  a r e  d i s c u s s e d ,  a s  a r e  t h e  c o n n e c t i o n s  
C h a p t e r  6 ,  S c c t l o n  2  E x p o n e n t i d  C o n v e r g e l i c e  o I S o l u t i o n 8  o f  [ 3 . 1 . 1 )  t o  u  N o n t r i v i a l  S t u c h w t i c  R a n d o m  V m i n h l e  
b e t w e e n  T h e o r e m  2 . 2 . 5  a n d  t h e  m a i n  r e s u l t  p r e s e n t e d  i n  t h i s  c h a p t e r .  
A p p l e b y  a n d  F r e e m a n  o b t a i n e d  t h e  f o l l o w i n g  r e s u l t  i n  t h e  c a s e  w h e r e  t h e  s o l u t i o n  o f  
( 3 . 1 . 1 )  i s  i n t e g r a b l e .  
T h e o r e m  6 . 2 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  ( 3 . 2 . 2 ) .  I f  ( 2 . 2 . 1 2 )  
h o l d s ,  t h e n  t h e  f o l l o w i n g  a r e  e q u i v a l e n t .  
( i )  T h e r e  e x i s t  c o n s t a n t s  a  >  0  a n d  y  >  0  s u c h  t h a t  ( 2 . 2 . 1 3 )  h o l d s ,  C  s a t i s f i e s  
a n d  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 2 . 2 . 1 )  
( i i )  F o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  e x i s t s  X p  >  0 ,  s u c h  t h a t  f o r  e v e r y  p  >  0  t h e r e  e x i s t s  
a  c o n s t a n t  M p ( X o )  >  0  s u c h  t h a t  t h e  s o l u t i o n  t  - t  X ( t ;  X o ,  C )  o f  ( 3 . 1 . 1 )  s a t i s f i e s  
( i i i )  F o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  e x i s t s  a  c o n s t a n t  ,B >  0  s u c h  t h a t  t h e  s o l u t i o n  
t  - ,  X ( t ;  X o ,  C )  o f  ( 3 . 1 . 1 )  s a t i s f i e s  
I  
l i m  s u p  -  l o g  l l X ( t )  I (  I  - P  a s s .  
t - o o  t  
I n  t h i s  c h a p t e r ,  a  r e s u l t  i n  t h e  c a s e  w h e r e  t h e  s o l u t i o n  i s  n o t  i n t e g r a b l e  b u t  a p p r o a c h e s  
a  n o n t r i v i a l  l i m i t  i s  c o n s i d e r e d .  I n  C h a p t e r  2  t h e  e x p o n e n t i a l  c o n v e r g e n c e  o f  t h e  s o l u t i o n  
o f  ( 2 . 1 . 1 )  t o  a  n o n - e q u i l i b r i u m  l i m i t  w a s  c o n s i d e r e d .  B y  w r i t i n g  t h e  s o l u t i o n  o f  ( 3 . 1 . 1 )  i n  
t e r m s  o f  v a r i a t i o n  o f  p a r a m e t e r s  t h e  t h e o r y  c o n t a i n e d  i n  C h a p t e r  2  m a y  b e  a p p l i e d  i n  t h e  
a n a l y s i s  o f  t h e  s o l u t i o n s  o f  ( 3 . 1 . 1 ) .  T h e  m a i n  t h e o r e m  o f  t h i s  c h a p t e r  i s  n o w  s t a t e d .  
T h e o r e m  6 . 2 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  I f  K  s a t i s f i e s  
( 2 . 2 . 1 2 )  t h e n  t h e  f o l l o w i n g  a r e  e q u i v a l e n t .  
C - b r  6 ,  S e c t i o n  2  
E x p o n e n t i a l  C o n v e r ~ e n c e  o f  S o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  a  N o n t r i v i a l  S t o c h a s t i c  R a n d o m  V a r i a b l e  
( 2 )  T h e r e  e x i s t s  a  c o n s t a n t  R, s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  a n d  
t h e  f u n c t i o n  C  s a t i s f i e s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 6 ) ,  a n d  t h e r e  e x i s t  c o n s t a n t s  a !  >  0  a n d  
y  >  0  s u c h  t h a t  K  a n d  C  s a t i s f y  ( 2 . 2 . 1 3 )  a n d  ( 6 . 2 . 1 )  r e s p e c t i v e l y .  
( i i )  F o r  a l l  i n i t i a l  c o n d i t i o n s  X o  a n d  c o n s t a n t s  p  >  0  t h e r e  e x i s t s  a n  a l m o s t  s u r e l y  f i n i t e  
. F B ( o o ) - m e a s u r a b l e  r a n d o m  v a r i a b l e  X , ( X o ,  C )  w i t h  lE I I X w l l p  <  m  s u c h  t h a t  t h e  
u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  X  ( .  ;  X o ,  C )  w h i c h  o b e y s  ( 3 . 1 . 1 )  s a t i s f i e s  
w h e r e  , B p  a n d  r n ,  =  r n , ( X o )  a r e  p o s i t i v e  c o n s t a n t s .  
( i i i )  F o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  e x i s t s  a n  a . s .  f i n i t e  . F B ( o o ) - m e a s u r a b l e  r a n d o m  
v a r i a b l e  X , ( X o ,  C )  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  X ( -  ;  X o ,  C )  
w h i c h  o b e y s  ( 3 . 1  . I )  s a t i s f i e s  
1  
l i m s u p  -  l o g  I I X ( t )  -  X,II I  - P o  
a s s .  
t - - t o o  t  
w h e r e  , B o  i s  a  p o s i t i v e  c o n s t a n t .  
I t  i s  c l e a r  t h e  a s s u m p t i o n  ( 6 . 2 . 1 )  g u a r a n t e e s  t h a t  a s s u m p t i o n s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 6 )  h o l d .  
I n  t h i s  t h e o r e m  t h e y  a r e  e x p l i c i t l y  a s s u m e d  i n  o r d e r  t o  h i g h l i g h t  t h e  c o n d i t i o n s  t h a t  
g u a r a n t e e  t h e  e x i s t e n c e  o f  a  l i m i t  a n d  t h e  i n t e g r a b i l i t y  o f  t h e  s o l u t i o n  m i n u s  i t s  l i m i t  i n  
c o n t r a s t  t o  t h e  c o n d i t i o n s  t h a t  g u a r a n t e e  t h e  s p e e d  o f  c o n v e r g e n c e .  
W h e t h e r  c o n s i d e r i n g  t h e  e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  t o  a  n o n - t r i v i a l  l i m i t  
o r  t h e  e x p o n e n t i a l  c o n v e r g e n c e  t o  z e r o  i t  i s  s e e n  t h a t  t h e  c o n d i t i o i l s  o n  t h e  e x p o n e n t i a l  
i n t e g r a b i l i t y  o f  t h e  k e r n e l  a n d  n o i s e  t e r m  r e m a i n  t h e  s a m e .  T h e  a d d i t i o n a l  a s s u m p t i o n s  i n  
T h e o r e m  6 . 2 . 2  e n s u r e  t h e  c o n v e r g e n c e  t o  a n  e x p l i c i t  a l m o s t  s u r e l y  f i n i t e  r a n d o m  v a r i a b l e .  
I n  a d d i t i o n ,  i t  i s  r e q u i r e d  t h a t  t h e  R  -  R ,  l i e s  i n  t h e  s p a c e  o f  s q u a r e  i n t e g r a b l e  f u n c t i o n s .  
T h i s  i s  d u e  t o  t h e  f a c t  t h a t  i n  g e n e r a l  i t  i s  m o r e  n a t u r a l  t o  c o n s i d e r  I t 6  i n t e g r a l s  w i t h  
s q u a r e  i n t e g r a b l e  i n t e g r a n d s  r a t h e r  t h a n  i n t e g r a b l e  i n t e g r a n d s .  H e r e ,  R  -  R ,  E  L 2  ( 0 ,  o o )  
C h a p t e r  6 ,  S e c t i o n  3  E x p o n e n t i a l  C o n v e r g e n c e  o f  S o t u t i n n s  o f  ( 3 . 1 . 1 )  t o  a  N o n ! , r i v i n t  S t o c h a s t i c  R a n d o m  V a r i a b l e  
r a t h e r  t h a n  i n  t h e  s p a c e  o f  L 1  ( 0 ,  c o )  f u n c t i o n s  i s  c o n s i d e r e d .  N o n e t h e l e s s  i t  i s  p o s s i b l e  t o  
m a k e  u s e  o f  T h e o r e m  2 . 2 . 6  i n  t h e  p r o o f  o f  T h e o r e m  6 . 2 . 2 .  
T h i s  i s  d u e  t o  t h e  f a c t  t h a t  
R  -  R, E  L 2 ( 0 ,  c o )  t o g e t h e r  w i t h  a n  a s s u m p t i o n  o n  t h e  s e c o n d  m o m e n t  o f  t h e  k e r n e l  
i m p l i e s  t h a t  R  -  R ,  E  ~ ' ( 0 ,  c o )  .  T h i s  s t a t e m e n t  i s  m a d e  p r e c i s e  i n  L e m m a  6 . 3 . 2 .  
6 . 3  S u f f i c i e n t  C o n d i t i o n s  f o r  E x p o n e n t i a l  C o n v e r g e n c e  o f  
S o l u t i o n s  o f  ( 3 . 1 . 1 )  
I n  t h i s  s e c t i o n ,  s u f f i c i e n t  c o n d i t i o n s  f o r  e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  
a  n o n - e q u i l i b r i u m  l i m i t  a r e  o b t a i n e d .  P r o p o s i t i o n  6 . 3 . 1  c o n c e r n s  c o n v e r g e n c e  i n  t h e  p t h  
m e a n  s e n s e  w h i l e  P r o p o s i t i o n  6 . 3 . 2  d e a l s  w i t h  t h e  a l m o s t  s u r e  c a s e .  
P r o p o s i t i o n  6 . 3 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  ( 3 . 2 . 2 )  a n d  l e t  
R ,  be a  c o n s t a n t  m a t r i x  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) ,  I f  t h e r e  e x i s t  
c o n s t a n t s  a  >  0  a n d  y  >  0  s u c h  t h a t  s u c h  t h a t  ( 2 . 2 . 1 3 )  a n d  ( 6 . 2 . 1 )  o f  T h e o r e m  6 . 2 . 2 ( i )  
h o l d ,  t h e n  t h e r e  e x i s t  c o n s t a n t s  , O p  >  0 ,  i n d e p e n d e n t  o f  X o ,  a n d  m p  =  m p ( X o )  >  0 ,  s u c h  
t h a t  s t a t e m e n t  ( i i )  o f  T h e o r e m  6 . 2 . 2  h o l d s .  
P r o p o s i t i o n  6 . 3 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) '  ( 3 . 2 . 2 )  
a n d  ( 3 . 2 . 6 )  w h e r e  R ,  i s  a  c o n s t a n t  m a t r i x  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
( 3 . 2 . 3 ) .  I f  t h e r e  e x i s t  c o n s t a n t s  c u  >  0  a n d  y  >  0  s u c h  t h a t  s u c h  t h a t  ( 2 . 2 . 1 3 )  a n d  ( 6 . 2 . 1 )  
o f  T h e o r e m  6 . 2 . 2 ( i )  h o l d ,  t h e n  t h e r e  e x i s t s  a  c o n s t a n t  P o  >  0 ,  i n d e p e n d e n t  o f X o  s u c h  t h a t  
s t a t e m e n t  ( i i i )  o f  T h e o r e m  6 . 2 . 2  h o l d s .  
P r o p o s i t i o n  6 . 3 . 1  m a y  b e  p r o v e d  b y  e x a m i n i n g  t h e  v a r i a t i o n  o f  p a r a m e t e r s  r e p r e s e n t a t i o n  
o f  t h e  s o l u t i o n .  P r o p o s i t i o n  6 . 3 . 2  m a y  b e  p r o v e d  b y  c o n s i d e r i n g  t h e  i n t e g r a l  r e p r e s e n t a t i o n  
o f  t h e  e q u a t i o n .  
E x t e n s i v e  u s e  i s  m a d e  o f  L i a p u n o v ' s  i n e q u a l i t y  i n  t h e  p r o o f  o f  P r o p o s i t i o n  6 . 3 . 1  a n d  
P r o p o s i t i o n  6 . 3 . 2 .  
T h i s  i n e q u a l i t y  i s  m o r e  a p p r o p r i a t e  i n  t h i s  i n s t a n c e  t h a n  H o l d e r ' s  
C h a p t e r  6 ,  S e c t i o n  3  E x p o n e n t i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o i  ( 3 . 1 . 1 )  La a  N o n t r i v i a l  S t w h a a t i c  R u n d o m  V a r i n b ) a  
i n e q u a l i t y :  u s i n g  H o l d e r ' s  i n e q u a l i t y ,  t h e  e x p o n e n t i a l  p t h  m e a n  c o n v e r g e n c e  i s  o b t a i n e d  
f o r  p  >  1  w h i l e  e x p o n e n t i a l  c o n v e r g e n c e  i s  o b t a i n e d  f o r  p  >  0  u s i n g  L i a p o n o v ' s  i n e q u a l i t y ,  
w h i c h  i s  a  s t r o n g e r  r e s u l t .  
T h e  p r o o f  o f  P r o p o s i t i o n  6 . 3 . 1  i s  d i v i d e d  i n t o  t w o  c a s e s :  0  <  p  <  2  a n d  p  >  2 .  I n  t h e  
f i r s t  c a s e ,  L e m m a  6 . 3 . 1  a n d  L i a p u n o v ' s  i n e q u a l i t y  m a y  b y  a p p l i e d  i n i t i a l l y  t o  s h o w  t h e  
e x i s t e n c e  o f  t h e  p t h  m o m e n t  of t h e  l i m i t  a n d  t h e n  t o  s h o w  t h a t  t h e  s p e e d  o f  c o n v e r g e n c e  
t o  t h e  l i m i t  i s  e x p o n e n t i a l .  I n  t h e  s e c o n d  c a s e ,  t h e  r e s u l t  i s  p r o v e d  f o r  t h e  2 m t h  m o m e n t ,  
w h e r e  2 ( m  -  1 )  <  p  5  2 m .  L i a p u n o v ' s  i n e q u a l i t y  m a y  t h e n  b e  a p p l i e d  t o  p r o v e  t h e  r e s u l t  
f o r  p .  H e r e  t h e  e v e n  e x p o n e n t  s i m p l i f i e s  c a l c u l a t i o n s .  
I n  C h a p t e r  2 ,  t h e  c o n d i t i o n s  w h i c h  g i v e  m e a n  s q u a r e  c o n v e r g e n c e  t o  a  n o n t r i v i a l  l i m i t  
w e r e  c o n s i d e r e d .  S o  a  n a t u r a l  p r o g r e s s i o n  i n  t h i s  c h a p t e r  i s  t h e  e x a m i n a t i o n  o f  t h e  s p e e d  
o f  c o n v e r g e n c e  i n  t h e  m e a n  s q u a r e  c a s e .  L e m m a  6 . 3 . 1  e x a m i n e s  t h e  c a s e  w h e n  p  =  2  i n  
o r d e r  t o  h i g h l i g h t  t h i s  i m p o r t a n t  c a s e .  T h i s  l e m m a  m a y  b e  t h e n  u s e d  w h e n  g e n e r a l i s i n g  
t h e  r e s u l t  t o  a l l  p  >  0 .  
L e m m a  6 . 3 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  ( 3 . 2 . 2 )  a n d  l e t  
R ,  b e  a  c o n s t a n t  m a t r i x  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  I f  t h e r e  e x i s t  
c o n s t a n t s  a  >  0  a n d  y  >  0  s u c h  t h a t  ( 2 . 2 . 1 3 )  a n d  ( 6 . 2 . 1 )  o f  T h e o r e m  6 . 2 . 2 ( i )  h o l d ,  t h e n  
t h e r e  e x i s t  c o n s t a n t s  X  >  0 ,  i n d e p e n d e n t  o f  X o ,  a n d  m  =  m ( X o )  >  0 ,  s u c h  t h a t  
F r o m  C h a p t e r s  3  a n d  4  i t  i s  e v i d e n t  t h a t  R  -  R ,  E  ~ ' ( ( 0 ,  c o ) ,  M n x n ( R ) )  i s  a  m o r e  
n a t u r a l  c o n d i t i o n  o n  t h e  r e s o l v e n t  t h a n  R  -  R, E  L 1  ( ( 0 ,  o o ) ,  M n x n ( R ) )  w h e n  s t u d y i n g  
c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 3 . 1 . 1 ) .  H o w e v e r ,  t h e  d e t e r m i n i s t i c  r e s u l t s  o b t a i n e d  i n  C h a p -  
t e r s  2  a r e  b a s e d  o n  t h e  a s s u m p t i o n  t h a t  R  -  R ,  €  L 1 ( ( O , c o ) ,  M n x n ( R ) ) .  I n  o r d e r  t o  
m a k e  u s e  o f  T h e o r e m  2 . 2 . 5  i n  t h i s  c h a p t e r  L e m m a  6 . 3 . 2  i s  r e q u i r e d ;  t h i s  r e s u l t  i s o l a t e s  
c o n d i t i o n s  t h a t  e n s u r e  t h e  i n t e g r a b i l i t y  o f  R  -  R ,  o n c e  R  -  R, i s  s q u a r e  i n t e g r a b l e .  
L e m m a  6 . 3 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 )  a n d  l e t  R ,  b e  a  c o n s t a n t  m a t r i x  s u c h  
t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  T h e n  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
C h a p t e r  6 ,  S e c t i o n  3  E x p o n e n t i a l  C o n v e r g n n m  o f  S ~ k t ~ t i o n ~  o f  ( 3 . 1 . 1 )  t o  u  N o n t r i v i a l  S t o c h a s t i c  R a n d o m  V a r i a b l e  
( 2 . 2 . 8 ) .  
T w o  t e c h n i c a l  l e m m a t a  a r e  n o w  s t a t e d .  L e m m a  6 . 3 . 3  c o n c e r n s  t h e  m o m e n t s  o f  a  n o r -  
m a l l y  d i s t r i b u t e d  r a n d o m  v a r i a b l e .  I t  c a n  b e  e x t r a c t e d  f r o m  [ 5 ,  T h e o r e m  3 - 3 1  a n d  i t  i s  
u s e d  i n  P r o p o s i t i o n  6 , 3 . 1 .  I t s  p r o o f  m a y  b e  f o u n d  a t  t h e  e n d  o f  t h i s  s e c t i o n .  
L e m m a  6 . 3 . 3 .  S u p p o s e  t h e  f u n c t i o n  u  E  C ( ( 0 ,  a )  x  ( 0 ,  a ) ,  M P x , ( R ) )  t h e n  
w h e r e  d , ( p ,  r )  =  p m + 1 ~ 2 m + 1  ( 2 m ) ! ( m ! 2 m ) - 1 c n ( p ,  r ) m .  
T h e  f o l l o w i n g  l e m m a  i s  u s e d  i n  P r o p o s i t i o n  6 . 3 . 2 .  A  s i m i l a r  r e s u l t  i s  p r o v e d  i n  [ 5 ] ;  t h e  
p r o o f  i s  i n c l u d e d  i n  A p p e n d i x  A  f o r  c o m p l e t e n e s s .  
L e m m a  6 . 3 . 4 .  S u p p o s e  t h a t  K  E  C ( [ O ,  a ) ,  M n , , ( R ) )  n ~ ' ( ( 0 ,  m ) ,  M , , , ( R ) )  a n d  
I f  
>  0  a n d  f j  =  2 i  A  d  t h e n  
w h e r e  c  i s  a  p o s i t i v e  c o n s t a n t .  
T h e  p r o o f s  o f  P r o p o s i t i o n  6 . 3 . 1  a n d  6 . 3 . 2 ,  L e m m a  6 . 3 . 1  a n d  6 . 3 . 3  a r e  n o w  g i v e n .  
P r o o f  o f  L e m m a  6 . 3 . 1 .  E r o m  T h e o r e m  3 . 2 . 1  w e  s e e  t h a t  X ( t )  - +  X ,  w h e r e  X ,  i s  
g i v e n  b y  ( 3 . 2 . 4 ) .  F r o m  L e m m a  3 . 3 . 1 ,  t h e  d e f i n i t i o n  o f  t h e  n o r m  a n d  t h e  e x p r e s s i o n  f o r  
X ,  w e  s e e  t h a t  
0  
E  llx,l12 =  E  [ t r  ( x , x ~ ) ]  =  I ~ R , X O ( ( ~  +  1  ( ( R ~ C ( S ) ( ~ ~  d s  <  m .
( 6 . 3 . 2 )  
S i n c e  
E  [ / ( X ( t )  - x,1l2] =  E  [ t r  ( X ( t )  -  X , ) ( X ( t )  -  x , ) ~ ]  ,  
( 6 . 3 . 3 )  
c h a p t e r  6 ,  S e c t i o n  3  
E x p o n e n t i a l  C o i k v c r g e n c e  o f  S o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  n  N o n t r i v i a l  S t o e h ~ i c  R a n d o m  V a r i a b l e  
w e  u s e  ( 3 . 1 . 3 )  a n d  ( 3 . 2 . 4 )  t o  e x p a n d  t h e  r i g h t  h a n d  s i d e  o f  ( 6 . 3 . 3 )  t o  o b t a i n  
I n  o r d e r  t o  o b t a i n  a n  e x p o n e n t i a l  u p p e r  b o u n d  o n  ( 6 . 3 . 4 )  e a c h  t e r m  m u s t  b e  c o n s i d e r e d  
i n d i v i d u a l l y .  W e  b e g i n  b y  c o n s i d e r i n g  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 6 . 3 . 4 ) .  
U s i n g  ( 2 . 2 . 7 )  a n d  ( 3 . 2 . 3 )  w e  c a n  a p p l y  L e m m a  6 . 3 . 2  t o  o b t a i n  ( 2 . 2 . 8 ) .  T h e n  u s i n g  ( 2 . 2 . 7 ) ,  
( 2 . 2 . 8 )  a n d  ( 2 . 2 . 1 3 )  w e  s e e  f r o m  T h e o r e m  2 . 2 . 5  t h a t  
W e  p r o v i d e  a n  a r g u m e n t  t o  s h o w  t h a t  t h e  s e c o n d  t e r m  d e c a y s  e x p o n e n t i a l l y .  U s i n g  ( 6 . 2 . 1 )  
a n d  t h e  f a c t  t h a t  R  d e c a y s  e x p o n e n t i a l l y  q u i c k l y  t o  R, w e  c a n  c h o o s e  0  <  A  <  m i @ ,  y )  
s u c h  t h a t  e x C  a n d  e x ( R -  R , )  E  ~ ' ( 0 ,  c o )  w h e r e  t h e  f u n c t i o n  e ~  i s  d e f i n e d  b y  e x ( t )  =  e x t .  
T h e  c o n v o l u t i o n  o f  a n  L 2 ( 0 ,  m )  f u n c t i o n  w i t h  a n  L 2 ( 0 ,  o o )  f u n c t i o n  i s  i t s e l f  a n  L 2 ( 0 ,  o o )  
f u n c t i o n ,  t h u s ,  
U s i n g  t h e  a r g u m e n t  g i v e n  b y  ( 6 . 3 . 6 )  w e  s e e  t h a t  t h e  s e c o n d  t e r m  o f  ( 6 . 3 . 4 )  d e c a y s  e x p o -  
n e n t i a l l y  q u i c k l y .  
W e  c a n  s h o w  t h a t  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 6 . 3 . 3 )  d e c a y s  e x p o n e n t i a l l y  
u s i n g  t h e  f o l l o w i n g  a r g u m e n t :  
C o m b i n i n g  t h e s e  f a c t s  w e  s e e  t h a t  
C h a p t e r  6 ,  S e c t i o n  3  R x p r ~ n e n t i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  a  N o n t r i v i a l  S t o c h a s t i c  R a n d o m  V a r i a b l e  
-  
w h e r e  m ( X o )  =  c l  ( ( X O ( ( ~  +  c z +  C ( ( R , I I ~  a n d  X  <  r n i n ( P ,  7 ) .  
P r o o f  o f  P r o p o s i t i o n  6 . 3 . 1 .  C o n s i d e r  t h e  c a s e  w h e r e  0  <  p  5  2  a n d  p  >  2  s e p a r a t e l y .  
W e  b e g i n  w i t h  t h e  c a s e  w h e r e  0  <  p  5  2 .  U s i n g  t h e  a r g u m e n t  g i v e n  b y  ( 6 . 3 . 2 )  s h o w s  t h a t  
I E  [ l l ~ , 1 1 ~ ]  <  0 0 .  N O W  a p p l y i n g  L i a p u n o v ' s  i n e q u a l i t y  w e  s e e  t h a t  
W e  n o w  s h o w  t h a t  ( 6 . 2 . 4 )  h o l d s  f o r  0  5  p  <  2 .  L i a p u n o v ' s  i n e q u a l i t y  a n d  L e m m a  6 . 3 . 1  
c a n  b e  a p p l i e d  a s  f o l l o w s :  
w h e r e  m p ( X o )  =  r n ( x o ) ; a n d  P p  =  X p .  
N o w  c o n s i d e r  t h e  c a s e  w h e r e  p  >  2 .  I n  t h i s  c a s e ,  t h e r e  e x i s t s  a  c o n s t a n t  m  E  W  s u c h  t h a t  
2 ( m  -  1 )  <  p  _ <  2 r n .  W e  n o w  s e e k  a n  u p p e r  b o u n d  o n  I E  ( ( x ,  1 I z m  a n d  IE [ I ( x ( t )  -  X, ( ( 2 m ] ,  
w h i c h  w i l l  i n  t u r n  g i v e  a n  u p p e r  b o u n d  o n  B  ( ( X , I J p  a n d  I E  [ I ( X ( t )  -  X , l ( p ]  b y  u s i n g  
L i a p u n o v ' s  i n e q u a l i t y .  C l e a r l y ,  w e  s e e  t h a t  
b y  a p p l y i n g  L e m m a s  3 . 3 . 1  a n d  6 . 3 . 3 .  
N o w  c o n s i d e r  I E  [ j l X ( t )  -  ~ , 1 1 ~ ~ ] ,  U s i n g  t h e  v a r i a t i o n  o f  p a r a m e t e r s  r e p r e s e n t a t i o n  o f  
t h e  s o l u t i o n  a n d  t h e  e x p r e s s i o n  o b t a i n e d  f o r  X, w e  s e e  t h a t  
Chapter 6, Section 3 Expa~~enlial Converge~~cce olSolutions af t3.1.1) to r Nontrivial S t o c l i ~ ~ i c  Fhndom VnrialJlo 
Now taking norms, 
raising boll1 sides of the equation ta the 2mth power, 
then taking t?xpectations across the inequality, we RIT~V(? at 
TVe coi~sider each term on the right hatrd side of (6,3.8). Using (2.2.7) and (3.2.3) m can 
apply Lemma 6.3,2 to obtain (2.2.8). Thcn using (2.2.7), (2.2.8) and (2.2.13) wc see from 
Theorem 2.2.5 that 
Now, cansidcr thc sccoi~d tenn on the right hand side of (8.3.8). Using thr! ttrgument, given 
by (6.3.6) wc see that J: ( ( (R( t  - 9) - & ) ~ ( . s ) l l ~  ds 5 ~ e - ~ ~ '  where X < min(B, 7) .  NOW 
C 1 1 n p r . r  6 ,  S e c t i o n  3  E x p o n e n t i a l  a n v e r g e n c d  o f  S o l u t l o n s ~ ( 3 . 1 . 1 )  t o  A  N o l i t r l v I a l  S t o c Z t w t i c  R a n d a r n  V a r i a b l e  
u s i n g  L e m m a  6 . 3 . 3  w e  s e e  t h a t  
U s i n g  ( 6 . 3 . 7 )  c o m b i n e d  w i t h  L e r n m n  0 . 3 . 3  a n d  t h e  D o m i n a t e d  C o l l v e r g e ~ c e  T h e o r e m ,  
w e  s b o w  t h a t  t h e  t h i r d  t e r m  d e c a y s  c x p o n ~ 1 1 l 7 t i a l l y  q u i c k l y :  
'rn - 2 m v . 1 ,  
5  d , ( n , d ) C  e  
C o m b i r ~ i n g  ( 6 . 3 . 9 ) .  ( 8 . 3 . 1 0 )  a n d  ( 6 . 3 . 1  1 )  t h e  i n e q u n l i t y  ( 6 . 3 . 8 )  b e c o m e s  
U s i l ~ g  L i n p ~ ~ n w ' r  i n e q u n l i t ~ .  t h e  i n e q u a l i w  ( 6 . 3 . 1 2 )  i m p l i e s  
C h a p t e r  6 ,  S e c t i o n  3  E x p o n e n t i a l  C o n v e r w ~ ~ c e  a f  S o l u t i u n ~  o f  ( 3 . 1 . 1 j  t o  a  M a n t r i v i a l  S t o c h a s t i c  R a n d o m  V a r l ~ b ! _ e  
P r o o f  o f  P r o p o s i t i o n  6 . 3 . 2 .  I n  o r d e r  t o  p r o v e  t h i s  p r o p o s i t i o n  w e  m u s t  s h o w  t h a t  
F o r  e a c h  t  >  0  t h e r e  e x i s t s  n  E  N  s u c h  t h a t  n  -  1  5  t  <  n .  D e f i n e  A ( t )  =  X ( t )  -  X , .  
I n t e g r a t i n g  ( 3 . 1 . 1 )  o v e r  [ n -  1 ,  t ] ,  t h e n  a d d i n g  a n d  s u b t r a c t i n g  X ,  o n  b o t h  s i d e s  w e  o b t a i n  
t  
X ( t )  -  X ,  =  ( X ( n  -  1 )  -  X , )  +  
A ( X ( s )  -  X , )  d s  
I-1 
K ( s  -  u ) ( X ( u )  -  X , )  d u d s  +  
a p p l y i n g  L e m m a  4 . 4 . 1  t h i s  b e c o m e s  
t  t  
A ( t )  =  A ( n  -  1 )  +  
( A A ( s )  +  ( K  *  A ) ( s ) )  d s  +  1  C ( s )  d B ( s )  
6 - 1  n - 1  
t  
-  1 - 1  K l ( s )  d s  X,. ( 6 . 3 . 1 4 )  
T a k i n g  n o r m s  o n  b o t h  s i d e s  o f  ( 6 . 3 . 1 4 ) ,  
a n d  s q u a r i n g  b o t h  s i d e s  t h i s  b e c o m e s ,  
T h i s  t h e n  b e c o m e s  
C h a p t e r  5 ,  S e c t i o n  3  E x p o n n n l f n l  C o t ~ v e r ~ n c e  o C S a l u t i o n 8  o r  ( 3 . 1 . 1 )  t o  a  N o n b r i v i d  S t o c h n t r t l c  b n d o r n  V a r l a l ~ l s  
t a k i n g  s u p r c m a ,  
s u p  l l ~ ( t ) ( I ~  5  4  
r r - l < t S n  
b e f o r e  f i n d l y  t a k i n g  ~ x p e c t a t ~ i o n s  y i e l d s :  
W E  n o w  c o n s i d e r  c n c l l  t e r m  o n  t h e  r i g i d  h a n d  s i d e  o f  ( 6 . 3 . 1  5 ) .  n o r n  L c m m a  6 . 3 . 1  w e  s e c  
t h a t .  t h e  f i r s t  t e r m  s a t i s f i e s  
I n  o r d e r  t o  o b t n i n  a n  e x p o n c n t i n l  b o u n d  o n  t h e  s e c o n d  t e r m  a n  t h e  r i g h t  h a n d  s i d e  o f  
( 8 . 3 . 8 )  w e  r n n k e  u s e  a l  t h e  C a u c h y - S c h w w z  i n e q u a l i t y  n s  f o l l o w s :  
C l ~ a p b r  6 .  S e c t i o n  3  E x p o n e n t i a l  C n n v n r ~ t ~ c e  o I S o u n s  0 1  ( 3 . 1 . 1 )  t o  a  N o n t r i v i a l  S t o c l r r ~ t l c  R t t n d o r n  V f i r i a b l e  
w h e r e  K, =  J r  e a t l l K ( t ) l l  d t .  T a k e  e x p e c t a t i o n s  a n d  e x a m i n e  t h e  t w o  t e r m s  w i t h i n  t h e  
i n t e g r a l .  U s i n g  L e m m a  6 . 3 . 1  w e  o b t a i n  
5  1 1 ~ 1 1 ~ r n ( X o )  r L  e - 2 h '  d s  
( 6 . 3 . 1 7 )  
n -  1  
<  c 1 ( X o ) e  
- 2 X ( n - 1 )  
-
I n  o r d e r  t o  o b t a i n  a n  e x p o n e n t i a l  u p p e r  b o u n d  f o r  t h e  s e c o n d  t e r m  w i t h i n  t h e  i n t e g r a l  w e  
a p p l y  L e m m a  6 . 3 . 4  w i t h  K  =  K ,  a  =  5 ,  A  =  
a n d  7 j ~  =  f j .  
<  m ( x O ) L  S n  I s  e - " u ~ ~ ~ ( u ) l l e - 2 " ( D Y )  d u d s  
-
( 6 . 3 . 1 8 )  
n - 1  0  
<  c 2  ( x ~ )  e - v ( " - l ) .  
N e x t ,  w e  o b t a i n  a n  e x p o n e n t i a l  u p p e r  b o u n d  o n  t h e  t h i r d  t e r m .  B y  t h e  B u r k h o l d e r -  
D a v i s - G u n d y  i n e q u a l i t y ,  t h e r e  e x i s t s  a  c o n s t a n t  c 3  >  0  s u c h  t h a t  
A p p l y i n g  ( 6 . 3 . 7 )  w e  s e e  t h a t  
N o w  c o n s i d e r  t h e  l a s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  of ( 6 . 3 . 1 5 ) .  U s i n g  ( 2 . 2 . 1 3 )  w e  s e e  t h a t  
( 2 . 5 . 5 )  h o l d s .  U s i n g  t h i s  a n d  t h e  f a c t  t h a t  I E  I J X m J 1 2  <  o o  ( s e e  ( 6 . 3 . 2 ) )  w e  o b t a i n  
2  
I I K l ( ~ ) l l  d ~ ) ~  B  I I X ~ ~ ~ ~  <  &  I I X ~ ~ ~ ~  ( 1 1  ~ e - , '  d s ) 5  ~ 4 e - ~ ~ ( " - l ) .  ( 6 . 3 . 2 1 )  
C o m b i n i n g  ( 6 . 3 . 1 6 ) ,  ( 6 . 3 . 1 7 ) ,  ( 6 . 3 . 1 8 ) ,  ( 6 . 3 . 2 0 )  a n d  ( 6 . 3 . 2 1 )  w e  o b t a i n  
r  
-  
E  1  s u p  I I X ( ~ )  -  X , / I ' ]  5  * ( ~ o ) e - ~ q ( ~ - ' ) ,  
n - l < t < n  
C h a p t e r  6 ,  S e c t i o n  3  E x p o n e n t i a l  C d n w r g n c e  o f  S o l u t i o n n  O F  ( 3 , l . I )  t o  a  N o n t r i v i a l  S t o c h r s t i c  R a n d o m  V n r i ~ b l e  
w h e r e  f i ( X o )  =  4  ( ~ ( X O )  +  C I  
- I -  c z ( X o )  +  4 5 :  +  q ) .  
W c  c a n  n o w  a p p l y  t h e  l i n e  o f  r c a w n i n g  n g e d  i n  1 2 6 ,  T h e o r e m  4 , 4 . 2 ]  t o  o b t a i n  ( 6 . 2 . 5 ) .  
L e t  E  E  ( 0 ,  q )  b e  a r b i t r a r y .  S i n c e  ( 6 . 3 . 1 3 )  h o l d s  w c  c a n  a p p l y  C h c b p h e v ' s  i n e q u a l i t y :  
S i n c e  x z ,  e - c [ n - ' l  <  m  w e  c a n  a p p l y  t h e  f i r s t  R o r c l - C a n k l l i  l c i ~ l r n w  t o  s e e  t h M ,  f o r  
w  E  R n ,  w i t h  P [ f l O ]  =  1, 
s u p  ~ ( X ( ~ , L J )  -  x ~ { w ) I I ~  5  e - 2 ( ~ - ' ) ( n + 1 ) ,  n  2  n g ( w ) .  
n - l s t s t a  
C o n ~ q u m i t - l y ,  f o r  n  -  1  5  t  <  T I ,  
B u t  s i n c e  r  i s  n s t i t r h r y  t h i s  m e a n s  t h a t  
I  
l i m s u p  -  l o g  1 \ X ( t )  -  X m I I  <  - q r  
n . s .  
l - o o  t  
P r o o f  o f  L e m m a  6 . 9 . 2 .  C o n s i d e r  t h e  r e f o r m u l a t i o n  o f  ( 2 . 1 . 1 )  g i v e n  b y  ( 2 . 3 . 8 ) .  F r o m  
T h e o r c r n  1 . 1 . 2  w c !  k n o w  t l ~ n t  Y  c a n  b e  c x p r c s s c d  a s  
w h c r e  t h e  f t i r l c t i o n  7 .  s n t i s f  e s  r  +  I :  1 :  3 .  =  F  a n d  7 -  % -  r  *  F  =  F ,  C o n s i d e r  t h e  f i r s t  t e r m  o n  
t h e  r i g h t  h a n d  s i d e  o f  ( ( 3 . 3 . 2 2 ) .  A s  ( 2 . 2 . 7 )  l r o l d s  i t  is c l e a r  t h a t  t h e  f u ~ ~ c t i o n  G i s  i n t s g ~ a h l e .  
N o w  c o n s i d e r  t h e  s e c o n d  t e r m .  S i n c e  ( 2 . 2 . 8 )  a n d  ( 3 . 2 . 1 )  h o l d  w c  m a y  ~ p p l y  L e m m a  3 . 3 . 3  
C h a p t e r  8 ,  S e c t i o n  I  E x p o n e n l i n l  C h n v e r m n c o  o f  S u l u t i o n s  o f  ( 3 . 1 . 1 )  t o  a  N o n t r i v i a l  S t o c h a s t i c  h n d o r n  V w i n b i e  
t o  o b t a i n  ( 3 . 3 . 4 ) .  
N o w  w e  m a y  a p p l y  T h e o r e m  2 . 2 . 3  t o  s e e  t h a t  r  i s  i n t e g r a b l e .  T h e  
c o n v o l u t i o n  o f  a n  i n t e g r a b l e  f u n c t i o n  w i t h  a n  i n t e g r a b l e  f u n c t i o n  i s  i t s e l f  i n t e g r a b l e .  N o w  
c o m b i n i n g  t h e  a r g u m e n t s  f o r  t h e  f i r s t  a n d  s e c o n d  t e r m s  w e  s e e  t h a t  ( 2 . 2 . 8 )  m u s t  h o l d .  
P r o o f  o f  L e m m a  6 . 9 . 3 .  W e  s e e  t h a t  
A p p l y i n g  ( 1 . 1 . 1 )  t w i c e  w e  o b t a i n  
w e  c a n  u s e  t h e  f a c t  t h a t  f o r  a  n o r m a l l y  d i s t r i b u t e d  r a n d o m  v a r i a b l e  X  ( X  
N ( 0 , a 2 ) )  
2 m  -  ( 2 m ) ! u z m  
o b e y s  lE [ X  ]  -  t o  o b t a i n  
6 . 4  
N e c e s s a r y  C o n d i t i o n s  f o r  E x p o n e n t i a l  C o n v e r g e n c e  o f  
S o l u t i o n s  o f  ( 3 . 1 . 1 )  
I n  t h i s  s e c t i o n ,  t h e  n e c e s s i t y  o f  c o n d i t i o n  ( 6 . 2 . 1 )  f o r  e x p o n e n t i a l  c o n v e r g e n c e  i n  t h e  a l m o s t  
s u r e  a n d  p t h  m e a n  s e n s e s  i s  s h o w n .  P r o p o s i t i o n  6 . 4 . 1  c o n c e r n s  t h e  n e c e s s i t y  o f  t h e  c o n d i t i o n  
i n  t h e  a l m o s t  s u r e  c a s e  w h i l e  P r o p o s i t i o n  6 . 4 . 2  d e a l s  w i t h  t h e  p t h  m e a n  c a s e .  
1 0 9  
C h a p t e r  6 ,  S e c t i o n  4  
E x p o n e n t i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 3 . 1 . 1 )  t o  a  N o n t r i v i a l  S t o c h n s t l c  R a n d o m  V a r i a b l e  
P r o p o s i t i o n  6 . 4 . 1 .  L e t  K  s a t i s f Z l  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  I f  t h e r e  
e x i s t s  a  c o n s t a n t  a  >  0  s u c h  t h a t  ( 2 . 2 . 1 3 )  h o l d s ,  a n d  i f  f o r  a l l  X o  t h e r e  i s  a  c o n s t a n t  v e c t o r  
X , ( X o ,  C )  s u c h  t h a t  t h e  s o l u t i o n  t  H  X ( t ;  X O ,  C )  o f  ( 3 . 1 . 1 )  s a t i s f i e s  s t a t e m e n t  ( i i i )  o f  
T h e o r e m  6 . 2 . 2 ,  t h e n  t h e r e  e x i s t s  a  c o n s t a n t  y  >  0 ,  i n d e p e n d e n t  o f  X o ,  s u c h  t h a t  ( 6 . 2 . 1 )  
o f  T h e o r e m  6 . 2 . 2 ( i )  h o l d s .  
P r o p o s i t i o n  6 . 4 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  C  s a t i s f y  ( 3 . 1 . 2 ) .  I f  t h e r e  
e x i s t s  a  c o n s t a n t  a  >  0  s u c h  t h a t  ( 2 . 2 . 1 3 )  o f  T h e o r e m  6 . 2 . 2 ( i )  h o l d s ,  a n d  i f  f o r  a l l  X o  
t h e r e  i s  a  c o n s t a n t  v e c t o r  X , ( X o ,  C )  s u c h  t h a t  t h e  s o l u t i o n  t  H  X ( t ; X O ,  C )  o f  ( 3 . 1 . 1 )  
s a t i s f i e s  s t a t e m e n t  ( i i )  o f  T h e o r e m  6 . 2 . 2 ,  t h e n  t h e r e  e x i s t s  a  c o n s t a n t  y  >  0 ,  i n d e p e n d e n t  
o f  X o ,  s u c h  t h a t  ( 6 . 2 . 1 )  o f  T h e o r e m  6 . 2 . 2 ( i )  h o l d s .  
I n  o r d e r  t o  p r o v e  t h e s e  p r o p o s i t i o n s  t h e  i n t e g r a l  v e r s i o n  o f  ( 3 . 1 . 1 )  i s  c o n s i d e r e d .  B y  
r e f o r m u l a t i n g  t h i s  v e r s i o n  o f  t h e  e q u a t i o n  a n  e x p r e s s i o n  f o r  a  t e r m  r e l a t e d  t o  t h e  e x p o -  
n e n t i a l  i n t e g r a b i l i t y  o f  t h e  p e r t u r b a t i o n  i s  f o u n d .  U s i n g  v a r i o u s  a r g u m e n t s ,  i n c l u d i n g  t h e  
M a r t i n g a l e  C o n v e r g e n c e  T h e o r e m  i n  t h e  a l m o s t  s u r e  c a s e ,  t h i s  t e r m  i s  u s e d  t o  s h o w  t h a t  
( 6 . 2 . 1 )  h o l d s .  
A  s u p p o r t i n g  r e s u l t  i s  n o w  s t a t e d .  T h i s  w a s  p r o v e d  i n  [ 5 ] ,  b u t  f o r  c o m p l e t e n e s s  t h e  
p r o o f  i s  g i v e n  i n  A p p e n d i x  A .  
L e m m a  6 . 4 . 1 .  L e t  N  =  ( N l , .  .  .  ,  N , )  w h e r e  N i  N  N ( 0 , v ; )  f o r  i  =  1 , .  .  .  ,  n ,  t h e n  t h e r e  
e x i s t s  a  v i - i n d e p e n d e n t  c o n s t a n t  d l  >  0  s u c h  t h a t  
P r o o f  o f  P r o p o s i t i o n  6 . 4 . 1 .  I n  o r d e r  t o  p r o v e  t h i s  r e s u l t  w e  f o l l o w  t h e  a r g u m e n t  u s e d  
i n  [ 5 ,  T h e o r e m  4 - 1 1 .  L e t  0  <  y  <  a  A  D o .  B y  d e f i n i n g  t h e  p r o c e s s  Z ( t )  =  e Y t X ( t )  a n d  t h e  
m a t r i x  n ( t )  =  e Y I K ( t )  w e  c a n  r e w r i t e  ( 3 . 1 . 1 )  a s  
C h a p L e r  6 ,  S e c t f a n  4  
E x p o n e n t i a l  G n v e r g e e c e  o f s o t l l t i m l ~  a I  ( 3 . 1 . 1 )  t o  ~ t  h l o n c t i v l a l  S t o f ) r a s t i c  RnncJorn V n r i n b l e  
U s i n g  i n t e g r a t i o n  b y  p a r t s  t h i s  b e c o m e s :  
R c ~ r r a n g i n g  t h e  e q u a t i o n  o n e  o b l d n s :  
R l u l t i p l y i n g  b o t h  s i d e s  b y  e T t :  
t h e  i n t e g r a l  f o r m  of w h i c h  i s  
[  
K ( r  -  u ) Z ( u )  d u d s  - k  
Z ( t )  -  Z ( 0 )  =  ( 7 1  4 -  A )  
Z ( s )  t l s  +  
U s i n g  Z ( 1 , )  =  e T t X [ f )  a i l d  r e a r r a n g i n g  t h e  e q u a t i o n  t h i s  b m o m e s  
A d d i n g  a n d  s u b t r a c t i n g  X m  f m m  t l ~ e  r i g h t  h a n d  s i d e  
-  [  c T '  1' K ( s  -  u ) ( X  ( m u )  -  X,) r l u  d . 5  - k  e f l X ,  
-  ( y l +  A )  C ~ ' X m d S  -  & L e w [ ~ ( r  - o ) ~ , d l L b  
-  e 7 * ( X ( t }  -  X,) -  ( X o  -  X m )  -  ( 7 1  +  A )  
X ( s )  -  X m )  d s  
l f  (
-  1 '  P T "  L a  I < ( I  -  ( t )  ( X ( Z L )  - X m )  ( l v  d ~  
-  1' c 7 '  ( A  +  L r n  I (  ( T L )  d t r )  X m  d n  
+  1 '  c?' l r n  I C ( u )  X, d u  d a .  
Clinpter 6, SrxLiqn I Exponential Convergent* of Solutktctol (3.1.1) to n Nontrivinl Stochastic Random Variable 
Applying Lemma 4.4.1 we obtain: 
- 1' CT* La K(J  - e)(X(u) - X,) duds + eTaKl (u) duds X,. (8.4.1) I' 
Consider each term on the rig11C hand side of (6.4.11, We scc that the first term tends to 
zero as (6.2.5) holds and y < flo. The second term is finite by hypothesis. Again, using the 
fact that. Y < Po anrl that ~ssurnp t io~~  (6.2.5) holds we see thnt +(X - X,) E ~ ~ ( 0 ,  co), 
so thr! third term 4,cnds to R limit RS 1 4 w. NOW cons id^^' thc fo~rth term. Since 
0 < y c a A/&, we can chhoasc yr > 0 such that y < yj < a Ahoh Now, we can wply an 
arpmcnt similar to (2.5.4) to sl~aiv that 
Tl~us,  it is clcm that the Fourth term has rc finite limit as C 4 m. Findly, the fifth term 
on the right hni~cl side of (6,4.I) tlas a finitc limit at infinity, using the argument given by 
(2 .5 .5 ) .  Each tern) on the right l l ~ n d  side of the incqunlity has ts finite limit t -4 oo, so 
therefore 
lirn it e-FC(s) dB(.)  exists md is d m o s t  nurely finite. 
I-m 
The Martinga.le Convci*gence TI~eorcm may now be applied component by camponcnt to 
obtain (6.2.1), 0 
Pmof of Proposition 15.4.2. By Lemma 3.4.1, (8.4.1) still holds, Definr! 7 < c~ A PI, 
=>er 0, Smlon 1 Gxpancntial C o n v e r g p  0TSolutiona of (9.1.1) to a No~briviRi Stochturtic Random Variabln 
take norms nild expectations across (6.4.1) to obtnjh 
By Theorem 6.3.1 there exists m1 such that 
thus thc first, second auld third terms on tho right hand side of (6,4.2) are uniformly 
bouncled an [Ci, m). Now consider the fourth term. Since 0 < 7 < cr A PI,  we call choose 
yl > Q such that y < rl c: cr A pl. Wow we can apply an argumenl simila' to (2.5.4) to  
show that 
so it is C I C R ~  that LIle fourth tcrln is uniformly bouiidcd on [O,m). Finally, we consider 
the final term 01.1 the right hand side of (6.4.2). Using (2.5.5) we obtain 
since r < a. Thus there is a constant c > 0 sucI1 that 
The proof ~IDR' follows the line of reasoning found in [5, Tlieorcn~ 4.31: ohset~ro that 
C h ~ p t e r  6 ,  S e c t i o n  5  E x p o n e n t i n 1  C o n v e r g e n c e  O F  S o l u t i o n s  o r  ( 3 . 1 . 1 )  t o  a  M o r b t r i r i u l  S t a c h a s t l c  R a n d o r n  V a r i a b l e  
w h e r e  
I t  i s  c l e a r  t h a t  N i ( t )  i s  n o r m a l l y  d i s t r i b u t e d  w i t h  z e r o  m e a n  a n d  v a r i a n c e  g i v e n  b y  
L e m m a  6 . 4 . 1  a n d  ( 6 . 4 . 4 )  m a y  n o w  b y  a p p l i e d  t o  o b t a i n :  
A l l o w i n g  t  - +  o o  o n  b o t h  s i d e s  o f  t h i s  i n e q u a l i t y  y i e l d s  t h e  d e s i r e d  r e s u l t .  
6 . 5  
O n  t h e  N e c e s s a r y  a n d  S u f f i c i e n t  C o n d i t i o n s  f o r  E x p o -  
n e n t i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 3 . 1 . 1 )  
W e  n o w  c o m b i n e  t h e  r e s u l t s  f r o m  S e c t i o n s  6 . 3  a n d  6 . 4  t o  p r o v e  T h e o r e m  6 . 2 . 2 .  
P r o o f  o f  T h e o r e m  6 . 2 . 2 .  W e  b e g i n  b y  p r o v i n g  t h e  e q u i v a l e n c e  b e t w e e n  ( i )  a n d  ( i i ) .  
T h e  i m p l i c a t i o n  ( i )  i m p l i e s  ( i i )  i s  t h e  s u b j e c t  of T h e o r e m  6 . 3 . 1 .  W e  c a n  d e m o n s t r a t e  t h a t  
( i i )  i m p l i e s  ( i )  a s  f o l l o w s :  w e  b e g i n  b y  p r o v i n g  t h a t  ( 6 . 2 . 4 )  i m p l i e s  ( 2 . 2 . 1 3 ) .  W e  c o n s i d e r  
t h e  f o l l o w i n g  n  s o l u t i o n s  o f  ( 3 . 1  . I ) ;  X j  ( t ) j , l , . . .  , n  w h e r e  X j  ( 0 )  =  e j .  S i n c e  ( 6 . 2 . 4 )  h o l d s  w e  
o b t a i n  
f o r  e a c h  j  =  1  .  .  .  ,  n .  T h u s ,  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  d e c a y s  e x p o n e n t i a l l y  t o  R,. W e  
c a n  a p p l y  T h e o r e m  2 . 2 . 5  t o  o b t a i n  ( 2 . 2 . 1 3 )  a f t e r  w h i c h  P r o p o s i t i o n  6 . 4 . 2  c a n  b e  a p p l i e d  
C h a p t e r  6 ,  S o c t l o n  5  E x p o t 1 e n t l 8 1  C o n v c r g e n o c  o l S o l u t i o n s  o f  ( 3 . 1 . 1 )  t ~  a  N o n t r i v i a l  S J o c l ~ n s t I c  R a n d o m  V a r i a b I c  
-  
o b t a i n  ( 6 . 2 . 1 ) .  A s  ( 6 , 5 . ' 1 )  l r o I d s  i t  i s  c l e a r  t b n t  ( 3 . 2 . 3 )  I r o l d s  a n d  n s  ( 6 . 2 . 1 )  a n d  M  R R ,  
i s  f i n i t e  i t  i s  c l e a r  t h a t  ( 3 . 2 . 6 )  h o l d s .  
W e  n o w  p r o v e  t h e  e q u i v d e n m  b e t w e e n  ( i )  a n d  ( i i i ) .  T h c  i m p l i c a t i o n  ( I )  i m p l i e s  ( i i i )  
i s  t h e  s u b j e c t  o f  T k e a r c m  6 . 3 . 2 .  
W e  n o w  d e m o n s t r a t e  t h a t  ( i i i )  i m p l i e s  ( i ) .  Wc b e g i n  
b y  p r o v i n g  t h a t  ( 6 . 2 . 5 )  i m p l i e s  ( 2 . 2 . 1 3 ) .  A s  ( 6 . 2 . 5 )  h o l d s  f o r  a l l  X o  w c  c a n  c o n s i d e r  t h e  
f o l l o w i n g  n  +  I  s o l u t i o n s  o f  ( 3 . 1  . I ) ;  X j ( t )  j = l , . . .  
1  w h e r e  
W e  k ~ ~ a w  t h a t  X j ( b )  a p p r a a c h r s  X j ( m )  e x p o l l e n t i a l l y  q u i c k l y  i n  t h e  a l m o s t  s t i r e  s e n s e ,  
I n t r o d u c e  
n n d  n o t i c e  S j ( 0 )  =  e j .  L e t  S  =  l S 1 ,  .  .  .  ,  S , ]  E  h / r , , , ( O ,  m ) .  T h e n  
I f  w e  r l c f i n c  S j ( m )  =  X j ( a o )  -  X , + l ( o o )  t h e n  S ( t )  +  S ,  e x p o n e n t i u l l y  q u i c k l y  s o  w e  
c a n  a p p l y  T t r e o r e n ~  2 . 2 . 5  t o  o b t a i n  ( 2 . 2 . 1 3 ) ,  A s  ( 2 . 2 . 1 3 )  n n d  ( 6 . 2 . 5 )  h o l d  w e  c n n  a p p l y  
P r o p o s i t i o n  6 . 4 . 1  t o  o h t ~ i l ~  ( 6 . 2 , l ) .  A g a i n ,  a s  ( 6 . 5 . 1 )  h o l d s  i t  i s  c l e a r  t h t t t .  ( 3 . 2 . 3 )  h o l d s  
a n d  a s  ( ( i . 2 . 1 )  I ~ o l d s  n n t l  &, i s  f i n i t e  i t  i s  c l c a r .  ! . h a t  ( 3 . 2 . 6 )  h o l d s .  T h i s  p r o v e s  t l i n t  ( i i i )  
i m p l i e s  ( i } '  
C h a p t e r  7  
E x p o n e n t i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  t o  
a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
7 . 1  I n t r o d u c t i o n  
I n  t h i s  c h a p t e r  w e  s t u d y  t h e  e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  o f  
t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e .  N o t e  t h a t  A ,  B  a r e  d e f i n e d  a s  b e f o r e  a n d  K ,  f  a n d  C  
s a t i s f y  ( 2 . 1 . 2 ) ,  ( 2 . 1 . 4 )  a n d  ( 3 . 1 . 2 )  r e s p e c t i v e l y .  
R e s u l t s  a n a l o g o u s  t o  t h o s e  o b t a i n e d  i n  C h a p t e r  6  a r e  p r o v e n :  w e  f i n d  t h e  n e c e s s a r y  
a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  o f  ( 7 . 1 . 1 ) .  H e r e ,  t h e  
a n a l y s i s  i s  c o m p l i c a t e d ,  p a r t i c u l a r l y  i n  t h e  a l m o s t  s u r e  c a s e ,  d u e  t o  p r e s e n c e  o f  b o t h  a  
d e t e r m i n i s t i c  a n d  s t o c h a s t i c  p e r t u r b a t i o n .  
T h e s e  t h e o r e t i c a l  r e s u l t s  a r e  t h e n  u s e d  t o  i n t e r p r e t  t h e  e q u a t i o n  a s  a n  e p i d e m i o l o g i c a l  
m o d e l .  C o n d i t i o n s  u n d e r  w h i c h  a  d i s e a s e  b e c o m e s  e n d e m i c ,  w h i c h  i s  t h e  i n t e r p r e t a t i o n  
w h e n  s o l u t i o n s  s e t t l e  d o w n  t o  a  n o n - t r i v i a l  a r e  s t u d i e d .  T h e  t h e o r e t i c a l  r e s u l t s  a r e  e x -  
p l o i t e d  t o  h i g h l i g h t  t h e  s p e e d  a t  w h i c h  t h i s  c a n  o c c u r  w i t h i n  a  p o p u l a t i o n .  
7 . 2  D i s c u s s i o n  o f  R e s u l t s  
I n  t h i s  s e c t i o n ,  t h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  s o l u t i o n  o f  ( 7 . 1 . 1 )  t o  c o n v e r g e  
e x p o n e n t i a l l y  t o  a  n o n t r i v i a l  l i m i t  a r e  s t a t e d .  
T h e o r e m  7 . 2 . 1 ,  s t a t e d  b e l o w ,  i s  a n  a n a l o g u e  o f  T h e o r e m  6 . 2 . 2 .  I n  T h e o r e m  7 . 2 . 1  t h e  
b e h a v i o u r  o f  t h e  s o l u t i o n  t o  e q u a t i o n  ( 7 . 1 . 1 )  i s  c o n s i d e r e d  r a t h e r  t h a n  t h e  b e h a v i o u r  o f  
C h a p t e r  7 ,  S e c t i o n  3  
E x p o n e n t i a l  & ~ ~ t v e r g e n e u  o f  S o l u t i o n s  o f  ( 7  1 . 1 )  t o  a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
t h e  s o l u t i o n  t o  e q u a t i o n  ( 3 . 1 . 1 ) .  T h e  p r o o f  o f  t h i s  t h e o r e m  i s  c o m p l i c a t e d  b y  t h e  p r e s e n c e  
n o t  o n e  b u t  t w o  p e r t u r b a t i o n s .  
T h e o r e m  7 . 2 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  l e t  f  s a t i s f y  
( 2 . 1 . 4 ) .  I f  K  s a t i s f i e s  ( 2 . 2 . 1 2 )  t h e  f o l l o w i n g  a r e  e q u i v a l e n t .  
( i )  T h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  a n d  
t h e r e  e x i s t  c o n s t a n t s  a  >  0 ,  y  >  0 ,  p  >  0  a n d  c l  >  0  s u c h  t h a t  K  a n d  C  a n d  t h e  t a i l  
o f  t h e  p e r t u r b a t i o n  f l  d e f i n e d  b y  ( 2 . 2 . 1 5 )  s a t i s f y  ( 2 . 2 . 1 3 ) ,  ( 6 . 2 . 1 )  a n d  
r e s p e c t i v e l y .  
( i i )  F o r  a l l  i n i t i a l  c o n d i t i o n s  X o  a n d  c o n s t a n t s  p  >  0  t h e r e  e x i s t s  a n  a . s .  f i n i t e  ~ ~ ( o o ) -  
m e a s u r a b l e  r a n d o m  v a r i a b l e  X , ( X o ,  C ,  f )  w i t h  E  11X,Jlp <  o o  s u c h  t h a t  t h e  u n i q u e  
c o n t i n u o u s  a d a p t e d  p r o c e s s  X ( .  ;  X o ,  C ,  f )  w h i c h  o b e y s  ( 7 . 1 . 1 )  s a t i s f i e s  
w h e r e  ,B; a n d  m l * ,  =  m G ( X o )  a r e  p o s i t i v e  c o n s t a n t s .  
( i i i )  F o r  a l l  i n i t i a l  c o n d i t i o n s  X o  t h e r e  e x i s t s  a n  a . s ,  f i n i t e  F B ( o o ) - m e a s u r a b l e  r a n d o m  
v a r i a b l e  X , ( X o ,  C ,  f )  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  X ( .  ;  X o ,  C ,  f  )  
w h i c h  o b e y s  ( 7 . 1 . 1 )  s a t i s f i e s  
1  
l i m s u p  -  l o g  I I X ( t )  -  X,II L  - P o "  
a . s .  
t - c c  t  
w h e r e  P," i s  a  p o s i t i v e  c o n s t a n t .  
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  c o n d i t i o n  o n  t h e  d e t e r m i n i s t i c  p e r t u r b a t i o n  f  w h i c h  
e n s u r e s  t h a t  t h e  s o l u t i o n  o f  ( 2 . 1 . 1 )  c o n v e r g e s  e x p o n e n t i a l l y  t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e  
i s  t h e  s a m e  c o n d i t i o n  w h i c h  e n s u r e s  t h a t  t h e  s o l u t i o n  o f  ( 7 . 1 . 1 )  c o n v e r g e s  e x p o n e n t i a l l y  
t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e .  
C h a p t e r  7 ,  S e c t i o n  3  
F a ~ n t l a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  t ~  n  N o n t r i v i a l  R a n d o m  V a r l n b ! ~  
7 . 3  B i o l o g i c a l  A p p l i c a t i o n  
I n  t h i s  s e c t i o n ,  t h e  b i o l o g i c a l  a p p l i c a t i o n  c o n s i d e r e d  i n  S e c t i o n  4 . 3  i s  o n c e  a g a i n  e x a m i n e d .  
T h e o r e m  7 . 3 . 1  b u i l d s  o n  T h e o r e m  4 . 3 . 1 .  I n  T h e o r e m  4 . 3 . 1  s u f f i c i e n t  c o n d i t i o n s  f o r  c o n v e r -  
g e n c e  t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e  a r e  c o n s i d e r e d ;  T h e o r e m  7 . 3 . 1  c o n s i d e r s  n e c e s s a r y  
a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  e x p o n e n t i a l  c o n v e r g e n c e  t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e .  
T h e o r e m  7 . 3 . 1 .  L e t  n  =  d  =  1 .  L e t  w  s a t i s f y  ( 4 . 3 . 3 )  a n d  ( 4 . 3 . 6 ) ,  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  
a n d  l e t  $  s a t i s f y  ( 4 . 3 . 2 ) .  I f w  s a t i s f i e s  
w  d o e s  n o t  c h a n g e  s i g n  o n  [ 0 ,  c o ) ,  
t h e  f o l l o w i n g  a r e  e q u i v a l e n t .  
( i )  T h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  a n d  
t h e r e  e x i s t  c o n s t a n t s  a  >  0  a n d  y  >  0  s u c h  t h a t  w  s a t i s f i e s  
a n d  C  s a t i s f i e s  ( 6 . 2 . 1 ) .  
( i i )  F o r  a l l  i n i t i a l  f u n c t i o n s  $  s a t i s f y i n g  ( 4 . 3 . 2 )  a n d  c o n s t a n t s p  >  0  t h e r e  e x i s t s  a n  a l m o s t  
s u r e l y  f i n i t e  3 B  ( m )  - m e a s u r a b l e  r a n d o m  v a r i a b l e  X , ( $ ,  C )  w i t h  I E  I X , ( p  <  c o  s u c h  
t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o c e s s  X ( .  ;  4 ,  C )  w h i c h  o b e y s  ( 4 . 3 . 1 )  s a t i s f i e s  
w h e r e  ,O; a n d  m;5 =  m ; ( X o )  a r e  p o s i t i v e  c o n s t a n t s .  
( i i i )  F o r  a l l  i n i t i a l  f u n c t i o n s  q 5  s a t i s f y i n g  ( 4 . 3 . 2 )  t h e n  e x i s t s  a n  a . s .  f i n i t e  ~ B ( c o ) -  
m e a s u r a b l e  r a n d o m  v a r i a b l e  X , ( d ,  C )  s u c h  t h a t  t h e  u n i q u e  c o n t i n u o u s  a d a p t e d  p r o -  
c e s s  X ( .  ;  $ ,  C )  w h i c h  o b e y s  ( 4 . 3 . 1 )  s a t i s f i e s  
1  
l i m  s u p  -  l o g  I X ( t )  -  X,1 I  - 0 ;  
a . 3 .  
t 3 0 3  t  
% t c r  7 ,  S e c t i o n  4  
E x p o n e n t i a l  C a ~ w r ~ o ~ i c o  o f  S a ! i ~ t i a n ~  o f ( 7 . 1 . 1 )  La a  N o n t r i v i n l  R a n d o n r  V a r l a b b  
w h e r e  p i  i s  a  p o s i t i v e  c o n s t a n t .  
I t  i s  e v i d e n t  t h a t  t h e  e x p o n e n t i a l  d e c a y  o f  t h e  p o p u l a t i o n  i s  r e l i a n t  n o t  o n l y  o n  t h e  
d e t e r m i n i s t i c  f a c t o r s  b u t  a l s o  o n  t h e  e x t e r n a l  r a n d o m  i n f l u e n c e s .  
7 . 4  S u f f i c i e n t  C o n d i t i o n s  f o r  E x p o n e n t i a l  C o n v e r g e n c e  o f  
S o l u t i o n s  o f  ( 7 . 1 . 1 )  
I n  t h i s  s e c t i o n ,  s u f f i c i e n t  c o n d i t i o n s  f o r  e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  of ( 7 . 1 . 1 )  t o  
a  n o n - e q u i l i b r i u m  l i m i t  a r e  f o u n d .  P r o p o s i t i o n  7 . 4 . 1  c o n c e r n s  t h e  p t h  m e a n  s e n s e  w h i l e  
P r o p o s i t i o n  7 . 4 . 2  d e a l s  w i t h  t h e  a l m o s t  s u r e  c a s e .  
P r o p o s i t i o n  7 . 4 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  C  s a t i s f y  ( 3 . 1 . 2 ) ,  f  s a t i s f y  ( 2 . 1 . 4 )  
a n d  l e t  R ,  b e  a  c o n s t a n t  m a t r i x  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  I f  
t h e r e  e x i s t  c o n s t a n t s  a  >  0 ,  y  >  0  a n d  p  >  0  s u c h  t h a t  s u c h  t h a t  ( 2 . 2 . 1 3 ) ,  ( 6 . 2 . 1 )  a n d  
( 7 . 2 . 1 )  h o l d ,  t h e n  t h e r e  e x i s t  c o n s t a n t s  ,Op" >  0 ,  i n d e p e n d e n t  o f  X o ,  a n d  m ;  =  m ; ( X o )  >  0 ,  
s u c h  t h a t  s t a t e m e n t  ( z i )  o f  T h e o r e m  7 . 2 . 1  h o l d s .  
P r o p o s i t i o n  7 . 4 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  C  s a t i s f y  ( 3 . 1 . 2 ) ,  f  s a t i s f y  ( 2 . 1 . 4 )  
a n d  l e t  R ,  b e  a  c o n s t a n t  m a t r i x  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  I f  
t h e r e  e x i s t  c o n s t a n t s  a  >  0 ,  y  >  0  a n d  p  >  0  s u c h  t h a t  s u c h  t h a t  ( 2 . 2 . 1 3 ) ,  ( 6 . 2 . 1 )  a n d  
( 7 . 2 . 1 )  h o l d ,  t h e n  t h e r e  e x i s t s  a  c o n s t a n t  >  0 ,  i n d e p e n d e n t  o f  X o  s u c h  t h a t  s t a t e m e n t  
( i i i )  o f  T h e o r e m  7 . 2 . 1  h o l d s .  
L e m m a  7 . 4 . 1  i s  a n  a n a l o g u e  o f  L e m m a  6 . 3 . 1 ;  i t  i s  u s e d  i n  t h e  p r o o f  o f  P r o p o s i t i o n  7 . 4 . 1 .  
L e m m a  7 . 4 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 2 . 2 . 7 ) ,  C  s a t i s f y  ( 3 . 1 . 2 ) ,  f  s a t i s f y  ( 2 . 1 . 4 )  a n d  
l e t  R ,  b e  a  c o n s t a n t  m a t r i x  s u c h  t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 ) .  I f  t h e r e  
e x i s t  c o n s t a n t s  a  >  0 ,  y  >  0  a n d  p  >  0  s u c h  t h a t  s u c h  t h a t  ( 2 . 2 . 1 3 ) ,  ( 6 . 2 . 1 )  a n d  ( 7 . 2 . 1 )  
C h a p t e r  7 ,  S e c t i o n  4  
E x p o n e n t i a l  C o n v e r g e n c e  o f  S o t u t i o n a  o f  ( 7 . 1 . 1 )  t a  a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
h o l d ,  t h e n  t h e r e  e x z s t  c o n s t a n t s  X  >  0 ,  i n d e p e n d e n t  o f  X o ,  a n d  r n *  =  m * ( X o )  >  0 ,  s u c h  
t h a t  
I n  o r d e r  t o  p r o v e  t h e  a b o v e  p r o p o s i t i o n s  a n d  l e m m a  t h e  f o l l o w i n g  r e s u l t  i s  r e q u i r e d .  
L e m m a  7 . 4 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 )  a n d  l e t  R, b e  a  c o n s t a n t  m a t r i x  s u c h  
t h a t  t h e  s o l u t i o n  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 3 . 2 . 3 )  t h e n  
P r o o f  o f  L e m m a  7 . 4 . 1 .  W e  b e g i n  b y  c o n s i d e r i n g  t h e  d i f f e r e n c e  b e t w e e n  t h e  s o l u t i o n  
X ( .  ;  X o l  C ,  f )  o f  ( 7 . 1 . 1 )  a n d  i t s  l i m i t  X , ( X o ,  C ,  f )  g i v e n  b y  ( 4 . 2 . 4 ) :  
U s i n g  i n t e g r a t i o n  b y  p a r t s  t h i s  e x p r e s s i o n  b e c o m e s  
T a k i n g  n o r m s  o n  b o t h  s i d e s  o f  t h e  e q u a t i o n ,  s q u a r i n g  b o t h  s i d e s ,  a n d  t a k i n g  e x p e c t a t i o n s  
a c r o s s  w e  o b t a i n  
N o w  c o n s i d e r  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 4 . 3 ) .  T h e  f i r s t  t e r m  d e c a y s  e x p o n e n t i a l l y  q u i c k l y  
d u e  t o  P r o p o s i t i o n  6 . 3 . 1 .  T h e  s e c o n d  t e r m  d e c a y s  e x p o n e n t i a l l y  q u i c k l y  d u e  t o  a s s u m p t i o n  
- p t e r  7 ,  S e c t i o n  4  
E x p o n e n t i n 1  C o n v e r g e n c e  o f  S d u t j o n s  o f  ( 7 . 1 . 1 )  t o  a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
( 7 . 2 . 1 ) .  W e  c a n  a p p l y  T h e o r e m  2 . 2 . 5  t o  s h o w  t h a t  t h e  t h i r d  t e r m  m u s t  d e c a y  e x p o n e n t i a l l y .  
I n  t h e  s e q u e l ,  a n  a r g u m e n t  i s  p r o v i d e d  t o  s h o w  t h a t  R '  d e c a y s  e x p o n e n t i a l l y .  T h u s  t h e  
f i n a l  t e r m  m u s t  d e c a y  e x p o n e n t i a l l y .  C o m b i n i n g  t h e  a b o v e  a r g u m e n t s  w e  s e e  t h a t  ( 7 . 4 . 1 )  
h o l d s  w h e r e  A *  <  m i n ( A ,  p ) .  
I t  i s  n o w  s h o w n  t h a t  R' d e c a y s  e x p o n e n t i a l l y .  
I t  i s  c l e a r  f r o m  t h e  r e s o l v e n t  e q u a t i o n  
( 2 . 1 . 1 )  t h a t  
-  K l  ( t )  R ,  +  ( A  +  A m  ~ ( s )  d s )  R W .  ( 7 . 4 . 4 )  
C o n s i d e r  e a c h  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 4 . 4 ) .  
W e  c a n  a p p l y  T h e o r e m  2 . 2 . 5  t o  
o b t a i n  t h a t  R  d e c a y s  e x p o n e n t i a l l y  q u i c k l y  t o  R,. U s i n g  a n  a r g u m e n t  s i m i l a r  t o  ( 2 . 5 . 4 )  
a n d  ( 2 . 5 . 5 )  w e  s e e  t h a t  t h e  s e c o n d  a n d  t h i r d  t e r m  r e s p e c t i v e l y  o n  t h e  r i g h t  h a n d  s i d e  d e c a y  
e x p o n e n t i a l l y .  F i n a l l y ,  u s i n g  L e m m a  7 . 4 . 2  w e  s e e  t h a t  t h e  f o u r t h  t e r m  e q u a l s  z e r o .  T h u s  
R' d e c a y s  e x p o n e n t i a l l y  q u i c k l y  t o  0 .  
P r o o f  o f  P r o p o s i t i o n  7 . 4 . 1 .  T h e  c a s e  w h e r e  0  <  p  5  2  a n d  p  >  2  a r e  c o n s i d e r e d  
s e p a r a t e l y .  W e  b e g i n  w i t h  t h e  c a s e  w h e r e  0  <  p  5  2 .  U s i n g  t h e  e x p r e s s i o n  f o r  X , ( X o ,  C )  
g i v e n  i n  T h e o r e m  4 . 2 . 3  a n d  ( 7 . 2 . 1 )  w e  o b t a i n  
A p p l y i n g  L i a p u n o v ' s  i n e q u a l i t y  w e  s e e  t h a t  
W e  n o w  s h o w  t h a t  ( 6 . 2 . 4 )  h o l d s  f o r  0  <  p  _ <  2 .  L i a p u n o v ' s  i n e q u a l i t y  a n d  L e m m a  7 . 4 . 1  
c a n  b e  a p p l i e d  a s  f o l l o w s  
C h a p t e r  T ,  S w t i o n  4  
-  
k ~ o n e n t i n t  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  l o  a  N o n t r I v l a l  R a n d u r n  V n r i a b l c  
P  
w h e r e  m ; ( X o )  =  m * ( X o )  2  a n d  p ;  =  X * p .  
N o w  c o n s i d e r  t h e  c a s e  w h e r e  p  >  2 .  I n  t h i s  c a s e  t h e r e  e x i s t s  a  c o n s t a n t  m  E  N  s u c h  t h a t  
2 ( m - 1 )  <  p  I  2 m .  W e  n o w  s e e k  a n d  u p p e r  b o u n d  o n  I E  ( ( x ,  
a n d  E  [ ( ( X ( t )  -  X , ) ) 2 m ] ,  
w h i c h  w i l l  i n  t u r n  g i v e  a n  u p p e r  b o u n d  o n  I E  l l X , l l P  a n d  l E  [ I I X ( t )  -  X , l l p ] .  C l e a r l y ,  w e  
s e e  t h a t  
N o w  c o n s i d e r  I E  [ I I X ( t )  -  X o 1 1 2 r n ] .  T a k i n g  n o r m s  o n  b o t h  s i d e s  o f  e q u a t i o n  ( 7 . 4 . 2 ) ,  r a i s i n g  
t h e  p o w e r  t o  2 m  o n  b o t h  s i d e s ,  a n d  t a k i n g  e x p e c t a t i o n s  a c r o s s  w e  o b t a i n  
N o w  c o n s i d e r  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 4 . 6 ) .  T h e  f i r s t  t e r m  d e c a y s  e x p o n e n t i a l l y  q u i c k l y  
d u e  t o  P r o p o s i t i o n  6 . 3 . 1 .  T h e  s e c o n d  t e r m  d e c a y s  e x p o n e n t i a l l y  q u i c k l y  d u e  t o  a s s u m p t i o n  
( 7 . 2 . 1 ) .  W e  c a n  a p p l y  T h e o r e m  2 . 2 . 5  t o  s h o w  t h a t  t h e  t h i r d  t e r m  m u s t  d e c a y  e x p o n e n t i a l l y .  
I n  L e m m a  7 . 4 . 1  w e  p r o v i d e d  a n  a r g u m e n t  t o  s h o w  t h a t  R f  d e c a y s  e x p o n e n t i a l l y .  T h u s  t h e  
f i n a l  t e r m  m u s t  d e c a y  e x p o n e n t i a l l y .  C o m b i n i n g  t h e  a b o v e  a r g u m e n t s  w e  s e e  t h a t  ( 7 . 4 . 1 )  
h o l d s .  
P r o o f  o f  P r o p o s i t i o n  7 . 4 . 2 .  T a k e  n o r m s  a c r o s s  ( 7 . 4 . 2 )  t o  o b t a i n  
I l X ( t ;  X o ,  C ,  f )  -  X , ( X o ,  C ,  f  ) ) I  5  l I X ( t ;  X o ,  C )  -  X m ( X o ,  C ) l I  
U s i n g  P r o p o s i t i o n  6 . 3 . 2  w e  s e e  t h a t  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 4 . 7 )  d e c a y s  
e x p o n e n t i a l l y .  T h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  d e c a y  e x p o n e n t i a l l y  a s  ( 7 . 2 . 1 )  h o l d s .  
C h a p t e r  7 ,  S e c t i o n  4  E x p o n e n t i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  t o  a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
W e  c a n  a p p l y  T h e o r e m  2 . 2 . 5  t o  s h o w  t h a t  t h e  t h i r d  t e r m  m u s t  d e c a y  e x p o n e n t i a l l y .  A n  
a r g u m e n t  w a s  p r o v i d e d  i n  L e m m a  7 . 4 . 1  t o  s h o w  t h a t  R' d e c a y s  e x p o n e n t i a l l y .  C o m b i n i n g  
t h i s  w i t h  ( 7 . 2 . 1 )  e n a b l e s  u s  t o  s h o w  t h a t  t h e  f o u r t h  t e r m  d e c a y s  e x p o n e n t i a l l y .  U s i n g  t h e  
a b o v e  a r g u m e n t s  w e  o b t a i n  ( 7 . 2 . 3 ) .  
P r o o f  o f  L e m m a  7 . 4 . 2 .  W e  n o w  s h o w  t h a t  ( A  +  S o m  K ( s )  d s )  R ,  =  0 .  I n t e g r a t i n g  t h e  
r e s o l v e n t  e q u a t i o n  ( 2 . 1 . 1 ) ,  a d d i n g  a n d  s u b t r a c t i n g  R ,  f r o m  b o t h  s i d e s ,  d i v i d i n g  b y  t  a n d  
r e a r r a n g i n g  t h e  e q u a t i o n  w e  o b t a i n  
U s i n g  t h e  f a c t  t h a t  ( 3 . 2 . 3 )  h o l d s  a n d  R ,  i s  a  f i n i t e  c o n s t a n t  w e  s e e  t h a t  t h e  f i r s t  t e r m  o n  
t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 4 . 8 )  t e n d s  t o  0  a s  t  - 4  c o .  W e  k n o w  t h a t  K 1  d e c a y s  e x p o n e n t i a l l y  
d u e  t o  ( 2 . 5 . 5 ) :  t h u s ,  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 4 . 8 )  t e n d s  t o  z e r o .  N o w  
c o n s i d e r  t h e  s e c o n d  t e r m .  
: / I  J o t  [ a ( R ( s )  
-  R,) +  i 8  K ( s  -  u ) ( R ( u )  -  R m )  d u  d ~  
I  l l  
1  
A ( R ( s )  -  R,) +  K ( s  -  u ) ( R ( u )  -  R,) d u  1 1 2  d s ]  '  
C h a p t e r  7 ,  S e c t i o n  5  
B x p o t w n t ~ a l  C o n v c r ~ c n c n  o r  S o l u t i o n s  o r  f 7 . 1 . 1 )  t o  a  N o n t r i v i a l  R n n d w m  V a r i n b i n  
w h e r e  K  =  Sooo 1 1  K ( s )  1 1  d s .  U s i n g  t h e  f a c t  t h a t  ( 3 . 2 . 3 )  h o l d s  w e  s e e  t h a t  J; l l A 1 I 2  1 1  ~ ( s )  -  
R , ( I 2  d s  <  C .  A s  t h e  c o n v o l u t i o n  o f  a n  L' f u n c t i o n  w i t h  a  L' f u n c t i o n  i s  i n  L 1  w e  s e e  t h a t  
S: I I K ( s  -  u)11 I I R ( u )  -  R ~  I t 2  d u d s  <  C .  T h u s ,  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  
o f  ( 7 . 4 . 8 )  t e n d s  t o  z e r o .  T h e  r i g h t  h a n d  s i d e  o f  ( 7 . 4 . 8 )  t e n d s  t o  z e r o  w h i l e  t h e  l e f t  h a n d  
s i d e  i s  a  f i n i t e  c o n s t a n t .  T h i s  i m p l i e s  t h a t  ( A  +  s o w  K ( s )  d s )  R o o  =  0  a s  r e q u i r e d .  I 7  
7 . 5  N e c e s s a r y  C o n d i t i o n s  f o r  E x p o n e n t i a l  C o n v e r g e n c e  o f  
S o l u t i o n s  o f  ( 7 . 1 . 1 )  
I n  t h i s  s e c t i o n ,  t h e  n e c e s s i t y  o f  ( 6 . 2 . 1 )  a n d  ( 7 . 2 . 1 )  f o r  e x p o n e n t i a l  c o n v e r g e n c e  o f  s o l u t i o n s  
of ( 7 . 1 . 1 )  i n  t h e  a l m o s t  s u r e  a n d  p t h  m e a n  s e n s e s  i s  s h o w n .  P r o p o s i t i o n  7 . 5 . 1  c o n c e r n s  
t h e  n e c e s s i t y  o f  t h e  c o n d i t i o n s  i n  t h e  p t h  m e a n  c a s e  w h i l e  P r o p o s i t i o n  7 . 5 . 2  d e a l s  w i t h  t h e  
a l m o s t  s u r e  c a s e .  
P r o p o s i t i o n  7 . 5 . 1 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) ,  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  l e t  f  s a t i s f y  
( 2 . 1 . 4 ) .  I f  t h e r e  e x i s t s  a  c o n s t a n t  a !  >  0  s u c h  t h a t  ( 2 . 2 . 1 3 )  h o l d s ,  a n d  i f  f o r  a l l  X o  t h e r e  i s  a  
c o n s t a n t  v e c t o r  X , ( X o ,  C ,  f )  s u c h  t h a t  t h e  s o l u t i o n  t  H  X ( t ;  X O ,  C ,  f )  o f  ( 7 . 1 . 1 )  s a t i s f i e s  
s t a t e m e n t  ( i i )  o f  T h e o r e m  7 . 2 . 1 ,  t h e n  t h e r e  e x i s t s  c o n s t a n t s  y  >  0  a n d  p  >  0 ,  i n d e p e n d e n t  
o f X o ,  s u c h  t h a t  ( 6 . 2 . 1 )  a n d  ( 7 . 2 . 1 )  h o l d .  
P r o p o s i t i o n  7 . 5 . 2 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) ,  l e t  C  s a t i s f y  ( 3 . 1 . 2 )  a n d  l e t  f  
s a t i s f y  ( 2 . 1 . 4 ) .  I f  t h e r e  e x i s t s  a  c o n s t a n t  a  >  0  s u c h  t h a t  ( 2 . 2 . 1 3 )  h o l d s ,  a n d  i f  f o r  a l l  
X o  t h e r e  i s  a  c o n s t a n t  v e c t o r  X , ( X o ,  C ,  f )  s u c h  t h a t  t h e  s o l u t i o n  t  + +  X ( t ;  X O ,  C ,  f )  o f  
( 7 . 1 . 1 )  s a t i s f i e s  s t a t e m e n t  ( i i i )  o f  T h e o r e m  7 . 2 . 1 ,  t h e n  t h e r e  e x i s t s  c o n s t a n t s  y  >  0  a n d  
p  >  0 ,  i n d e p e n d e n t  o f  X o ,  s u c h  t h a t  ( 6 . 2 . 1 )  a n d  ( 7 . 2 . 1 )  h o l d .  
T h e  f o l l o w i n g  l e m m a  i s  u s e d  i n  t h e  p r o o f  o f  P r o p o s i t i o n  7 . 5 . 2 .  
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E x p o n c n t l d  C a n v e r g e n c r r  ~ T S o l ~ t t i o n a  O F  ( 7 . 1 . 1 )  t o  a  N o n t r i v i a l  R a n d o m  V n r l a b l e  
L e m m a  7 . 5 . 1 .  S u p p o s e  c  2  0  i s  a n  a l m o s t  s u r e l y  f i n i t e  r a n d o m  v a r i a b l e  a n d  
w h e r e  X  >  0 ,  w  E  a * ,  P [ R * ]  =  1  a n d  t h e  f u n c t i o n s  f i  a n d  p l  a r e  d e f i n e d  b y  ( 2 . 2 . 1 5 )  a n d  
r e s p e c t i v e l y .  T h e n  ( 6 . 2 . 1 )  a n d  ( 7 . 2 . 1 )  h o l d .  
I n  L e m m a  7 . 5 . 1  t h e  e x p o n e n t i a l  d e c a y  o f  f ,  ( 7 . 2 . 1 ) ,  a n d  t h e  e x p o n e n t i a l  s q u a r e  i n t e -  
g r a b i l i t y  o f  C ,  ( 6 . 2 . 1 ) ,  c a n  b e  p r o v e n  g i v e n  a n  a s s u m p t i o n  o f  t h e  t a i l  o n  f  a n d  t h e  t a i l  o f  
C .  I n  o r d e r  t o  p r o v e  t h i s  r e s u l t  t h e  o b j e c t  d e f i n e d  b y  ( 6 . 2 . 1 )  i s  n o t  c o n s i d e r e d  d i r e c t l y ,  
i n s t e a d  a  v a r i a n t  o f  t h i s  c o n d i t i o n  g i v e n  b y  ( 7 . 5 . 1 3 )  i s  e x a m i n e d .  T h e  r e a s o n  f o r  t h i s  i s  
t h a t  ( 7 . 5 . 1 3 )  m a y  b e  r e f o r m u l a t e d  i n  t e r m s  o f  t h e  t a i l  o f  C .  
T h e  f o l l o w i n g  l e m m a  i s  p r o v e d  i n  [ I ]  a n d  u s e d  i n  t h e  p r o o f  o f  L e m m a  7 . 5 . 1 .  
L e m m a  7 . 5 . 2 .  I f  t h e r e  i s  a  y  >  0  s u c h  t h a t  u  E  C ( [ O ,  o o ) ,  R )  a n d  
t h e n  
w h e r e  { B ( t ) } t 2 0  i s  a  o n e - d i m e n s i o n a l  s t a n d a r d  B r o w n i a n  m o t i o n .  
L e m m a s  7 . 5 . 3  a n d  7 . 5 . 4  a r e  u s e d  i n  t h e  p r o o f s  o f  P r o p o s i t i o n s  7 . 5 . 1  a n d  7 . 5 . 2  r e s p e c t i v e l y  
a n d  a r e  t h e  a n a l o g u e s  o f  L e m m a  3 . 4 . 1  a n d  4 . 4 . 1 .  T h e i r  p r o o f s  a r e  i d e n t i c a l  t o  t h e  p r o o f s  
o f  L e m m a  3 . 4 . 1  a n d  4 . 4 . 1  i n  a l l  i m p o r t a n t  a s p e c t s  a n d  s o  a r e  o m i t t e d .  
L e m m a  7 . 5 . 3 .  L e t  K  s a t i s f y  ( 2 . 1 . 2 )  a n d  ( 3 . 2 . 1 ) .  S u p p o s e  t h a t  f o r  a l l  i n i t i a l  c o n d i t i o n s  
X o  t h e r e  i s  a  F B ( o o ) - m e a s u r a b l e  a n d  a l m o s t  s u r e l y  f i n i t e  r a n d o m  v a r i a b l e  X , ( X o ,  C )  
w i t h  IE 1 1  X , ( ( 2  <  o o  s u c h  t h a t  t h e  s o l u t i o n  t  H  X ( t ;  X o ,  C )  o f  ( 7 . 1 . 1 )  s a t i s f i e s  
l i m  I E  ( ( X ( t ;  X o ,  C ,  f )  -  X , ( X o ,  Z  f ) l 1 2  =  0  
t - + ,  
Chbpter 7, Section 5 l?xpancntlnl Convwgmce of Solutions OF (7.1.1) ta a NontrivSnl Rnndom Varlnbla 
and 
Them, X, obeys 
Lemma 7.5.4. Let K sntish (2,1.2) and (3.2.1). S~~pposc tlant /or all .initial conditions 
Xo thew is a ~ ~ ( c a )  -measumblc and aImosi svml?, ,h ih ie  madom. vla.t.inbbe X,(Xa, C, f )  
such th,d tl~,,e solution i n X ( t ;  Xo, 6, f )  o/ (7.1.1) satisfies 
and 
Proof of Proposition 7.5.1. Since (7.2.2) l~olds for all initial conditions we can choose 
Xo = 0: this simplifies cdculcttions. Morcov~r using (7.2.2) in h m m a  7.5.4 it is clcar that 
assumption (7.5.3) holds. Consider the jntegrd form or (7.1.1). Adding and subtracting 
X, fram bath sides nnd applying Lemma 7.5.3 we ohtaiin 
whcro A(t) = X(f) - X,, the fmlct.ion r; is defined by 
C l l a p t c r  7 ,  S e c t i o n  5  
E x p o n e n t i d  C o n v e r g r m c e  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  t o  a  N o n t r i v i d  R a n L l o h ~  V a r i a b l a  
a n d  p ( t )  =  
C ( S )  d B ( s ) .  T a k i n g  e x p e c t a t i o n s  a c r o s s  ( 7 . 5 . 4 )  a n d  a l l o w i n g  t  - +  m  w e  
o b t a i n  
w h e r e  ~ ~ ( t )  =  A E  [ A ( t ) ]  + ( K  *  E  [ A ] ) ( t ) .  U s i n g  t h i s  e x p r e s s i o n  f o r  I E  [ X , ]  w e  o b t a i n  
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 5 . 7 )  d e c a y s  e x p o n e n t i a l l y  d u e  t o  ( 7 . 2 . 1 ) .  A s -  
s u m p t i o n s  ( 2 . 2 . 1 3 )  a n d  ( 7 . 2 . 2 )  i m p l y  t h a t  K I E  d e c a y s  e x p o n e n t i a l l y  s o  t h e  s e c o n d  t e r m  
d e c a y s  e x p o n e n t i a l l y .  T h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 5 . 7 )  d e c a y s  e x p o n e n -  
t i a l l y  d u e  t o  t h e  a r g u m e n t  g i v e n  b y  ( 2 . 5 . 5 ) .  H e n c e ,  f l  d e c a y s  e x p o n e n t i a l l y .  
P r o v i n g  t h a t  ( 6 . 2 . 1 )  h o l d s  b r e a k s  i n t o  t w o  s t e p s .  W e  b e g i n  b y  s h o w i n g  t h a t  
w h e r e  p i  >  0 .  B y  c h o o s i n g  p i  <  ( ~ A P ~  w e  c a n  o b t a i n  t h e  f o l l o w i n g  r e f o r m u l a t i o n  of ( 7 . 1 . 1 )  
u s i n g  m e t h o d s  a p p l i e d  i n  P r o p o s i t i o n  6 . 4 . 2 :  
+  l o  e p l s  l o  K ( s  -  u ) A ( u )  d u  d s  -  
e p 1 5 ~ l ( s )  d u d s  X ,  
J o  
R e a r r a n g i n g  ( 7 . 5 . 9 ) ,  t a k i n g  e x p e c t a t i o n s  t h e n  n o r m s  a c r o s s  ( 7 . 5 . 9 )  w e  c a n  o b t a i n  
+  l  e p "  l 5  l l K ( s  -  u ) ( I E  \ l A ( u ) l l  d u d s  +  e P ' " ~ l K l ( s ) l l  d s E  I I X , I / .  ( 7 . 5 . 1 0 )  
I "  
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E x ~ w n c n t i t t l  C o n v e r g e n c e -  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  t a  a  N o n t r i v i a l  R a n d o m  V r t r l n b l e  
S i n c e  ( 7 . 2 . 2 )  h o l d s  t h i s  i m p l i e s  t h a t  b o t h  t h e  f i r s t  a n d  t h i r d  t e r m s  o n  t h e  r i g h t  h a n d  s i d e  
o f  ( 7 . 5 . 1 0 )  a r e  b o u n d e d .  
T h e  s e c o n d  t e r m  i s  b o u n d e d  d u e  t o  o u r  a s s u m p t i o n s .  S i n c e  
0  <  p l  <  a  A  P I ,  w e  c a n  c h o o s e  p : !  >  0  s u c h  t h a t  p l  <  p z  <  a  A  D l .  N o w  w e  c a n  a p p l y  a n  
a r g u m e n t  s i m i l a r  t o  ( 2 . 5 . 4 )  t o  s h o w  t h a t  
F i n a l l y ,  w e  s e e  t h a t  t h e  f i f t h  t e r m  i s  b o u n d e d  u s i n g  ( 2 . 5 . 5 ) .  S o ,  ( 7 . 5 . 8 )  h o l d s .  
W e  n o w  r e t u r n  t o  ( 7 . 5 . 9 ) .  
A g a i n  r e a r r a n g i n g  t h e  e q u a t i o n ,  t a k i n g  n o r m s  a n d  t h e n  
e x p e c t a t i o n s  a c r o s s  b o t h  s i d e s  w e  o b t a i n  
W e  a l r e a d y  p r o v i d e d  a n  a r g u m e n t  a b o v e  t o  s h o w  t h a t  t h e  f i r s t  f i v e  t e r m s  o n  t h e  r i g h t  
h a n d  s i d e  o f  t h i s  e x p r e s s i o n  a r e  b o u n d e d .  A l s o ,  w e  k n o w  t h a t  ( 7 . 5 . 8 )  h o l d s .  T h u s ,  
T h e  p r o o f  i s  n o w  i d e n t i c a l  t o  P r o p o s i t i o n  6 . 4 . 1 .  
P r o o f  o f  P r o p o s i t i o n  7 . 5 . 2 .  C o n s i d e r  e q u a t i o n  ( 7 . 5 . 4 ) .  S i n c e  L e m m a  7 . 5 . 3  h o l d s  w e  
c a n  o b t a i n  ( 7 . 5 . 4 ) .  T h u s ,  a s  t  - ,  c o  w e  o b t a i n  
0 0  
K ( S )  d s  -  
f  ( s )  d s  -  ~ ( o o )  +  
I "  
w h e r e  r ;  i s  d e f i n e d  b y  ( 7 . 5 . 5 ) .  U s i n g  t h i s  e x p r e s s i o n  f o r  X,, e q u a t i o n  ( 7 . 5 . 4 )  b e c o m e s  
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E x p o n e n t i a l  C o n v e r g c w e  o f  S o l t r t i a n s  o f  ( 7 . 1 . 1 )  t o  a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
w h e r e  p l ( t )  =  St* C ( s )  d B ( s ) .  R e a r r a n g i n g  t h e  e q u a t i o n  a n d  t a k i n g  n o r m s  y i e l d s  
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 5 . 1 1 )  d e c a y s  e x p o n e n t i a l l y  d u e  t o  ( 7 . 2 . 3 ) .  U s i n g  
t h e  a r g u m e n t  g i v e n  i n  ( 2 . 5 . 5 )  w e  s e e  t h a t  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 7 . 5 . 1 1 )  
d e c a y s  e x p o n e n t i a l l y .  F i n a l l y ,  w e  c o n s i d e r  t h e  s e c o n d  t e r m .  C l e a r l y  A A ( s )  d s  d e c a y s  
e x p o n e n t i a l l y  d u e  t o  ( 7 . 2 . 3 ) .  I n  o r d e r  t o  s h o w  t h a t  r ( K  * A ) ( s )  d s  d e c a y s  e x p o n e n t i a l l y  
w e  u s e  a n  a r g u m e n t  s i m i l a r  t o  t h a t  a p p l i e d  i n  ( 2 . 5 . 4 ) .  T h u s  
W e  c a n  n o w  a p p l y  L e m m a  7 . 5 . 1  t o  o b t a i n  ( 7 . 2 . 1 )  a n d  ( 6 . 2 . 1 ) .  
P r o o f  o f  L e m m a  7 . 5 . 1 .  C h o o s e  0  <  y  <  A .  W e  b e g i n  b y  s u p p o s i n g  t h a t  ( 6 . 2 . 1 )  h o l d s .  
U s i n g  t h e  e q u i v a l e n c e  o f  n o r m s  w e  s e e  t h a t  f o r  a l l  1  <  i  5  n  a n d  1  5  j  5  d  a s s u m p t i o n  
( 6 . 2 . 1 )  i m p l i e s  t h a t  
A p p l y i n g  L e m m a  7 . 5 . 2  w e  o b t a i n  
T h u s ,  w e  c a n  c h o o s e  q j ( w )  >  0  s u c h  t h a t  
l i m  s u p  l o g  I  L r n  x i j  ( s )  d B  ( s )  
t 4 o o  t  
<  - 7  a . s .  
N o w ,  s u m m i n g  o v e r  j  w e  s e e  t h a t  
I p i j ( t ) l  =  I L r n  x v ( s )  d ~ j  ( s )  
w h e r e  w  E  R i  =  n y z 1  f l u ,  
=  x ; = l  q j  a n d  p ;  ( t )  =  x y = ,  I p V  ( t )  1 .  N O W ,  s i n c e  
<  ~ j ( w ) e - ~ ' ,  w  E  R i j ,  P [ f l i j ]  =  1 .  
Chapter 7, Section 5 Expoi~cntial Conmmnca oS Soltitions of (7.1.1) to o Nonkrivjnl RPlndam W~rtahlg 
we sec that 
whcm & > 0 is finite and p < y. Now summing ovcr 2' we obtain (7.2.11, by picltillg out 
any LJ E W. 
Now define the martingnle M as 
nnd t.he function d as 
We show in tht! sequel that 
and therefore nssunlc it for the time being. 
Now, consider ttie case where nssumptiorl (6.2.1) Fails to hold. Clearly, the quadratic 
variation of Ad is given by 
Sirwe (0.2.1) Fails to hold there exists at least one entry i, 1 5 i J n sac11 that 
lim inf Ad+(t) = -m and I i n ~  n ~ p  Mi (1.) = oo. 
I-m l -m 
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E x p o n e n t - r w r g c n c e  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  t o  a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
C o n s i d e r  t h e  f u n c t i o n  d i ;  i t  i s  e i t h e r  b o u n d e d  o r  u n b o u n d e d .  I f  d i  i s  b o u n d e d  t h e n  M  
i s  b o u n d e d  a n d  s o  b y  t h e  M a r t i n g a l e  C o n v e r g e n c e  T h e o r e m  t h i s  m e a n s  t h a t  ( M ) ( t )  i s  
b o u n d e d :  a  c o n t r a d i c t i o n .  S o ,  w e  s u p p o s e  t h e  l a t t e r ,  t h a t  i s  d  i s  u n b o u n d e d ,  a n d  p r o c e e d  
t o  s h o w  t h i s  i s  a l s o  c o n t r a d i c t o r y .  S i n c e  ( d i ( t )  +  M i ( t ) J  <  C I ( W ) ,  f o r  w  E  C l *  i t  i s  c l e a r  t h a t  
- c l  -  M i ( t )  <  d i ( t ) .  T a k i n g  l i m s u p ' s  o n  b o t h  s i d e s  o f  t h e  i n e q u a l i t y  y i e l d s  
o o  =  - c l  -  l i r n  i n f  M i ( t )  <  l i m  s u p  d i ( t ) .  
t - + w  t - + w  
T h u s ,  a s  d  i s  d e t e r m i n i s t i c ,  t h e r e  e x i s t s  a  s e q u e n c e  o f  d e t e r m i n i s t i c  t i m e s  { t , ) E = l  s u c h  
t h a t  d i ( t n )  - - ,  o o  a s  n  +  o o .  T h i s  i n  t u r n  i m p l i e s  M i ( t , )  - +  -MI a s  n  - +  o o .  
A  s i m p l e  p r o o f  n o w  s h o w s  t h a t  t h i s  i s  i n c o n s i s t e n t .  D e f i n e  N ( n )  =  M i ( t n )  f o r  { t , } E = o ,  
w h e r e  M i  i s  t h e  i t h  c o m p o n e n t  o f  A d .  C l e a r l y  N  i s  a  m a r t i n g a l e  s u c h  t h a t  lirn,,, N ( n )  =  
- o o .  A l s o  l i m , , , ( N ) ( n )  =  o o  d u e  t o  a s s u m p t i o n  ( 7 . 5 . 1 6 ) .  B y  t h e  M a r t i n g a l e  C o n v e r -  
g e n c e  T h e o r e m ,  t h i s  i m p l i e s  t h a t  l i m s u p , , ,  N ( n )  =  m  a n d  l i m i n f , , ,  N ( n )  =  - o o .  
H o w e v e r ,  a s  lirn,,, N ( n )  =  - o o  t h i s  p r o v i d e s  t h e  d e s i r e d  c o n t r a d i c t i o n :  t h a t  i s ,  t h e r e  
c a n n o t  e x i s t  a  s e q u e n c e  o f  t i m e s  { t n } j t o = l  s u c h  t h a t  M i ( t n )  - - ,  - 0 0  a s  n  - 4  m .  T h i s  
e x c l u d e s  ( 7 . 5 . 1 6 ) ,  a n d  h e n c e  ( 6 . 2 . 1 )  h o l d s .  
W e  n o w  s h o w  t h a t  a s s u m p t i o n  ( 7 . 5 . 1 5 )  h o l d s .  B y  c h a n g i n g  t h e  o r d e r  o f  i n t e g r a t i o n  w e  
c a n  s h o w  t h a t  
T h u s ,  a s  0  <  y  <  A ,  
5  C ( W )  I t  e 7 ' ( e - ~ ~  +  e - * " )  d s  <  c ( w ) ,  w  E  C l * .  
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E x p o n e n t i a l  C o n v e r g e n c e  o f  S o l u t i a m  o f  ( 7 . 1 . 1 )  t o  a  N o n t r i v i a l  R a n d o m  V a r i a b l e  
7 . 6  
O n  t h e  N e c e s s a r y  a n d  S u f f i c i e n t  C o n d i t i o n s  f o r  E x p o -  
n e n t  i a l  C o n v e r g e n c e  o f  S o l u t i o n s  o f  ( 7 . 1 . 1 )  
W e  n o w  c o m b i n e  t h e  r e s u l t s  f r o m  S e c t i o n s  7 . 4  a n d  7 . 5  t o  p r o v e  T h e o r e m  7 . 2 . 1 .  
P r o o f  o f  T h e o r e m  7 . 2 . 1 .  W e  b e g i n  b y  p r o v i n g  t h e  e q u i v a l e n c e  b e t w e e n  ( i )  a n d  ( i i ) .  
T h e  i m p l i c a t i o n  ( i )  i m p l i e s  ( i i )  i s  t h e  s u b j e c t  o f  P r o p o s i t i o n  7 . 4 . 1 .  N o w  c o n s i d e r  t h e  
i m p l i c a t i o n  ( i i )  i m p l i e s  ( i )  U s i n g  ( 7 . 4 . 1 )  w e  s e e  t h a t  
C o n s i d e r  t h e  n  +  1  s o l u t i o n s  X j ( t )  o f  ( 3 . 1 . 1 )  w i t h  i n i t i a l  c o n d i t i o n s  X j ( 0 )  =  e j  f o r  j  =  
1 , .  .  .  ,  n  a n d  X n + l ( 0 )  =  0 .  S i n c e  R ( t ) e j  =  X j ( t )  -  X , + l ( t )  w e  s e e  t h a t  
w h e r e  c j  =  X j ( m )  -  X n + l ( o o )  i s  a n  a l m o s t  s u r e l y  f i n i t e  c o n s t a n t .  A s  b o t h  t e r m s  o n  
t h e  r i g h t  h a n d  s i d e  o f  t h i s  e x p r e s s i o n  a r e  d e c a y i n g  e x p o n e n t i a l l y  t o  z e r o ,  t  R ( t ) e j  
m u s t  d e c a y  e x p o n e n t i a l l y  t o  I E  [ c j ]  a s  t  - 4  o o .  T h u s  R  m u s t  s a t i s f y  ( 2 . 2 . 1 4 ) .  N o w ,  a p p l y  
T h e o r e m  2 . 2 . 5  t o  o b t a i n  ( 2 . 2 . 1 3 )  a n d  P r o p o s i t i o n  7 . 5 . 1  t o  o b t a i n  ( 7 . 2 . 1 )  a n d  ( 6 . 2 . 1 ) .  
W e  n o w  p r o v e  t h e  e q u i v a l e n c e  b e t w e e n  ( i )  a n d  ( i i i ) .  T h e  i m p l i c a . t i o n  ( i )  i m p l i e s  ( i i i )  i s  
t h e  s u b j e c t  o f  P r o p o s i t i o l l  7 . 4 . 2 .  C o n s i d e r  t h e  n  +  1  s o l u t i o n s  X j ( t )  o f  ( 3 . 1 . 1 )  w i t h  i n i t i a l  
c o n d i t i o n s  X j ( 0 )  =  e j  f o r  j  =  1 , .  .  .  ,  n  a n d  X n + l ( 0 )  =  0 .  S i n c e  R ( t ) e j  =  X j ( t )  -  X , + l ( t )  
f o r  j  =  1 , .  .  .  ,  n ,  w e  c a n  w r i t e  
w h e r e  c j  =  X j ( o o )  -  X n + l ( o o )  i s  a n  a l m o s t  s u r e l y  f i n i t e  r a n d o m  v a r i a b l e .  F r o m  ( 7 . 2 . 3 )  w e  
k n o w  t h a t  X j  d e c a y s  e x p o n e n t i a l l y  q u i c k l y  t o  X j ( o o ) ,  s i m i l a r l y  X n + l  d e c a y s  e x p o n e n t i a l l y  
q u i c k l y  t o  X n + l ( a ) .  T h u s ,  R  d e c a y s  e x p o n e n t i a l l y  t o  a  l i m i t  R,. A s  a  r e s u l t  ( 3 . 2 . 3 )  m u s t  
1 3 2  
_ C h o p t o r  7 ,  S a c t i a n  7  
E x p o n e n t l n l  C o n v c r ~ c n c c  o f  % F u t i o n s  o f  ( 7 . 1  , I )  t o  a  N o n t r i v i a l  R R n d n m  V m i n h l a  
h o l d .  N o w  a p p l y  T h e o r e m  2 . 2 . 5  t o  o b t a i n  ( 2 . 2 . 1 3 )  a n d  P r o p o s i t i o n  7 . 5 + 2  t o  o b t a i n  ( 7 . 2 , 1 )  
a n d  ( 6 . 2 . 1 ) .  
7 , 7  P r o o f  o f  T h e o r e m  7 . 3 . 1  
W c  b e g i n  b y  p r o v i n g  t h a t  ( I )  i m p l i e s  [ i i )  a n d  ( i i i ) .  R c w r i t c  ( 4 . 3 . 1 )  8 s  
L e t  
U s i n g  ~ s s a m p t i o n s  ( 4 . 3 . 2 )  a n d  ( 7 . 3 . 2 )  w e  6 e e  t h a t  
U s i n g  t h i s  f a c t  c a i n b i n e d  w i t h  ( 3 . 2 . 3 )  m d  ( 7 . 3 , 2 )  w e  c a n  a p p l y  T h e o r e m  7 . 2 . 1  t o  s e e  t h a t  
b o t h  ( 3 . 3 . 3 )  m ~ d  ( 7 . 3 . 4 )  h o l d .  
' I n  o r d e r  t o  p r o v e  t h e  i m p l i c a t i o n  t h a t  { i i )  i m p l i e s  ( i )  a n d  ( i j i )  i m p l i e s  ( 1 )  w e  o n c e  a g a i n  
r e w r i t e  t h e  e q u a t , i o n  ns i n  ( 7 . 7 . 1 )  a n d  d e f i n e  f  a s  i n  ( 7 . 7 . 2 ) .  A g n i n  a p p l y i n g  T h e o r e m  7 . 2 . 1  
y i e l d s  ~ h c  d m i r c d  r e s u l t , .  
C h a p t e r  8  
B e h a v i o u r  o f  E q u a t i o n s  w i t h  C o n s t a n t  N o i s e  
8 . 1  I n t r o d u c t i o n  
I n  t h i s  c h a p t e r  w e  c o n s i d e r  t h e  e q u a t i o n  
A s  a l w a y s  w e  a r e  i n t e r e s t e d  i n  t h e  c a s e  w h e n  R  -  R, i s  s q u a r e  i n t e g r a b l e .  I t  i s  e v i d e n t  
t h a t  t h e  s o l u t i o n  o f  ( 8 . 1 . 1 )  i s  n o t  i n  g e n e r a l  s t a t i o n a r y ,  n o r  d o e s  t h e  s o l u t i o n  c o n v e r g e  t o  
a  s t a t i o n a r y  p r o c e s s .  H o w e v e r ,  w e  p o s e  t h e  f o l l o w i n g  q u e s t i o n :  d o  t h e  i n c r e m e n t s  o f  t h e  
s o l u t i o n  o f  ( 8 . 1 . 1 )  c o n v e r g e  i n  d i s t r i b u t i o n  t o  a  s t a t i o n a r y  p r o c e s s ?  
B e f o r e  t a c k l i n g  t h i s  q u e s t i o n  i t  i s  n a t u r a l  t o  e x a m i n e  t h e  i n f i n i t e  d e l a y  d i f f e r e n t i a l  e q u a -  
t i o n :  
w h e r e  q5 i s  a  n  x  1 - d i m e n s i o n a l  v e c t o r - v a l u e d  f u n c t i o n  i s  t h e  i n i t i a l  f u n c t i o n .  W e  d e f i n e  
s t a n d a r d  B r o w n i a n  m o t i o n  B  o n  t h e  e n t i r e  r e a l  l i n e  a s  f o l l o w s  
w h e r e  B 1  a n d  B 2  a r e  i n d e p e n d e n t  B r o w n i a n  m o t i o n s .  
R i e d l e  [ 3 6 ]  c o n s i d e r e d  a n  e q u a t i o n  o f  t h i s  t y p e  f o r  a  c l a s s  o f  m e a s u r e s  a n d  p r o v e d  t h a t  
t h e  i n t e g r a b i l i t y  o f  t h e  r e s o l v e n t  w a s  n e c e s s a r y  a n d  s u f f i c i e n t  f o r  a  s t a t i o n a r y  s o l u t i o n  t o  
e x i s t .  I11 t h i s  c h a p t e r  w e  e x p l o r e  t h e  c a s e  w h e r e  R  -  R, i s  s q u a r e  i n t e g r a b l e  a n d  e x a m i n e  
t h e  e x i s t e n c e  of a  s o l u t i o l l  w h i c h  g i v e s  r i s e  t o  s t a t i o n a r y  i n c r e m e n t s .  
I n  t h e  s e q u e l  a  n u m b e r  o f  i n t e r e s t i n g  r e s u l t s  c o n c e r n i n g  t h e  i n c r e m e n t s  o f  t h e  s o l u t i o n s  
o f  ( 8 . 1 . 1 )  a n d  ( 8 . 1 . 2 )  a r e  p r o v e d  u n d e r  a s s u m p t i o n s  o n  t h e  i n t e g r a b i l i t y  o f  m o m e n t s  o f  t h e  
C h a p t e r  8 ,  S e c t i o n  2  
R e h a v l u t r r  o f  F q u n t i a n a  w i t h  C o n s t a n t  N o h  
k e r n e l  a n d  t h e  b e h a v i o u r  o f  t h e  i n i t i a l  f u n c t i o n .  I t  i s  p r o v e d  t h a t  f o r  a  p a r t i c u l a r  i n i t i a l  
f u n c t i o n  t h e  c o r r e s p o n d i n g  s o l u t i o n  o f  ( 8 . 1 . 2 )  h a s  s t a t i o n a r y  i n c r e m e n t s .  F u r t h e r m o r e ,  i t  i s  
p r o v e n  t h a t  f o r  a n y  i n i t i a l  f u n c t i o n  t h e  i n c r e m e n t s  of t h e  c o r r e s p o n d i n g  s o l u t i o n  c o n v e r g e  
t o  a  s t a t i o n a r y  p r o c e s s .  F i n a l l y ,  i t  i s  s h o w n  t h a t  t h e  s o l u t i o n  o f  ( 8 . 1 . 1 )  a l s o  c o n v e r g e s  t o  
a  s t a t i o n a r y  p r o c e s s .  
T h e s e  r e s u l t s  a r e  s t a t e d  a n d  d i s c u s s e d  i n  S e c t i o n  8 . 2 .  N o t e  t h a t  a l l  o f  t h e s e  r e s u l t s  a r e  
p r o v e n  i n  t h e  s c a l a r  c a s e ,  a l t h o u g h  i t  i s  t h o u g h t  t h a t  t h e y  a l s o  h o l d  i n  t h e  n - d i m e n s i o n a l  
c a s e .  
8 . 2  D i s c u s s i o n  o f  R e s u l t s  
I t  i s  p o s s i b l e  t o  s h o w  t h a t  f o r  a  p a r t i c u l a r  i n i t i a l  f u n c t i o n  t h a t  t h e r e  e x i s t s  a  s o l u t i o n  t o  t h e  
i n f i n i t e  d e l a y  e q u a t i o n  w i t h  s t a t i o n a r y  i n c r e m e n t s .  I n d e e d ,  i f  t h e  i n i t i a l  h i s t o r y  s a t i s f i e s  a  
p a r t i c u l a r  c o n s t r a i n t  t h e n  i t  i s  p o s s i b l e  t o  s h o w  t h a t  t h e  c o r r e s p o n d i n g  s o l u t i o n  c o n v e r g e s  
i n  d i s t r i b u t i o n  t o  t h e  s t a t i o n a r y  s o l u t i o n .  
W e  b e g i n  b y  c o n s i d e r i n g  t h e  e x i s t e n c e  o f  a  u n i q u e  c o n t i n u o u s  F B - a d a p t e d  p r o c e s s  s a t -  
i s f y i n g  ( 8 . 1 . 2 ) .  
T h e o r e m  8 . 2 . 1 .  S u p p o s e  t h e r e  i s  E  >  0  s u c h  t h a t  t h e  k e r n e l  K  s a t i s f i e s  
a n d  t h e  i n i t i a l  f u n c t i o n  4  s a t i s f i e s  
s u p  ( 1  +  l t l ) - ( l + ~ ) m ( t ) ~ ]  <  a .  
1 - m < t < o  
T h e n  t h e r e  e x i s t s  a  u n i q u e  c o n , t ~ : n u o u s  r B  - a d a p t e d  p r o c e s s  X  w h i c h  s a t i s f i e s  ( 8 . 1 . 2 ) .  
T h i s  t h e o r e m  g i v e s  a  s u f f i c i e n t  c o n d i t i o n  o n  t h e  i n i t i a l  f u n c t i o n  w h i c h  w i l l  e n s u r e  t h e  
e x i s t e n c e  o f  a  s o l u t i o n  u n d e r  ( 8 . 2 . 1 ) .  I t  s h o u l d  b e  n o t e d  t h a t  a s  t h e  i n i t i a l  f u n c t i o n  b e c o m e s  
l e s s  w e l l  b e h a v e d  a  s t r o n g e r  c o n d i t i o n  i s  r e q u i r e d  o n  t h e  i n t e g r a b i l i t y  o f  t h e  k e r n e l  i n  o r d e r  
t o  c o u n t e r a c t  t h i s .  
C h a p t e r  8 ,  S e c t i o n  2  
B e h a v i a u r  o f  E q u r t t i o n s  w i t h  C o n n t a n b  N o h e  
A l t h o u g h  m o s t  o f  t h e  p r o o f  o f  T h e o r e m  8 . 2 . 1  f o l l o w s  t h e  c o r r e s p o n d i n g  p r o o f s  f o r  e q u a i  
t i o n s  w i t h o u t  i n f i n i t e  d e l a y ,  t h e r e  a r e  a  n u m b e r  o f  d i f f e r e n c e s  w h i c h  s h o u l d  b e  h i g h l i g h t e d .  
A  n o n - s t a n d a r d  n o r m  m u s t  b y  u s e d  t o  e n s u r e  t h e  e x i s t e n c e  o f  t h e  s o l u t i o n  o n  t h e  e n t i r e  
r e a l  l i n e ;  m a n y  o f  t h e s e  d i f f e r e n c e s  a r i s e  d u e  t o  t h e  u s e  o f  t h i s  n o r m .  C o n s e q u e n t l y  w e  
s u p p l y  t h e  p r o o f  o f  t h i s  t h e o r e m  i n  f u l l  i n  S e c t i o n  8 . 6 .  
W e  n o w  c o n s i d e r  t h e  s o l u t i o n  X  o f  ( 8 . 1 . 2 )  f o r  a  p a r t i c u l a r  i n i t i a l  f u n c t i o n .  T h e  k e y  
h y p o t h e s i s  w h i c h  e n s u r e s  t h e  r e l e v a n t  s t a t i o n a r i t y  p r o p e r t y  o f  t h e  s o l u t i o n  o f  ( 8 . 1 . 2 )  i s  
t h a t  t h e r e  e x i s t s  R ,  s u c h  t h a t  R  -  R ,  i s  s q u a r e - i n t e g r a b l e  w h e r e  R  i s  t h e  r e s o l v e n t  o f  
( 2 . 1 . 1 ) .  I 1 1  t h i s  c a s e  X  c a n  b e  w r i t t e n  f o r  a l l  t  E  R  a s  t h e  s u m  o f  a  s t a n d a r d  B r o w n i a n  
m o t i o n  a n d  s t a t i o n a r y  G a u s s i a n  p r o c e s s .  
T h e o r e m  8 . 2 . 2 .  F o r  E  >  0 ,  l e t  t h e  k e r n e l  K  s a t i s f y  
S u p p o s e  t h a t  t h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
I f  t h e  i n i t i a l  f u n c t i o n  4  i s  g i v e n  b y  
t h e n  t h e  p r o c e s s  S  d e f i n e d  b y  
s a t i s f i e s  ( 8 . 1 . 2 ) .  
S i n c e  ( 8 . 2 . 4 )  h o l d s  w e  s e e  t h a t  t h e  v a r i a n c e  o f  S ( t )  d e f i n e d  b y  ( 8 . 2 . 6 )  i s  g i v e n  b y  
I E  [ ~ ( t ) ~ ]  =  R : c ~ ~  +  2 R , C  
( R ( s )  -  R,) d s  +  
( R ( s )  -  
I '  I "  
I t  i s  c l e a r  t h a t  t h e  p r o c e s s  S  i s  n o t  s t a t i o n a r y  u n l e s s  R ,  =  0 .  H o w e v e r ,  t h e  f o l l o w i n g  
t h e o r e m  a s s e r t s  t h a t  t h e  i n c r e m e n t s  o f  S  a r e  s t a t i o n a r y .  
C h a p t e r  8 ,  S e c t i o n  2  
B e h u v i o u r  o f  F C u a t l o ~ l a  w i t h  C o n s t a n t  N w i w  
T h e o r e m  8 . 2 . 3 .  S u p p o s e  t h a t  t h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  
( 2 . 1 . 1 )  s a t i s f i e s  ( 8 . 2 . 4 )  a n d  l e t  t h e  p r o c e s s  S  b e  d e f i n e d  b y  ( 8 . 2 . 6 ) .  T h e n  f o r  e v e r y  A  >  0  
t h e  i n c r e m e n t  S A  =  { S A ( t ) ) t 2 0  d e f i n e d  b y  
S A ( t )  =  S ( t )  -  S ( t  -  A ) ,  
i s  a  s t a t i o n a r y  p r o c e s s .  
I n  T h e o r e m  8 . 2 . 4  i t  i s  s h o w n  t h a t  ( 8 . 2 . 4 )  i s  i n  f a c t  n e c e s s a r y  f o r  t h e  e x i s t e n c e  o f  a  
s o l u t i o n  w i t h  s t a t i o n a r y  i n c r e m e n t s .  
T h e o r e m  8 . 2 . 4 .  F o r  E  >  0 ,  l e t  K  s a t i s f y  ( 8 . 2 . 3 )  a n d  l e t  4  s a t i s f y  ( 8 . 2 . 2 )  w h e r e  { 4 ( t ) ) t < o  
i s  i n d e p e n d e n t  o f  t h e  B r o w n i a n  m o t i o n  { B ( t ) ) t l o .  T h e  f o l l o w i n g  a r e  e q u i v a l e n t :  
( i )  T h e r e  e x i s t s  a  c o n s t a n t  R, s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 8 . 2 . 4 ) .  
( i i )  T h e r e  e x i s t s  a  f u n c t i o n  4  E  C ( ( - c a , O ] , l W )  s u c h  t h a t  t h e  c o r r e s p o n d i n g  p r o c e s s  X  
s a t i s f y i n g  ( 8 . 1  - 2 )  h a s  s t a t i o n a r y  i n c r e m e n t s .  
T h e o r e m  8 . 2 . 3  a n d  T h e o r e m  8 . 2 . 4  a r e  p r o v e d  i n  S e c t i o n  8 . 4 .  
I f  a  g e n e r a l  i n i t i a l  f u n c t i o n  i s  c o n s i d e r e d  t h e n  t h e  i n c r e m e n t s  o f  t h e  r e s u l t i n g  p r o c e s s  
c o n v e r g e  t o  t h e  i n c r e m e n t s  o f  t h e  p r o c e s s  g i v e n  b y  ( 8 . 2 . 6 ) .  
T h e o r e m  8 . 2 . 5 .  F o r  E  >  0 ,  l e t  K  s a t i s f y  ( 2 . 2 . 7 )  a n d  l e t  4  s a t i s f y  ( 8 . 2 . 2 )  w h e r e  { 4 ( t ) } t l o  
i s  i n d e p e n d e n t  o f  t h e  B r o w n i a n  m o t i o n  { B ( t ) } t > o .  T h e  f o l l o w i n g  a r e  e q u i v a l e n t :  
( 2 )  T h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 8 . 2 . 4 ) .  
( i i )  T h e  i n c r e m e n t  o f  t h e  p r o c e s s  X  s a t i s f y i n g  ( 8 . 1 . 2 )  h a s  a  l i m i t i m g  d i s t r i b u t i o n .  
F i n a l l y  w e  c o n s i d e r  t h e  s o l u t i o n  o f  ( 8 . 1 . 1 ) .  
T h e o r e m  8 . 2 . 6 .  F o r  E  >  0 ,  l e t  K  s a t i s f y  
T h e  f o l l o w i n g  a r e  e q u i v a l e n t :  
C & p J $ r  8 ,  S e c k i o ~ a  S  
R c h a v i a ~ t r  o f  I $ y a i l o t ~  r v l t l e  C o n s t n n ~  N o j m  
( i )  T h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 8 . 2 . 4 ) .  
( i i )  T h e  i n c r e m e n t  X A  o f  t h e  p r o c e s s  X  s a t i s f y i n g  ( 8 . 1 . 1 )  h a s  a  l i m i t i m g  d i s t r i b u t i o n .  
T h e  c o n d i t i o n  o n  t h e  k e r n e l  K  g i v e n  b y  ( 8 . 2 . 7 )  i s  w e a k e r  t h a n  ( 8 . 2 . 3 )  b e c a u s e  i t  i s  n o  
l o n g e r  n e c e s s a r y  t o  a l l o w  i n t e g r a b i l i t y  i n  o r d e r  t o  c o n t r o l  t h e  i m p a c t  o f  t h e  p o s s i b i l i t y  o f  
a n  u n b o u n d e d  p r o c e s s .  
T h e o r e m  8 . 2 . 6  m a y  b e  p r o v e d  i n  a  m a n n e r  i d e n t i c a l  t o  T h e o r e m  8 . 2 . 5  a n d  s o  t h e  p r o o f  
i s  o m i t t e d .  
8 . 3  P r o o f  o f  T h e o r e m  8 . 2 . 2  
B e f o r e  p r o v i n g  T h e o r e m  8 . 2 . 2  w e  s t a t e  s o m e  f o l l o w i n g  s u p p o r t i n g  r e s u l t s .  W e  b e g i n  b y  
s t a t i n g  t h a t  t h e  i n i t i a l  f u n c t i o n  d e f i n e d  b y  ( 8 . 2 . 5 )  s a t i s f i e s  ( 8 . 2 . 2 )  i n  L e m m a  8 . 3 . 1 .  
L e m m a  8 . 3 . 1 .  S u p p o s e  t h a t  t h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  
( 2 . 1 . 1 )  s a t i s f i e s  ( 8 . 2 . 4 ) .  T h e n  t h e  i n i t i a l  f u n c t i o n  q5 d e f i n e d  b y  ( 8 . 2 . 5 )  s a t i s f i e s  ( 8 . 2 . 2 ) .  
P r o v i n g  t h a t  L e m m a  8 . 3 . 1  h o l d s  r e q u i r e s  t h e  s t o c h a s t i c  i n t e g r a l  i n  t h e  i n i t i a l  f u n c t i o n  
( 8 . 2 . 5 )  t o  b e  r e w r i t t e n .  T h i s  i s  i n  o r d e r  t o  a v o i d  t h e  n e e d  t o  c o n s i d e r  F u b i n i - t y p e  t h e o -  
r e m s  f o r  i t e r a t e d  s t o c h a s t i c  i n t e g r a l s  o v e r  i n f i n i t e  d o m a i n s .  T h e  r e f o r m u l a t i o n  e n a b l e s  a l l  
s t o c h a s t i c  i n t e g r a l s  t o  b e  r e p l a c e d  b y  R i e m a n n  i n t e g r a l s  w i t h  s t o c h a s t i c  i n t e g r a n d s .  
I n  L e m m a  8 . 3 . 2  a  g e n e r a l  s q u a r e  i n t e g r a b l e  f u n c t i o n  i s  c o n s i d e r e d  a n d  a  r e f o r m u l a t i o n  
o b t a i n e d  u n d e r  c e r t a i n  g r o w t h  c o n d i t i o n s .  
L e m m a  8 . 3 . 2 .  L e t  q  E  L 2 ( ( 0 ,  c m ) ,  R ) ,  a n d  s a t i s f y  
a n d  
C h ~ p k r  8, SwLion S BehaviouroCEquationu with Constant Noise 
and let Q' sntisb 
lhen 
T J ( ~  - s) dB($) = ~ ( 0 )  B(t> + 57'(t - s)B(s)  ds, t 6 i  R. (8.3.1) 
In Leinrna 8.3.3 we stntc a condition of tlx kernel which ensures that ehc growth condi- 
trims I~old when coi~slsidering R - I?, in t,lle role of q in Lemma 8.3.2 above. 
Lemma 8+3.S. LtL K .en,kisfij (8.2.3) mnd suppose ihal there ezisf,u n conslant IZ, sucf~. 
that the wsnlveml R oJ (2.1.1) ~nt is f ies  (8.2.41, th.en R aatisfics 
kk lim {I -I- t )  I R(i)  - R-I = 0, t.-m 
(8.3.4) 
W e  require growth conditions such ns these on the st>lu#on of the resolvent eqn~tion and 
on its derivative to show that S defined by (8.2.6) satisfies (8.1,2). They we needed to 
show that en infinite ii~tcgrnl containing an intcg~nncl i~lvolving Brownian motion exists. 
Before proving these Icrnmata we state u version of R rcsult by Shcn and Vlhil~gcr, [3R], 
which is rrccdcd to prove Lemma 8.3.3. In t,his result it is shown that if tllc kernel of a 
resolvent integral cquatioll is in rt. certain weighted spacc then so is its solution. 
Theorem 8,S.l. Let, A he a con,tin,rdous fz~nction w/rz'ch satisfies 
C h a p t e r  8 ,  & L i o n  3  
B c h a v i o u r  o f  E q u a t i o n s  w i t h  C a n s t a n t  N o i s e  
w h e w  p  E  C [ O ,  c a )  t  p o s i t i v e  o r a d  
D e f i n e  
a n d  s t L p o s e  t h a t  
e x i s t s  a n d  s a l i s f i l r s  
I n  1 3 8 1 ,  S h e a  a n d  W a i n g e r  s t a t e  a n d  p r o v e  t h e  a b o v e  r e s u l t  S o r  a n  i n t a g r a - d i f f e r e n t i d  
c q t ~ n t i o n  s u l d  c o m m e n t  t h a t  t l r e  r e s u l t  d s o  l r o l d s  f o r  a n  i n t e g r a l  e q u a t i o n .  T h e  s t a t e m e n t  
o f  T h e o r e m  8 . 3 . 1  m a y  n e t  b e  f o u n d  i n  ( 3 8 1 ,  I ~ o w e v e r  ! r  a s t a c m e n t  m a y  b c  f o u n d  i n  1 1 6 ) .  
P r o o f  o f  L e m m a  8 . 3 . 1 .  W e  w a n t  t o  p r o v e  t h a t  
D e f i n i n g  Y  =  R  -  R ,  a s  b e f o r e  a n d  n p p l y i n g  L c m r n a  8 . 3 . 2  a n d  8 . 3 . 3  w c  s e e  t h a t  
s u p  ( 1  +  / L / ) - ( ~ - ' )  
Y ' ( t  -  s ) Z B ( s )  d s ) ' ]  
- m < t l f l  
( 8 . 3 . 8 )  
1  
+  2 2 %  [  s u p  ( l  +  l t \ ) - ( l + d  
- C v < L _ < O  
C 1 1 ~ p t e r  8 ,  S e c t i o n  3  
B e h a v i o u r  g ~ ~ q u h t l o t i s  w i t h  C o n s t n ~ l l  N o i s e  
I n  o r d e r  t o  o b t n i r r  a  b o u n d  w e  c o n s i d e r  t h e  t e r m s  o n  t h e  l a s t  l i n e  o f  ( 8 . 3 . 8 ) .  W e  b e g i n  
w i t h  t h e  f i r s t  t e r m ;  u s i n g  t h e  f a c t  t h a t  ~ ( f )  =  B ( - t )  is R  s t a n d a r d  B r o w n i a n  m o t i o n  w e  
s e e  t h a t  
W e  n o w  a p p l y  I t r j ' s  L e m m a  t o  ( 1  +  t ) - ( 1 C t ) ~ ( t ) 2  t o o b t a i n  
T a k i n g  t h e  s u p m m u m  o v e r  10, T I ,  t h e n  t a k i n g  e x p e d i z t i o n s  a n d  r i s i n g  t h e  B u r k h o l d c r -  
D a v i s - - G u n d y  i n r t q u u l i t y  o n e  o b t a i n s  
s u p  ( 1  +  - t ) - ( ' + ' ) ~ [ t ) ~ ]  
O l t 5 T  
w h c r c  Co i s  R  c o n s t a n t  i n d c p e n d c n t  o f  T ,  ~ n d  C ( E )  >  O  i s  d s o  i n d e p e n d e n t  o f  T .  
O b v i o u s l y ,  s ~ p ~ < ~ . , ~ ( l  -  - k  t ) ' ( ' + ~ ) ~ ( i ) ~  is a  r a n d o m  v a r i a b l e  i n c r e a s i n g  i n  T ,  S o  w c  c a n  
u s e  t h e  m o n o t o n e  c o n v e r g e n c e  t l m o r e m  t o  o h t a i n  
s a p  ( I  +  t ) - ( ' " ) ~ ( t ) ~ ]  =  IPJ[ l i m  s u p  ( 1  +  t ) - ( ' * l l 3 ( L l 2 ]  
r f g r < ~  7 ' - * m 0 5 r . r ~  
E l ~ ~ p t e r  a ,  S e c L i o n  3  
R e h r w i n u r  U S  E q 1 1 n t i 0 1 1 s  w i t h  C o n s t a n t  N o i s e  
W e  n o w  t u r n  t o  t 1 . w  s e c o n d  t e r m  e n  t h e  l a s t  l i n e  o f  ( 8 . 3 . 8 ) .  U s i n g  t h e  f a c t  t h a t  R' i s  
i n t c g r t b l e  a n d  t h e  f ~ c t  h a t  E  [ s ~ ~ - , , , ~ ~ ( l  +  \  t ~ ) - ( ' + C ) R ( E ) ~ ]  <  o o  i t  i s  c l e a r  t h a t  
s u p  ( I  +  ~ t ( ) - ( ~ " ' )  
- m < t " < O  
t  
s u p  [ I  - t  ( t l ) - ( ' t E )  
- m < t g o  
I R t ( l  -  9 1 1  d a  l m  I P ( t  -  s ) ~ B ( J ) ~  d s ]  
=  c Z [  s u p  ( 1  +  1 1 \ ) - ( ~ " 1  i R ' ( t  -  3 ) l B ( s ) 2  d S ]  
- m < L < O  
S o ,  ( 8 . 2 . 5 )  s a t i s f i e s  ( 8 . 2 2 ) .  
P m o f  o f  T h e o w m  8 . 2 . 2 .  W c  c o n s i d e r  ( 8 . 2 . 6 ) .  B y  L c m m n  8 . 3 . 2  ~ n t l  L c m m a  8 . 3 . 8  w r :  
c a n  r e w r i t e  t h i s  a s  
W e  n o w  a i m  t o  p r o v e  t h a t  
w l ~ i c h  e s . t a h l i s l ~ e s  t l m t  S  is t h e  u n i q u e  c o n t i n u o u s  a c l ~ p t e d  s o l u t i o n  o f  ( 8 . 1 . 2 ) .  
W e  ~ x a ~ t l i n e  e a c h  t e r m  o i l  t h e  r i g h t  1 1 a l i d  s i d e  o f  ( 8 . 3 . 1 1 ) .  O b v i o u s l y  b y  ( 8 , 3 . 1 0 ) ,  
Chapter 8, Section 3 Bclimlour or ErlrtaCions wit11 Constant Noiw 
Now consider t,he second term on I,he right hand side of (8,3.11). Clearly, 
Now consider each term on t l ~ e  right 11nnd side of (8.3.13). Due to  the coiitinuity of R! 
nnd I3 and the compxtncss of intervals, we can use Fc~bini's Thcorem to exchange the 
orclcr of the intcgrotion in the second term to obtain 
&' AY)(S - ~ ) B ( v ) C d v d s  = AY/(J - ZJ)B(,U)Z ds ~ I J  
t (8.3.14) 
=J, A Y ( t - y ) B ( v ) C d v -  A Y ( ~ ) B ( v ) E ~ v .  I' 
Now consider the third term on the right 11a11d side of (8.3*13). We define the function f~ 
Due t o  the continuity of Yt  and B we see that 
Note that, by the Law of thc Xtcr~ted Lognrfthrn, Lemma 8.3.3 and the fnct that s > 0, 
5 I(.), 
wherc I is n contfn~~ous fintctlon integrable over compact intcrwds. So using the Dominated 
Chapter 8, Section 3 Dehavious of EqunttIon~ with Constant Noiae 
Convergence Theorem and then hbini 's Theorem we see t h ~ t  
So using the fact that Y (0) = 1 - &, (8,3.13) may be rewritten according to 
using (8.3.14) and (8.3.15). 
Now consider t.he third term on the right 11an.ncl side of (8.3.11). Obviously 
Now consicler the first term on the rightlimd side of (8.3.17). Due to the compactness 
of int,el.vaIs and the continuity of K and R we can exchange thc order of integration to 
obtain 
Now consider the econcl term on the right sidc of (8.3.17). Due the cornpaclrless of the 
intervals and the continuity of the integrand we can exei~angc the order of integration 
Now using iutegrntiou by parts on tbe inner intcgal one ahtnins 
Now cnnsicler the third tcrrn on thc righl hand sidc of (8.3.17). Obseiw that 
tvljcre u +* 1 I ( $ ,  u)] is a continuous fulluctia~~, integrnble an compact intervnls fbl. every 
s 3 (I. So m can use the Dorninat,ed C~nvergcnce Tl~eorenl nnrl Fubini's Theorem to  
Chaplcr 8, Section 3 Beh~viour o f  FCqu~gons wilh Constant h'dee 
clrang She order of integration as follows 
= 1 0  S% I<(s - u)Yt(u - v)B(v)Cdv duds 
K ( s  - u)Yt (u - v )  B(v)C dv duds 
Now since 
we can obtain 
by changing the older of integration twicc. Using inlcgrtion by pwtrts we see t118t 
Chapter 8, SecLitm 3 Rehavionr of F.9uations with Constnnt Noiw 
Hence: by combitzing (8.3.181, (8.3.19) and (8,3.20) we see that (8.3.17) becomes 
Cltaptsr 8, SeGon 3 I3elrttviarrr or Equations wlth Conszmt Noim 
We may now carnbinc (8.3.16) and (8.3.21) to obtain 
We cnn simplify this equation by co~~sirlcring each of the terms. norn Leinma 7.4.2 it 
is known that ( A  -t- J," IC(s) ds)R, = 0, Using t h i s  we see tlmt 
Now consider the sucoiid tcrin on the rig11t. 11a1ld side of (8,3.22). Using t,llcl fact the 
Chapter 8, Section 3 Beh~vio~rr of Eqtaationa with Conntailt Maim 
Similarly, the third term on the right hnnd side of (8.3.22) becomes 
We now use (8,3.23), (8.3.24) and (8.3.25) to reformulate (8.3,22) as 
R ~ l t  the first, third md fiRh termz of' this eq~latian may be combinecl to  obtain 
Clraptcr 8, Soctlon 3 
- 
Rehavio~ar of Fduntlons with Constant N&
and so (8.3.26) becomes 
We now consider the fourth term on the right hnnd side of (8a3.11). Since 
where s ~-r I ( s )  is continuous m d  so intcgrnblc on camp~c t  intervals. So, we ohtain 
X ( s  - u)EB(a) duds + LJo K ( s  - ~r)Y'(u - v ) B ( u ) z d . d ~ d ~  
-0 
Chapter 8, Section 3 Beh~vlour of Ecguations wit11 ConsGnnt Naiw 
Now combining (8.3.12), (8.3.27) and (8.3.28) we see that 
wlricll becomes 
sincc Y[O) = 1 - .&. So we will have complekd the proof if  
C h a p t e r  8 ,  S e c t i o n  3  
B e h a v i o u r  o f  E q u a t i o n s  w i t h  C o n s t a n t  N o i s e  
R e a r r a n g i n g  t h e  r i g h t  h a n d  s i d e  o f  t h i s  e q u a t i o n  w e  o b t a i n  
=  
[ l  l w  K ( s  -  u ) Y 1 ( u  - v )  d u d s  1  B ( v ) C d v ,  
u s i n g  F u b i n i ' s  T h e o r e m  a n d  i n t e g r a t i o n  b y  p a r t s .  S i n c e  
Cl~nptcr 8, Section 3 Behavlrrur or Equations with Constant. Noise 
we can exchange the order of integration to obtain 
We now wish to change to order of integration of the inner integrals. 
- - T-. lim w [ T J - : , ~ < ( b - ~ ~ ) ~ t ~ ~ - ~ ) ~ ( ~ ) ~ d ~ d ~  
Now 
Since (8,Z.I) l~olds we have 
~ l m  / '  I T  ~ ( s  -  u ) ~ ' ( u  -  v )  ~ ( v ) ~ d v d u  =  I < ( s  -  u ) Y ' ( u  -  v )  B ( v ) C  d u d v  
T - m  ,
T h i s  c o m p l e t e s  o u r  p r o o f .  
8 . 4  
P r o o f  o f  T h e o r e m  8 . 2 . 3  a n d  T h e o r e m  8 . 2 , 4  
T h e  f o l l o w i n g  t h e o r e m  h i g l l l i g h t s  t h e  n e c e s s i t y  o f  ( 8 , 2 , 4 )  f o r  t h c  e x i s t e n c e  o f  a  s t s t t i o n n a r y  
s o l u t i o n .  
T h e o r e m  8 . 4 . 1 .  L e t  K  s a t i 8 f . q  ( 2 . 2 . 7 )  a n d  l e t  t l a c  i n i t i m l  f i ~ n c t i o n  .$ s n t i , r r f l  ( 8 , 2 . 2 )  l u h e r r !  
4  i s  i n d e p e n d e n t  O J  t h e  D m w n i a n  m o t i o n  { B ( t ) ) 1 2 0 .  I f I h c  i n c r e m e n t  X A  d e f i n e d  b y  
X a ( l )  =  X ( t )  -  X ( t  -  A ) ,  
A  >  0 ,  
( 8 . 4 . 1 )  
i s  s t a t i o n a r y ,  t h e n  t h e n  e . r i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  w s o h e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  
( 8 . 2 . 4 ) .  
T h e  f o l l o w i n g  I e i n m a  i s  r e q u i r e d  i n  t b c  p r o o f  o f  T h e o r e m  8 . 4 . 1 .  
L e m m a  8 . 4 . 1 .  L e t  IC s n t i , ~ f : y  ( 2 . 2 . 7 ) .  I f  t h e  A - i n , c ~ r n e n i  o j  t h e  s o l u t i o n  l l  o f  t h e  r e s o l v e n t  
e q e a n i i o n  ( 2 . 1 . 1 )  d e f i n e d  b b ~  
R ~ l t . )  = R ( f )  -  R ( t  -  A ) ,  
A  >  0 ,  
( 8 . 4 , ~ )  
t h e n  t h e w  e x i s t s  n  c o n d a a t  R, s u c h ,  t h a t  t h e  p - e s o l v c n t  R  o f  ( 2 . 1 . 1 )  s n t i s f i e s  ( 8 . 2 . 4 )  
1 5 4  
Chapter 8, SmFkn 1 Bchavio~tr or Eql~akious wltla ConadnnG Noi* 
Proof of Theowrn 8.2.3. Wc choose 4 to  be the process in (8,2.5$. Then the process 
S in (8.2.6) obeys (8.1.2) by Theorem 8.2,2. Usina the rwt that R(t)  := 0 for t < 0 we 
see that 
1 
= &E (O(t) - B(l - A)) + 1 (R(i - s) - R(t - A - r))E dB(r) 
. -DD 
Cwsider the vector 
whcre r = (t l  , . . . ,in) and 0 < tl < ta.. < t,,. CIewly Sa(7) h a s  rnultivasiak ncllmd 
distribution 
I t  is dcar tbnr, C is independent oft .  
C h a p t e r  8 ,  S w r l a n  + I  
B e h a v i o u r  or E q u a t i o n s  w i t h  C o n s t a n t  N o i s e  
T h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  a  d i s t r i b u t i o n  c o m p I e t e l y  c l z a r a c t e r i s ~ s  t h e  d i s t r i b u t i a n ,  s o  
i n  o r d e r  t o  s h o w  t h a t  t h e  p r o c e s s  S A  i s  s t a t i o n a r y  w e  c a l c u l a t e  t h e  c h a r a c t e r i s t i c  f u n c t i o n  
o f  t h e  v e c t o r  S & ( T ) :  
w h e r e  X  =  ( X I , .  .  .  ,  A n ) .  S i n c e  S a , ( r )  i s  m u l t i v a r i a t e  n o r m a l  w e  s e e  t h a t  
w h i c h  i s  i n d e p e n d e n t  o f  t .  T h i s  m e a n s  t h a t  t h e  p r o c e s s  is s t a t i o n a r y .  
P r o o f  o f  T h e o r e m  8 . 4 . 1 .  U s i n g  v l t r i a t i o n  o f  p n r a m e t e x s  t h e  p r o c e s s  X  w h j c l l  s a t i s f i e s  
( 8 . 1 . 2 )  m a y  b e  r e p r e s e n t e d  a s  
w h e r e  
f  ( t )  =  1' K ( t  -  r r ) Q ( u )  d u .  
- - g o  
N o w  c o n s i d e r  t , h r  t : h w n c t e r i s t i c  F u n c t i o n  of X A ( t )  g i v m l  b y  
F o r  n r l y  d ~ w a c t e r i s ~ i r :  f i l r l c t i o n  g l / O )  =  1  n n d  4 r  i s  c o n t i n u o u s  i n  A ,  s o  r v e  c a n  c h o o s e  ; \  
c l o s e  t o  z e r o  s o  t h a t  + X A ( L )  ( i )  =  C  #  0 .  
C h a p t e r  8 .  S e c t i o n  5  
B e l ~ a v l o u r  o f  E q u a t i o n s  w i t h  C o n s t a n t  N o i s e  
S o  
u s i n g  t h e  i n d e p e n d e n c e  o f  t h e  i n c r e m e n t s  o f  { B ( t ) J t > o  f r o m  { q 5 ( t ) ) t l o ,  a n d  t h e  f a c t  t h a t  
J o t  R n ( t  -  s ) C  d B ( s )  i s  a  n o r m a l l y  d i s t r i b u t e d  r a n d o m  v a r i a b l e .  M u l t i p l y i n g  b o t h  s i d e s  o f  
i Z  
t h e  e q u a t i o n  b y  e d ;  R ~ ( a ) 2 c 2 d s ,  t a k i n g  a b s o l u t e  v a l u e s ,  u s i n g  t h e  f a c t  t h a t  a n y  c h a r a c -  
t e r i s t i c  f u n c t i o n  i s  b o u n d e d  b y  1  a n d  r e a r r a n g i n g  t h e  e q u a t i o n  o n e  o b t a i n s  
S o  i t  f o l l o w s  t h a t  J r  R * ( s ) '  d s  <  o o .  W e  n o w  a p p l y  L e m m a  8 . 4 . 1  t o  o b t a i n  ( 8 . 2 . 4 )  a s  
r e q u i r e d .  
P r o o f  o f  T h e o r e m  8 . 2 . 4 .  B y  c h o o s i n g  t h e  i n i t i a l  f u n c t i o n  4  a s  i n  ( 8 . 2 . 5 )  w e  s e e  t h a t  
i m p l i c a t i o n  ( i )  i m p l i e s  ( i i )  i s  t h e  s u b j e c t  o f  T h e o r e m  8 . 2 . 3 .  T h e  i m p l i c a t i o n  ( i i )  i m p l i e s  
( i )  i s  t h e  s u b j e c t  o f  T h e o r e m  8 . 4 . 1 .  
8 . 5  P r o o f  o f  T h e o r e m  8 . 2 . 5  
W e  u s e  t h e  f o l l o w i n g  t w o  t h e o r e m s  t o  p r o v e  T h e o r e m  8 . 2 . 5 .  
T h e o r e m  8 . 5 . 1 .  S u p p o s e  t h a t  K  s a t i s f i e s  ( 2 . 2 . 7 )  a n d  t h a t  t h e  i n i t i a l  f u n c t i o n  4  s a t i s -  
f i e s  ( 8 . 2 . 2 )  w h e r e  { d ( t ) ) t S o  i s  i n d e p e n d e n t  o f  t h e  B r o w n i a n  m o t i o n  { B ( t ) J t , o .  S u p p o s e  
t h e r e  e x i s t s  a  c o n s t a n t  R ,  s u c h  t h a t  t h e  r e s o l v e n t  R  o f  ( 2 . 1 . 1 )  s a t i s f i e s  ( 8 . 2 . 4 ) .  T h e n  
t h e  i n c r e m e n t  X A  d e f i n e d  b y  ( 8 . 4 . 1 )  h a s  a  l i m i t i m g  d i s t r i b u t i o n .  M o r e o v e r  t h i s  l i m i t i n g  
d i s t r i b u t i o n  i s  t h e  s a m e  a s  t h e  d i s t r i b u t i o n  o f  t h e  i n c r e m e n t  S A  d e f i n e d  i n  T h e o r e m  8 . 2 . 3 .  
Chaptor 8 ,  Section 5 Bellaviotir of Qt~atiaim wit11 Constntlb Noise 
Theorem 8.5.2, Let IC satisfi (2.2.7) and let the imifinlfunction 4 sa t i s -  (8.2.2) where 
{t$(t)}t<o - is independent 01 EIte Bro~mian motion {13(t))t,o. IJ t?ze a'nc~~rncnt Xa has a 
Brnitimg dii~lribufion tltea there exists -s constant R, such that th.e reso~vent R of (2.1.1) 
satisfies (8.2.4). 
Pmof of Tlteorem 8.6.1, We know that 
Now consider the vector 
whew T = ( t t r . .  , tn )  RS before and 0 T, tl < E z . .  + < t,. With X = (A1,. . . ,A,), the 
~I~arnctcristjc function of this vector is givcn by 
where C( t )  is a11 n x ~t rnntrix with ijl" entry givcn bv 
b+t,At, 
cij([) = /a R A ( . ~ ) R A ( s  + Ii i  - t j l )  ds. 
Since (8.2.4) n ~ i d  (2.2.7) hold it. is known that 
w t e r  R, Section 6 Uclr~viour of Equations wltlr Conatant Noise 
dso we have that 
sup (I t ltl)-'('+c)&(t)2 (1 - .t t u ) ' + ' I K ( z L ) I  $ 1 ~  
--oo<~C_O 
So f E L' almost surely. As the convolution of nn L2 function with an L~ hnction tends 
to zero asymptotically we scs that 
NOW since 
we can rrsc tlie bounrted convcrpnce theorem to obtain 
C h a p t , e r  8 ,  SKOC-15 
B e h w l o ~ i r  o r  E q u n t i o n a  w i t h  C o n s t a n t  N o i s e  
l i m  a x A  ( A )  
t  + c x ,  
=  c x p  A C ( ~ ~ ) X ~  ,  
{  1  
w h e r c  C ( m )  i s  a n  r t  x  7 ~  m a t r i x  w i t h  i j L "  e n t r y  g i v e n  b y  
C i j ( w )  =  R A ( s ) R ~ ( s  - t  ( t i  t f  1 )  d s .  
I "  
A s  t h i s  i s  i n d e p e n d e n t  o f  t  w e  l l n v l c  t h e  d e s i r e d  r e s u I t .  
P r o o f  o f  T h e o r e m  8 . 5 . 2 ,  W e  k n o w  t i i n t  c o n v e r g e n c e  i n  d i s t r i b u t i o n  i m p l i e s  
w h c ~ e  i s  a  c l ~ m w t e r i s t i c  f u n c t i o n .  D u e  t o  t h e  c o n t i n u i t y  o f  a n d  t h e  f a c t  a h a t  
@ 4 ( 0 )  =  1  w e  c a n  d l o o s c  a  ; \  s u c 1 1  t h a t  Q ~ ( X )  #  0 .  N a w  a s  b e f o r e  w e  b a v c  t h a t  
T n k i n g  l i m i t s  o n  b o t h  s i d e s  w e  o b t a i n  
S o  i t  S a l l o w s  t h a t #  
R * ( X ) *  d s  <  w .  I V e  n o w  n p p f y  L e m n ~ n  8 . 4 . 1  t a  o b t a i n  ( 8 . 2 . 4 )  E C ~  
r c q ~ r i ~ e t l .  
C h a p t e r  8 ,  S e c t i o n  6  
B e l ~ r r v i n u r  o f  -la w i t h  C o n s t a n t  N o i s e  
8 . 6  P r o o f  o f  T e c h n i c a l  R e s u l t s  
P r o o f  o f  T h e o m a  8 . 3 . 1 ,  L e i ;  
>  0  a n d  T  b e  c o ~ ~ s t a n t .  B e f o r e  p r o c e e d i n g  w e  d e f i n e  
f o r  c o n v e n i e n c e  t . h e  n o r m  ( 1  -  ( I T  o n  a  s u b s p m c  o f  c o n t i n u o u s  7 ' - a d a p t e d  p r o c e s s e s  h y  
W e  n o w  p r o v e  t h e  e x i s t e n c e  o f  n  c o n t i n u o u s  ~ ~ - a d a p t s d  p r o e m s  X  w h i c h  ~ r t t i s f i ~ s  ( 8 . 1 . 2 )  
o n  t , h e  i n t e r v n 2  ( - w , T ] .  D e f i n e  t h e  P i c t t r d  i t e r a t i o n s  
w h e n  k  2  1  a n d  
o t h c r w i s c .  B y  m n t h e r n a t i c d  i n d u c t i o n  i t  c a n  e m i l y  b e  s h e u r n  t h a t  X k  i s  c o n t i n u o l ~ s  a n d  
a d a p t e d  0 1 1  10, T ]  f o r  e a c h  k  >  0 .  
O b v i o u s l y ,  
a n d  
Cl~npter 8, SectSon 6 Bel~aviour of Equatlcms with Constant Noise 
Once ngdn we consider the interval (0, T] and square both sides of (8.6.1) to obtain 
-t- (1 + 1 ~ 1 ) " '  sup 
:= C(T, w), 
where M = JAJ t JF IK(t)\ dt.  Note that 
ConsirEr~* the! cnsc when t > 0, sq~~nl-ing both sidcs of tlrc above, one obtains 
- t o r  8 ,  S e c t i o n  6  
B n l t a v j o u r  o f  E q u s t i o n s  w i t h  C o n ~ a n t  N o i s e  
W e  n o w  p r o v e  b y  m a t h e m a t i c a l  i n d u c t i o n  t h a t  
O b v i o u s l y  ( 8 . 8 . 2 )  h o l d s  w h e n  k  =  0 .  W h e n  k  =  1  w e  o b t a i n  
=  c [ T , ~ J ) T A ? ~ ~ ,  
W h e n  k  =  2  w e  o b t a i n  
S o  w e  n s s u m e  t h a t  ( 8 , 6 , 2 )  h o l d s  f o r  k  -  l ,  t h a t  i s  
a n d  p r o v e  t h a t  i t  l ~ a l d s  f o r  k  =  I  +  I :  
-  
1  
-  
( l  - k  I ) !  
C ( T ,  W ) ~ T J ~ ~ ~ J ~ * ~ ,  
a s  r e q u i r e d .  
N o w  
Choptcr H, Sect.lon 6 Aehaviour of F!uat,ion~ wjth ConRtant Noisc 
We can now use Chebgshev's inequality nnd (8,0.3) to obtain 
This uppa. bound is the general term in a convergent sequence so we may apply thc 
Borcl-Cantelli Lemma to cor~cludc that for each w 6 R' there exists N ( w )  € Rl such thak 
with PIR'J = 1. Conmqiienllg thc sequence {Xk(t ,w))y=D=o convergcs in the suprcmtinl 
topology to a continuom limit which we call X ( t ,  w )  011 0 < t ( T. 
Wc now sllow that X is a solution of (8.1.2) for t C 10, TI. Consider the mtprcssion 
Using the definition of t,he Picard iteration we see that 
If (s - u)q5(nr, w) duds - CB(t,  w )  
I t -8 
= ( ~ ( t . w )  - ~ ~ ( t . ~ ) )  - / [ A  + K ( u )  du ( ~ ( s .  w )  - xcl(s,w)) ds o 5 t 5 T. 
0 0 I 
Taking al,solute vnlucs across both sides 
3 n p t e r  8, Sectinn G Behavi~ur of Etyctiona wiGh Canatant Noise 
I-Ience. 
sup X [ t ,  Ld) - rbf0, w )  - 
O < t g  I [ A  + l-' K ( ~ )  4X(r.w) n s  
- S1l_+qs - u ) ~ ( U , W ) d u ~ - z ~ ( t , w )  
< (1 + A??-) sup \ X ( t ,  w )  - Xkrt,  w ) ( .  
0115T 
Now taking the limit as k 4 oo we see thnt and using the fact that Xk --t X as k 4 oo 
we see that 
sup X(t,#) - 4 ( 0 , w )  - 
ust5r I Jdl [A + It-' K ( ~ )  (1~1 X ( S .  W )  d s  
that is, X is a solution of (8.1.2) for 0 E 5 T. 
Thc following ~u.gumt;nt is provided to show thnt t I-. X(b, 6) is tltc unique continuous 
adapted process satisfying (8.2.2) on 0 5 1 5 IT. Suppose both X and Y are continuous 
adapted processes satisfying (8.1.21, Subtracting Y from X and taking al3solute valtles 
across the equation we obtain 
where = ~ A J + J ' ~  1K(t)J dt.  By constructio~~ XCt} = Y( t )  for t 5 0 ~ n d  using Gronwall's 
inequnlity we scc that ( X ( t )  - Y(t)1 = 0 for all 1 f in other words t I+ X(.t,C) is 
unique on -ca _< t < T. H~wevel., since T is arhit.raiy we sce that X is the unique. 
continuous, adnptcd p~.ocess which satisfies (8.3.2) on the wl.ialc red line. 
C h a p t e r  8 ,  S e c t i o n  6  
B e h a v i o u r  o f  E q u a t i o n s  w i t h  C o n s t a n t  N o i s e  
P r o o f  o f  L e m m a  8 . 3 . 2 .  F o r  T  <  0 ,  w e  o b t a i n  
=  
( J d t  - u  q l ( z )  d z )  d B ( u )  +  B ( T ) q ( t  -  T )  -  B ( T ) q ( O )  
t  t  
=  S T  ~ ( t  -  U )  d m )  -  ~ ( 0 )  J  d ~ ( u )  +  B ( T ) B ( ~  -  T )  -  B ( T ) O ( O )  
T  
w h i c h  o n  r e a r r a n g e m e n t  b e c o m e s  
S i n c e  r l  E  L ~ ,  t h e  l i m i t  a s  T  4  - o o  o n  t h e  l e f t  h a n d  s i d e  o f  ( 8 . 6 . 4 )  e x i s t s  a l m o s t  s u r e l y .  
T h e  l i m i t  a s  T  - ,  - o o  o f  t h e  l a s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 8 . 6 . 4 )  e x i s t s  s i n c e  
t  
< c ( ~ ) /  ( d ( t - s ) 1 ( 1 + 1 t - s 1 ) * d s c m .  
- C O  
S o  t a k i n g  t h e  l i m i t  a s  T  4  - m  o n  b o t h  s i d e s  o f  ( 8 . 6 . 4 )  w e  o b t a i n  
s i n c e  t h e  l i m i t  a s  T  - 4  - C Q  o f  B ( T ) q ( t  -  T )  e x i s t s  ( s i n c e  t h e  l i m i t  o f  e a c h  o f  t h e  o t h e r  
t e r m s  i n  ( 8 . 6 . 4 )  e x i s t )  a n d  e q u a l s  z e r o  d u e  t o  
i m  s u p  
l i m s u p  J B ( T ) I  I q ( t  -  T ) (  5 1 '  
( 1  +  t  -  ~ l ) ( ' + ' ) l ~ ( t  -  T ) I  =  0 .  
T - + - a  T + - w  ( 1  +  I T I ) ( ~ + ~ )  
P r o o f  o f  L e m m a  8 . 3 . 3 .  T h e  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n  ( 2 . 1 . 1 )  m a y  b e  r e f o r m u l a t e d  
Chapter 8 ,  Section 6 Bel%&viour of Equations wit11 Constant Noise 
where Y = R - h& and 
If r is the solution of 
~ ( t )  i-(IC1 * r) ( t )  = If1 lt), f I 0, 
t11cn thr, solution Y of (8.6.6) may he expressed a? 
Thus. 
where c is a positive constant, 
We begin by considwing (8.3.2). Integrating (8.6,7) over (0, m) ane obtains 
Cni~sider the first term an the right hand side of (8.6.8). Clearly, 
Now cansidrr the sccond term and Ihird tern1 in thc right hand side of (8.6.8). Let 
a p ( t )  = (1 + 1) 2 . It can ~ ~ i i l y  be shown thnt (8.3.5) holds and thnt (8.3.6) holrls Eor 
C l r ~ p L a r  8 ,  S e c t i o n  6  
B a h n v i o t f r  o f  E q l m n t j o n s  w i t h  C o n s t a n t  N a j e  
p ,  =  0 .  A l s o  s i n c e  ( 8 . 2 . 4 )  h o l d s  a n d  t h e  s e c o n d  m o m e n t  o f  t h e  k e r n e l  e x i s t s  t h e  s c a l a r  
v e r s i o n  o f  T h e o r e m  2 . 2 . 4  m a y  b e  a p p l i e d  t o  o b t a i n  c o n d i t i o n  ( 8 . 3 . 7 )  w i t h  K 1  i n  t h e  r o l e  
o f  A .  S o ,  w e  c a n  a p p l y  T h e o r e m  8 . 3 . 1  t o  o b t a i n  
U s i n g  t h i s  a n d  ( 8 . 6 . 9 )  w e  s e e  t h a t  t h e  s e c o n d  a n d  t h i r d  t e r m s  i n  ( 8 . 6 . 8 )  a r e  f i n i t e  s o  ( 8 . 3 . 2 )  
h o l d s .  
W e  n o w  c o n s i d e r  ( 8 . 3 . 3 ) .  T a k i n g  t h e  l i m i t  a s  t  - +  o o  o n  b o t h  s i d e s  o f  ( 8 . 6 . 7 )  w e  o b t a i n  
+ l i m s u p c  ( 1 + t - s ) ~ ~ r ( t - s ) ( ~ ~ ~ ( s ) ~ d s + l i m s u p c   I r ( t - s ) l I K z ( s ) I d s .  
t - + c c  I "  t - - t o o  I " "  
T h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 8 . 6 . 1 1 )  i s  z e r o  s i n c e  
N o w  c o n s i d e r  t h e  s e c o n d  t e r m .  S i n c e  ( 8 . 6 . 1 0 )  h o l d s  a n d  K 2  +  0  a s  t  - 4  o o  w e  s e e  t h a t  
s e c o n d  t e r m  t e n d s  t o  z e r o  s i n c e  t h e  c o n v o l u t i o n  o f  a n  L 1  t e r m  w i t h  o n e  w h i c h  t e n d s  t o  
z e r o  i s  t e n d i n g  t o  z e r o .  F i n a l l y  w e  c o n s i d e r  t h e  t h i r d  t e r m .  S i n c e  r  i s  i n t e g r a b l e  a n d  K z  
t e n d s  t o  z e r o  d u e  t o  ( 8 . 6 . 1 2 )  w e  s e e  t h a t  t h e  t h i r d  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 8 . 6 . 1 1 )  
t e n d s  t o  z e r o .  C o m b i n i n g  t h e  a b o v e  a r g u m e n t s  w e  s e e  t h a t  
a s  r e q u i r e d .  
N o w  c o n s i d e r  ( 8 . 3 . 4 ) .  U s i n g  e q u a t i o n  ( 2 . 1 . 1 )  a n d  t h e  f a c t  t h a t  ( A + J r  K ( s )  d s ) R m  =  0  
w e  s e e  t h a t  
Chapter 8, Section 6 Br&viour of Equ~tions with Constant N d s e  
so, 
+ lw 1 + ( t )  dt 1 ,  (8.6.13) 
Thr! first term on the right hand side of (8.6.13) is finite due to  (8.3.2). Consider the 
second term: 
< Cl* l ( 1  + t - s ) W l l ( ( t  - s ) l \ ~ ( a ) ( d s &  
+Clml I R ( ~  - s ) l s Y l ~ ( s ) l d s d t  cm, 
r t u ~  to (8.2.3) nnd (8.3.2). We may shaw that the thirrl term is integrable in a manner 
similar to  (8,ti.9). So (8.3.4) IloZds. 
Pwof of Lemma 8 . 4 , f .  In order to  prow this rcsult we must prove that (i) 
x - A - K 0 Rez 2 0, 
and apply EL I'CSIIIC of Grossman and Miller, Thewcm 2.2.2, to obtain that the r~qolvcnt R 
satisfying (2.1.1) is integahla, from which it may ekqily bc shmn tlmt (8.2.4) I~olds with 
& = 0 01- (ii) show that 
and apply rr. resirlt olPeley and Wcincr, Theorem 2.2,3, from wliich it may easily be shown 
that (8.2.4) holcls. 
1% bcgin hy considering the casc when 2 + 0 n ~ l i l  prove 
C h p l z 8 ,  Section 6 
--. Bchavi~ur of ECqctuations with Constant Noise 
We begin by ~ssarning the opposite: that is there exists a non xero constant .nt = ZfR + i f r  
with Z R  > 0 such that 
Consequently we" is a solution of 
so using variation of parameters 
since 710 # 0 and 
where c = (1 - el"). 1% consider the c ~ ~ s  when RE 2 > 0 and Itc 2 = 0 separately. 
We begin by considering Re2 > 0. Examine tl~e lright hand side of (8.6.18). The first 
term nn the right hmld side is square integrable due to assumption (8.4.3). Sincc 
< el 1 / l < ( ~ ) ] o - ~ f i "  drr < m, 
wc see that Lhe second term on the righi, hand side of (R,6.18) is square integrnbl~ as tho 
convolution era square intcgldlle function with an integrable function is square integrable. 
So, the right hand side of (8.0.18) is squme integrable while the left laand side is unbounded 
ns t tends to oo, This products R contradiction and so z - A - R(z) $ O for Rc 5 > 0. 
C h a p t e r  8 ,  S e c t i o n  6  
B e 1 i a v i a t ; r  o f  P g u a t i o n s  w i t h  C o m t n n t  N o i s e  
N o w  c o n s i d e r  t h e  c n s c  w h e n  R e  Z  =  0 .  E q u a t i o n  ( 8 , 6 . 1 8 )  b e c o m e s  
m  
=  R a  ( l )  4 -  i t  ~ * ( t  -  s )  J .  K ( u )  ( c o R ( I ,  ( S  -  u ) )  +  i  s i n ( i r  ( s  -  u ) ) )  d u  d s ,  
T h e  l e f t  h a n d  s i d e  o f  t h i s  e q u a t i o n  v a r i e s  s i n u s o i d d l y  w h i l e  t h c  l e f t  h ~ n d  s i d e  j n  L ' ,  T h i s  
p r o d u c e s  a  ~ o n t ~ r a d i c t i o n  a n d  s o  z  -  A  -  R ( n )  #  0  Sol. R e  z "  =  0 .  
S o  c o m b i n i n g  t h e  a b o v e  a r g u m e n t s  w e  s e e  t h a t  ( 8 . 6 . 1 5 )  h o l d s .  N m  i f  A + J r  K ( t )  d t  #  0  
w e  m a y  a p p l y  T h e w e m  2 . 2 . 2  t o  o b t a i n  ( 8 . 2 . 4 )  w i t h  R ,  =  0 ,  
If A  $  * r F  I C ( E )  d t  =  O ,  w e  m t ~ s f ,  p r o w  t h a t  ( 8 . 4 . 2 )  a n d  ( 2 . 2 . 7 )  i f i p l y  t l m t  
W e  b c g i n  b y  c o n s i d c r l n g  t h e  c a s e  w h e n  z  =  0 .  W e  a s s u m e  t h a t  
m d  p r o v e  b y  c o n t r a d i c t i o n  t h n t  t h i s  c a n n o t  h o l d ,  If t h i s  h o l d s ,  w e  c a n  c h o o s e  a n y  n o n z e r o  
c o n s t a n t .  c  s o  t h a t  c t  + ? I n  i s  a  w i o l a t i o n  o i '  ( 8 . 6 . 1 6 ) .  S o  b y  u s i n g  v a r i a t i o n  o f  p a r a m e t e r s  i t  
M  
c t  +  a  =  R ( t J 1 ~ n  + R ( L  -  s )  1  K ( r ~ ) [ c ( r  - l a )  +  v o ]  d u d s .  
a n d  
S u b t r n . c t i n g  t h e s e  t w o  e q u a t i o n s  o n e  o b t a i n s  
w l r c r c  j  is g i v e n  b y  
Chapter 8, Section G Bcl~aviour of Equations wit11 Constant Noise 
We see that f is integrable since 
Moreover f ( t )  -+ 0 ns t 4 m ;sn f is square integrable. Con~idcr equation (8.6.19). 
The first term on the right lland side is square integrable due to our aesurnptions. Tho 
second term is dao squwe intcgrahlc since a square integrable function convalved with a 
square integrable funct,ion is squasc integrable. So the right hand sicle of (8.6.19) is square 
jntepable while the left lrand side is g t  non zero constant. These facts are incon~pntible 
which Emplics that 1 -I- I?~(o )  # 0, 
Nixv consider the case wllen z # 0. It  is easy to show that 
As we have dlown tlmt (8.6.15) holds we set? thnt 
combining this with the Fact that 11+1?~(0) # 0 we obtain (8.6.14). So using Theorem 2.2.3 
we sec that tllc solution of T + r * IC1 = K1 is ii~tcgr~ble. Now using the representntion 
of the solution of (8.6.6) givcn in Thmrern 1,1.2: 
y(t> = react) - I' ~ ( t  - s)TG(s) ds, t 2 0, 
and using the fact, that fi2 and r ere integrable we see that (8.2,4) holds. 
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C o n c l u s i o n  
W e  e n d  b y  s u m m a r i s i n g  t h e  m a i n  r e s u l t s  o f  t h i s  t h e s i s  a n d  h i g h l i g h t i n g  t h e  l i n k s  a n d  
r e l a t i o n s h i p s  b e t w e e n  t h e m .  F u r t h e r  t o  t h i s  s o m e  a v e n u e s  f o r  t h e  e x t e n s i o n  a n d  a p p l i c a t i o n  
o f  t h i s  t h e s i s  a r e  d i s c u s s e d .  
T h e  p a p e r  b y  K r i s z t i n  a n d  T e r j k k i  [ 2 4 ]  l i e s  a t  t h e  f o u n d a t i o n  o f  t h i s  t h e s i s .  H e r e  t h e  m o s t  
f u n d a m e n t a l  e q u a t i o n  c o n s i d e r e d  i n  t h e  p r e c e d i n g  c h a p t e r s ,  n a m e l y  t h e  r e s o l v e n t  e q u a t i o n ,  
i s  a n a l y s e d .  T h e  c o n d i t i o n s  w h i c h  c o m p l e t e l y  c h a r a c t e r i s e  a s y m p t o t i c  c o n v e r g e n c e  o f  t h e  
r e s o l v e n t  t o  a  n o n t r i v i a l  a n d  n o n e q u i l i b r i u m  l i m i t  a r e  f o u n d .  
B u i l d i n g  o n  t h i s  f o u n d a t i o n ,  t h e  a n a l y s i s  i n  t h i s  t h e s i s  i n i t i a l l y  c o n s i s t s  o f  t h r e e  s e p -  
a r a t e  s t r a n d s  b e f o r e  b e c o m i n g  i n t e r l i n k e d  a s  m o r e  c o m p l e x  a n d  i n v o l v e d  q u e s t i o n s  a r e  
c o n s i d e r e d .  
T h e  f i r s t  s t r a n d  c o n s i s t s  o f  t h e  a n a l y s i s  o f  d e t e r m i n i s t i c  V o l t e r r a  e q u a t i o n s .  U n d e r  t h e  
c o n d i t i o n  t h a t  t h e  s i g n  o f  t h e  k e r n e l  d o e s  n o t  c h a n g e  s i g n  o n  [ 0 ,  w )  a n d  t h a t  t h e  s e c o n d  
m o m e n t  o f  t h e  k e r n e l  e x i s t s ,  w e  c a n  u s e  m e t h o d s  a p p l i e d  i n  [ 3 0 ,  3 1 1  t o  f i n d  t h a t  t h e  e x p o -  
n e n t i a l  i n t e g r a b i l i t y  o f  t h e  k e r n e l  i s  n e c e s s a r y  a n d  s u f f i c i e n t  f o r  e x p o n e n t i a l  c o n v e r g e n c e  
o f  t h e  r e s o l v e n t  t o  a  n o n t r i v i a l  l i m i t .  
T h e  a b o v e  r e s u l t  i s  t h e n  u s e d  a s  a  b u i l d i n g  b l o c k  t o  d e v e l o p  t h i s  s t r a n d .  A  p e r t u r b e d  
V o l t e r r a  e q u a t i o n  i s  c o n s i d e r e d  a n d  i t  i s  f o u n d  t h a t  t h e  e x p o n e n t i a l  d e c a y  o f  t h e  t a i l  o f  
t h e  p e r t u r b a t i o n  i s  t h e  o n l y  a d d i t i o n a l  a s s u m p t i o n  r e q u i r e d  f o r  e x p o n e n t i a l  c o n v e r g e n c e  
t o  a  n o n t r i v i a l  l i m i t .  T h i s  c o n d i t i o n  i s  i n  f a c t  n e c e s s a r y .  
T h e  s e c o n d  s t r a n d  c o n s i d e r s  a  s t o c h a s t i c a l l y  p e r t u r b e d  V o l t e r r a  e q u a t i o n  w i t h  a s y m p -  
t o t i c a l l y  f a d i n g  n o i s e .  A s  t h e  s t u d y  o f  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s  i s  n e w e r  t h a n  d e -  
t e r m i n i s t i c  V o l t e r r a  e q u a t i o n s ,  t h i s  s t r a n d  b e g i n s  a t  a  l e s s  a d v a n c e d  s t a g e :  i n i t i a l l y  a  
s t o c h a s t i c  a n a l o g u e  o f  K r i s z t i n  a n d  T e r j k k i  r e s u l t  i s  f o u n d .  U n d e r  t h e  c o n d i t i o n  t h a t  t h e  
f i r s t  m o m e n t  o f  t h e  k e r n e l  e x i s t s ,  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  c o n v e r g e n c e  o f  
t h e  s o l u t i o n  t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e  a n d  f o r  t h e  i n t e g r a b i l i t y  o f  t h e  s o l u t i o n  m i n u s  
i t s  l i m i t  i n  t h e  m e a n  s q u a r e  c a s e  i s  f o u n d .  T h e s e  c o n d i t i o n s  a r e  t h e  s q u a r e  i n t e g r a b i l i t y  
C h a p t e r  9  C o n c l u s i o n  
o f  t h e  r e s o l v e n t  m i n u s  i t s  l i m i t  a n d  t h e  e x i s t e n c e  o f  t h e  t a i l  o f  t h e  n o i s e  t e r m .  I n  f a c t  t h e  
s a m e  c o n d i t i o n s  a r e  s u f f i c i e n t  i n  t h e  a l m o s t  s u r e  c a s e  b u t  t h e  p r o o f  o f  t h e  n e c e s s i t y  o f  t h e  
c o n d i t i o n  o n  t h e  n o i s e  t e r m  h a s  s o  f a r  b e e n  e l u s i v e .  
T h i s  s t r a n d  i s  d e v e l o p e d  i n  a  w a y  a n a l o g o u s  t o  t h e  d e t e r m i n i s t i c  c a s e :  n e c e s s a r y  a n d  s u f -  
f i c i e n t  c o n d i t i o n s  f o r  e x p o n e n t i a l  c o n v e r g e n c e  t o  a  n o n t r i v i a l  r a n d o m  v a r i a b l e  a r e  f o u n d -  
t h e  k e r n e l  m u s t  b e  e x p o n e n t i a l l y  i n t e g r a b l e  a n d  t h e  n o i s e  t e r m  e x p o n e n t i a l l y  s q u a r e  i n -  
t e g r a b l e .  O b v i o u s  c o m p a r i s o n s  c a n  b e  d r a w n  w i t h  t h e  c o r r e s p o n d i n g  r e s u l t  i n  t h e  d e t e r -  
m i n i s t i c  c a s e .  I n d e e d  t h e  p r o o f  o f  t h e  s t o c h a s t i c  r e s u l t  d r a w s  m u c h  o f  i t s  i n s p i r a t i o n  f r o m  
t h e  d e t e r m i n i s t i c  c a s e .  
T h e  f i n a l  s t r a n d  c o n s i d e r s  a  s t o c h a s t i c  V o l t e r r a  e q u a t i o n  w i t h  c o n s t a n t  n o i s e .  O n c e  
a g a i n  t h e  r e s o l v e n t  m i n u s  i t s  l i m i t  b e i n g  s q u a r e  i n t e g r a b l e  m a n i f e s t s  i t s e l f  a s  t h e  n e c e s s a r y  
a n d  s u f f i c i e n t  c o n d i t i o n  f o r  c o n v e r g e n c e ,  i n  t h i s  c a s e  t o  a  s t a t i o n a r y  d i s t r i b u t i o n .  
T h i s  s t r a n d  h a s  t h e  m o s t  s c o p e  f o r  f u r t h e r  d e v e l o p m e n t .  P e r h a p s  m o r e  i n t e r e s t i n g  i s  
t h e  a p p l i c a b i l i t y  o f  t h e  e q u a t i o n  a s  a  m o d e l  o f  a  f i n a n c i a l  m a r k e t .  
T h e  s o l u t i o n  o f  t h i s  e q u a t i o n  i s  a  c o n t i n u o u s - t i m e  s t o c h a s t i c  p r o c e s s  w h i c h ,  l i k e  B r o w n -  
i a n  m o t i o n ,  h a s  G a u s s i a n  a n d  s t a t i o n a r y  i n c r e m e n t s ,  b u t  i n  c o n t r a s t  t o  B r o w n i a n  m o t i o n ,  
h a s  c o r r e l a t e d  i n c r e m e n t s .  I n  a  f i n a n c i a l  m o d e l ,  t h i s  w o u l d  m e a n  t h a t  p a s t  r e t u r n s  o f  
a s s e t  p r i c e s  c a n  i n f l u e n c e  c u r r e n t  r e t u r n s .  I t  a l s o  e n j o y s  a  s e m i m a r t i n g a l e  p r o p e r t y  w h i c h  
e n a b l e s  i t  t o  b e  u s e d  i n  t h e  p r i c i n g  o f  d e r i v a t i v e  s e c u r i t i e s  i n  i n e f f i c i e n t  f i n a n c i a l  m a r k e t s ,  
w h i c h  i s  n o t  s h a r e d  b y  e x i s t i n g  l o n g - m e m o r y  p r o c e s s e s .  T h e  p r o c e s s  a l s o  h a s  ~ o t e n t i a l  
a p p l i c a t i o n  i n  t i m e  s e r i e s  m o d e l l i n g ,  a s  i t  i s  a  c o n t i n u o u s - t i m e  a n d  l o n g  m e m o r y  a n a l o g u e  
o f  p o p u l a r  d i s c r e t e t i m e  a n d  s h o r t  m e m o r y  e c o n o m e t r i c  m o d e l s .  
P r o o f s  
P r o o f  o f  P r o p o s i t i o n  2 . 4 . 1 .  W e  b e g i n  b y  d e f i n i n g  t h e  n o r m :  
T h i s  p r o o f  f a l l o w s  b y  a  s e q u e n c e  o f  c o n t l - d i c t i o n s ,  W e  b e g i n  b y  s h o w i n g  t h ~ t  t h c  f i r s t  
r n o m e ~ ~ t  O F  t h e  k e r n e l  i s  i n t e g r a b l e ,  t h a t  i s  
T h i s  i s  n o t  t h e  c a s e  i f  t h c r s  e x i s t s  a  c o n s t a n t  T  >  I  s u c b  t h a t  
1  -  e - ' b l  
( h a t  
1  -  ( I  -  / c a t  +  - &  -  . . . I  
s u p  
 
o < t  S T  1 1 .  h  -  
P t 3  
=  s a p  1 %  -  -  3 !  
a s t s r  
M n n i p u l e . t i n g  t h i s  i n c q u n l i t y  o n e  o b t a i n s :  
Consequently, 
using the fact t,hat JCij(t)  has  the same sign on [I), m) at thc Inst. step. So for 0 < h < 6~ 
we obtain 
n contrdiction. Flence (A,0,1) holds. 
We now procced to show that B'(z) := - Som t e - " ' ~ ( ~ )  di for z 2 0. Using I'HBpitxl's 
Bfj(z  t 11) - Bij(2) h';,(z) = lim 
h-o+ f r  
whcrc z > 0 ntld h > 0. Therefore B1(z) = - Jr t e d z i ~ ( d ) d t ,  
TItesc procedures c w  be repeated to obtain tl~c following: 
and Bn(z)  = (-1)" S,OD tne-"1JC(f) dt For z 2 0 and n E R. 
Since B is analytic lor lRe r\ $ m tlw Maclmlrin's series, Cr=o T a n  is absolutely 
E) 
. . 
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P r o o f  o f  L e m m a  0 4 . 1 ,  B y  t h e  e q u i v a l e n c e  o f  n o r m s ,  t b e r c  e x i s t  n - d e p e n d e n t  p o s i t i v e  
c o n s t a n t s  c l  ( n )  <  c z ( n )  s u c h  t h a t  
C l e a r l y ,  1 )  N ( (  >  c l  E Y E  I I V i l .  T a k i n g  e x p e c t a t i o n s  a c r o s s  t h i s  m p r e s s i o n  o n e  o b t z c i l l s  
n o w  s q u a r i n g  t h i s  i n e q u n l i t y  w e  o b t a i n  
U s i n g  t h e  e q u i v a l e n c e  o f  n o r m s  a g a i n ,  
N o w ,  t h e  f o l l o w i n g  s i m p l e  c n l c u l ~ t i o n  s h o w s  t h a t  t h e r e  e x i d s  n  u i - i n d e p e n d e n t  c o n s t . a n i n t  
T l n s  ( A . 0 . 3 )  b e c o m e s  
D u e  t n  t . l l e  i n d r p e n d e n c e  o f  t h e  l ~ o r r n a l  ~ n ~ l d a r n  v a r i n b l r s  w e  n e e  t h m  E  [ I I N I I ~ ]  =  
V :  
S O  
A p p e n d i x  B  
D e r i v a t i o n  o f  f u n c t i o n s  
L u m r n a  B . O , 1 .  L e t  K  s a t i s h  ( 2 . 1 . 2 ) .  T h e n  t h e  f u n c t i o n  F ,  g z ' u e n  b y  
m  
F ( 1 )  =  - e - t ( Q  +  Q A )  +  P I  K ( s )  d s  -  ( e  *  Q I C ) ( t ) ,  
1  
P r o o f  o f  L e m m a  B . O . 1 .  S i n c e  K  i s  i n t e g r d d e  t h e  m a t r i x  M  i s  w e l l  d e f i n e d  s a  P M  =  0 ,  
w h e r e  M  = :  A  +  
# ( s )  d s  n s  b e f o r e ,  i t  i s  s e e n  t h a k  
=  - e - ' ( Q + & A )  -  P  
I C ( s ) d s -  ( c +  Q K ) ( t )  
=  - e - ' ( Q  - k  Q A )  +  P  
n s  r e q u i r e d .  
L e m m a  1 3 . 0 . 2 ,  L e t  K  s a t i s j y  ( 2 . 1 . 2 ) .  Y ) , . e n  ! h e  f u n c t i o n  G ,  g i v e n  b ? ~  
Proof of Lemma B.0.2. 1t is known that 
Ry expandil~g the final term on thc right hand side of this expression it is seen that 
On evaluation of She first term on the left hand side of (B.0,l) the faIIowing is obtained: 
Now consider the finnl term on the left hand side nf (l3.O.I): 
Evaluating tlre first term on the left hand side of (B,0.3) one obtnins 
In order to ~valunte the second twtn on the left hand side of (B.0*3) one splits the integral 
in two, cllmgcs the ordcr of integration and recoin bin^^ the terms as follaws: 
C o m b i n i n g  ( 8 . 0 . 4 )  m i d  ( B . 0 . 5 )  o n e  o b t a i n s  
m  
( c *  Q K  * & ) ( t )  =  ( 1  -  C L )  1  Q I < ( I ) ~ s  -  ( e *  Q X ) ( L ) R ,  
C a m l i n i n g  ( B . 0 . 2 )  w i t h  ( B . O . 6 )  o n e  o b t a i n s  
N o w  w i n g  t h e  f a c t  t l l n t  Q M  =  A 8  a n d  Q  =  1  -  P  i s  s e e n  t h a t  
N o w  ~ a i u g  b h c  d e f i n i t i o n  o f  I?, g i v e n  b y  ( 2 . 2 . 1 1 )  t h i s  l ~ c c n m c s  
B i b l i o g r a p h y  
[ l ]  J .  A .  D .  A p p l e b y .  E x p o n e n t i a l  a s y m p t o t i c  s t a b i l i t y  o f  n o n l i n e a r  I t G - V o l t e r r a  e q u a t i o n s  
w i t h  d a m p e d  s t o c h a s t i c  p e r t u r b a t i o n s .  F u n c t .  D i f f e r .  E q u . ,  1 2 ( 1 - 2 ) : 7 - 3 4 ,  2 0 0 5 .  
[ 2 ]  J .  A .  D .  A p p l e b y ,  S .  D e v i n ,  a n d  D .  W .  R e y n o l d s .  O n  t h e  e x p o n e n t i a l  c o n v e r g e n c e  t o  
a  l i m i t  o f  s o l u t i o n s  o f  p e r t u r b e d  l i n e a r  V o l t e r r a  e q u a t i o n s .  E l e c t r o n .  J .  Q u a l .  T h e o r y  
D z f f e r .  E q u . ,  p a g e s  N o .  9 ,  1 6  p p .  ( e l e c t r o n i c ) ,  2 0 0 5 .  
[ 3 ]  J .  A .  D .  A p p l e b y ,  S .  D e v i n ,  a n d  D .  W .  R e y n o l d s .  M e a n  s q u a r e  c o n v e r g e n c e  o f  s o l u -  
t i o n s  o f  l i n e a r  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s  t o  n o n - e q u i l i b r i u m  l i m i t s .  D y n .  C o n t i n .  
D i s c r e t e  I m p u l s .  S y s t .  S e r .  A  M a t h .  A n a l . ,  1 3 B ( s u p p 1 . ) : 5 1 5 - 5 3 4 ,  2 0 0 6 .  
[ 4 ]  J .  A .  D .  A p p l e b y ,  S .  D e v i n ,  a n d  D .  W .  R e y n o l d s .  A l m o s t  s u r e  c o n v e r g e n c e  o f  s o l u t i o n s  
o f  l i n e a r  s t o c h a s t i c  V o l t e r r a  e q u a t i o n s  t o  n o n - e q u i l i b r i u m  l i m i t s .  J .  I n t e g r a l  E q u a t i o n s  
A p p l . ,  f o r t h c o m i n g .  
[ 5 ]  J .  A .  D .  A p p l e b y  a n d  A .  F ' r e e m a n .  E x p o n e n t i a l  a s y m p t o t i c  s t a b i l i t y  o f  l i n e a r  I t 6 -  
V o l t e r r a  e q u a t i o n s  w i t h  d a m p e d  s t o c h a s t i c  p e r t u r b a t i o n s .  E l e c t r o n .  J ,  P r o b a b . ,  8 : n o .  
2 2 ,  2 2  p p .  ( e l e c t r o n i c ) ,  2 0 0 3 .  
[ 6 ]  J .  A .  D .  A p p l e b y  a n d  D .  W .  R e y n o l d s .  S u b e x p o n e n t i a l  s o l u t i o n s  o f  l i n e a r  i n t e g r o -  
d i f f e r e n t i a l  e q u a t i o n s  a n d  t r a n s i e n t  r e n e w a l  e q u a t i o n s .  P r o c .  R o y .  S o c .  E d i n b u r g h  
S e c t .  A ,  1 3 2 ( 3 ) : 5 2 1 - 5 4 3 ,  2 0 0 2 .  
( 7 1  J .  A .  D .  A p p l e b y  a n d  D .  W .  R e y n o l d s .  O n  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  e x p o -  
n e n t i a l  s t a b i l i t y  i n  l i n e a r  V o l t e r r a  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s ,  J .  I n t e g r a l  E q u a t i o n s  
A p p l . ,  1 6 ( 3 ) : 2 2 1 - 2 4 0 ,  2 0 0 4 .  
[ 8 ]  J .  A .  D .  A p p l e b y  a n d  M .  R i e d l e .  
A l m o s t  s u r e  a s y m p t o t i c  s t a b i l i t y  o f  s t o c h a s t i c  
V o l t e r r a  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  w i t h  f a d i n g  p e r t u r b a t i o n s .  S t o c h .  A n a l .  A p p l . ,  
2 4 ( 4 ) : 8 1 3 - 8 2 6 ,  2 0 0 6 .  
[ 9 ]  M .  A .  B e r g e r  a n d  V .  J .  M i z e l .  V o l t e r r a  e q u a t i o n s  w i t h  I t 6  i n t e g r a l s .  I .  J .  I n t e g r a l  
E q u a t i o n s ,  2 ( 3 )  : 1 8 7 - 2 4 5 ,  1 9 8 0 .  
[ l o ]  H .  B r u n n e r ,  A .  P e d a s ,  a n d  G .  V a i n i k k o .  T h e  p i e c e w i s e  p o l y n o m i a l  c o l l o c a t i o n  m e t h o d  
f o r  n o n l i n e a r  w e a k l y  s i n g u l a r  V o l t e r r a  e q u a t i o n s .  M a t h .  C a m p . ,  6 8 ( 2 2 7 ) : 1 0 7 9 - 1 0 9 5 ,  
1 9 9 9 .  
[ l l ]  H .  B r u n n e r ,  A .  P e d a s ,  a n d  G .  V a i n i k k o .  P i e c e w i s e  p o l y n o m i a l  c o l l o c a t i o n  m e t h o d s  
f o r  l i n e a r  V o l t e r r a  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  w i t h  w e a k l y  s i n g u l a r  k e r n e l s .  S I A M  
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